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PREFACE 


THE present work is intended as a sequel to our Elementary 
Algebra for Schools. The first few chapters are devoted to 
a fuller discussion of Ratio, Proportion, Variation, and the 
Progressions, which in the former work were treated in an 
elementary manner; and we have here introduced theorems 
and examples which are unsuitable for a first course of 
reading. 

From this point the work covers ground for the most 
part new to the student, and enters upon subjects of special 
importance: these we have endeavoured to treat minutely 
and thoroughly, discussing both bookwork and examples 
with that fulness which we have always found necessary in 
our experience as teachers. 

It has been our aim to discuss all the essential parts 
as completely as possible within the limits of a single 
volume, but in a few of the later chapters it has been im- 
possible to find room for more than an introductory sketch ; 
in all such cases our object has been to map out a suitable 
first course of reading, referring the student to special treatises 
for fuller information. 

In the chapter on Permutations and Combinations we 
are much indebted to the Rev. W. A. Whitworth for per- 
mission to make use of some of the proofs given in his 
Choice and Chance. Fer many years we have used these 


proofs in our own teaching, and we are convinced that this 
A2 H.H.A,. 
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part of Algebra is made far more intelligible to the beginner 
by a system of common sense reasoning on first principles 
than by the proofs usually found in algebraical text-books. 

The discussion of Convergency and Divergency of Series 
always presents great difficulty to the student on his first 
reading. The inherent difficulties of the subject are no 
doubt considerable, and these are increased by the place it 
has ordinarily occupied, and by the somewhat inadequate 
treatment it has hitherto received. Accordingly we have 
placed this section somewhat later than is usual; much 
thought has been bestowed on its general arrangement, and 
on the selection of suitable examples to illustrate the text; 
and we have endeavoured to make it more interesting and 
intelligible by previously introducing a short chapter on 
Limiting Values and Vanishing Fractions. 

In the chapter on Summation of Series we have laid 
much stress on the “ Method of Differences” and its wide and 
important applications. The basis of this method is a well- 
known formula in the Calculus of Finite Differences, which in 
the absence of a purely algebraical proof can hardly be con- 
sidered admissible in a treatise on Algebra. The proof of the 
Finite Difference formula which we have given in Arts. 395, 
396, we believe to be new and original, and the development 
of the Difference Method from this formula has enabled us to 
introduce many interesting types of series which have hitherto 
been relegated to a much later stage in the student’s reading. 

We have received able and material assistance in the 
chapter on Probability from the Rev. T. C. Simmons of 
Christ’s College, Brecon, and our warmest thanks are due 
to him, both for his aid in criticising and improving the 
text, and for placing at our disposal several interesting and 
criginal problems. 

It is hardly possible to read any modern treatise on 
Analytical Conics or Solid Geometry without some know- 
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ledge of Determinants and their applications. We have 
therefore given a brief elementary discussion of Determi- 
nants in Chapter XXXIII., in the hope that it may provide 
the student with a useful introductory course, and prepare 
him for a more complete study of the subject. 

The last chapter contains all the most useful propositions 
in the Theory of Equations suitable for a first reading. The 
Theory of Equations follows so naturally on the study of 
Algebra that no apology is needed for here introducing pro- 
positions which usually find place in a separate treatise. In 
fact, a considerable part of Chapter Xxxv. may be read 
with advantage at a much earlier stage, and may conveniently 
be studied before some of the harder sections of previous 
chapters. 

It will be found that each chapter is as nearly as possible 
complete in itself, so that the order of their succession can 
be varied at the discretion of the teacher; but it is recom- 
mended that all sections marked with an asterisk should be 
reserved for a second reading. 

In enumerating the sources from which we have derived 
assistance in the preparation of this work, there is one book 
to which it is difficult to say how far we are indebted. 
Todhunter’s Algebra for Schools and Colleges has been the 
recognised English text-book for so long that it 1s hardly 
possible that any one writing a teat-book on Algebra at the 
present day should not be largely influenced by it. At the 
same time, though for many years Todhunter’s Algebra has 
been in constant use among our pupils, we have rarely 
adopted the order and arrangement there laid down; in 
many chapters we have found it expedient to make frequent 
use of alternative proofs; and we have always largely sup- 
plemented the text by manuscript notes. These notes, 
which now appear scattered throughout the present work, 
have been collected at different times during the last twenty 
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years, so that it is impossible to make definite acknowledge- 
ment in every case where assistance has been obtained from 
other writers. But speaking generally, our acknowledge- 
ments are chiefly due to the treatises of Schlomilch, Serret, 
and Laurent; and among English writers, besides Todhunter’s 
Algebra, we have occasionally consulted the works of De 
Morgan, Colenso, Gross, and Chrystal. 

To the Rev. J. Wolstenholme, D.Sc., Professor of Mathe- 
matics at the Royal Indian Engineering College, our thanks 
are due for his kindness in allowing us to select questions 
from his unique collection of problems; and the consequent 
gain to our later chapters we gratefully acknowledge. 

It remains for us to express our thanks to our colleagues 
and friends who have so largely assisted us in reading and 
correcting the proof sheets; in particular we are indebted to 
the Rev. H. C. Watson of Clifton College for his kindness in 
revising the whole work, and for many valuable suggestions 
in every part of it. 


H. 8. HALL, 
May, 1887. S. R. KNIGHT. 


Some minor changes were made in this well-known text-book by 
Mr. L. Crosland a few years ago. Further corrections have now 
been incorporated and on p. 405, Mr. J. D. Hodson has provided 
a new proof for an example on probability which will help the 
student. 
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HIGHER ALGEBRA. 


CHAPTER I. 


RATIO, 


1. Derinition. Ratio is the relation which one quantity 
bears to another of the same kind, the comparison being made by 
considering what multiple, part, or parts, one quantity is of the 
other. 


The ratio of A to & is usually written A: B. The quantities 
A and B are called the terms of the ratio. The first term is 
ealled the antecedent, the second term the consequent. 


2. To fimd what multiple or part A is of B, we divide A 
by B; hence the ratio A : B may be measured by the fraction 


BR? and we shall usually find it convenient to adopt this notation. 


In order to compare two quantities they must be expressed in 
terms of the same unit. Thus the ratio of £2 to 15s, is measured 
2x20. 8 


Ol. 
15 3 
Norz. A ratio expresses the number of times that one quantity con- 
tains another, and therefore every ratio is an abstract quantity. 


by the fraction 


3. Since by the laws of fractions, 


a Ma 


it follows that the ratio a : b is equal to the ratio ma : mb; 
that is, the value of a ratio remains unaltered if the antecedent 
and the consequent wre multiplied or divided by the same quantity. 
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4. Two or more ratios may be compared by reducing their 
equivalent fractions to a common denominator, Thus suppose 
a: banda : y are two ratios. Now ; = ea and ~ = a hence 

by by 
the ratio a : 6 is greater than, equal to, or less than the ratio 
x : y according as ay is greater than, equal to, or less than ba, 


5. The ratio of two fractions can be expressed as a ratio 


of two integers. Thus the ratio ~ © is measured by the 


ad 
a 
thal) ad : 2 . 
fraction = or 703 and is therefore equivalent to the ratio 
d 
ad : be. 


6. If either, or both, of the terms of a ratio be a surd 
quantity, then no two integers can be found which will exactly 
measure their ratio. Thus the ratio ,/2:1 cannot be exactly 
expressed by any two integers. 


7. Derrinition. If the ratio of any two quantities can be 
expressed exactly by the ratio of two integers, the quantities 
are said to be commensurable; otherwise, they are said to be 
incommensurable. 


Although we cannot find two integers which will exactly 
measure the ratio of two incommensurable quantities, we can 
always find two integers whose ratio differs from that required 
by as small a quantity as we please. 


[5 _ 2-236067... 


Thus , = oS 559016... 
J5 _ 559016 559017 | 
and therefore ~F 7 1000000 and <7900000? 


so that the difference between the ratios 559016 : 1000000 and 
/5 : 4 is less than ‘000001. By carrying the decimals further, a 
closer approximation may be arrived at. 


8. Derinition. Ratios are compounded by multiplying to- 
gether the fractions which denote them; or by multiplying to- 
gether the antecedents for a new antecedent, and the consequents 
for a new consequent. 


Example. Find the ratio compounded of the three ratios 
2a : 3b, Gab : 5c?, c: a 


RATIO, 3 


5 . 2a 
The required ratio=3> X 5.9 


_ 4a 

=5 
9. Derinition. When the ratio a: 6 is compounded with 
itself the resulting ratio is a’ : 6’, and is called the duplicate ratio 
of a:b. Similarly a’: 6° is called the triplicate ratio of a: b. 


Also a? : b} is called the subduplicate ratio of a: d. 


Examples. (1) The duplicate ratio of 2a: 3b is 4a? : 962. 
(2) The subduplicate ratio of 49 : 25 is 7: 5. 
(3) The triplicate ratio of 22 : 1 is 82% ; 1. 


10. Derinition. A ratio is said to be a ratio of greater 
inequality, of less inequality, or of equality, according as the 
antecedent is greater than, less than, or equal to the consequent. 


1l. A ratio of greater inequality is diminished, and a ratio of 
less inequality is increased, by adding the same quantity to both 
ats terms. 


Let ; be the ratio, and let —_. be the new ratio formed by 


b 
adding x to both its terms. 


Now a a+u  ae- bx 
6b b+au b(b+a) 
_ x(a—b) | 
Bhar et 
and a—6 is positive or negative according as a is greater or 
less than 6, 


: Gy Gi teas 
Hence ifa >6 Sep 
? (BWP ye 

; G a+e 
and if a<b oe 
: i (SER 


which proves the proposition. 


Similarly it can be proved that a ratio of greater inequality 
és increased, and a ratio of less inequality 1s diminished, by taking 
the same quantity from both its terms. 


12. When two or more ratios are equal many useful pro- 
positions may be proved by introducing a single symbol to 
denote each of the equal ratios. 
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The proof of the following important theorem will illustrate 
the method of procedure. 


If es ey Same seeeee ; 


je 


g a®+aqc2+re"+...\2 
each of these ratios = a: 4 ) 


pb" + qd®+ rf®+.../’ 
where p, q, Yr, n are any quantities whatever. 
Let >= 
then a=bk, o=dk, o=fk.33 
whence pa*=pb"k", gc’=qd"k", re"=rf"k’,...; 
_ par+ge’+re"+...  pb"k' + qd"k" + 1f"k' +... 


"Da gd tif... pois qd* +f" +o. 
=e 
4 

: a ee 

NGO" Od +97" besa OF ON inn 


By giving different values to p, q, , 2 many particular cases 
of this general proposition may be deduced; or they may be 
proved independently by using the same method. For instance, 


: @ec e 

if er oe a ’ 
: at+cetet+... 

each of these ratios = bodirs 


a result of such frequent utility that the following verbal equi- 
valent should be noticed: When a series of fractions are equal, 
each of them 28 equal to the sum of all the numerators divided by the 
sum of all the denominators. 


Example 1. If ; =a 5 Ss - shew that 
a5b + 2c%e—-B3ae?f ace 
b442d2f—avf> — baf* 
a ¢ é 
tet bicdnvee oe 


then a=bk, c=dk, e=fk; 
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ab + 2c%e — Bae*f bth? + 2d? fh3 — Bf sks 


“Oty 2d? f— Bl;3 ~~ b+ 4 2u2s — BuF8 
a c é 
ee x i x f 
de ace 
= baj 


Example 2. If = = oie : , prove that 


atoll of a tee (c+y+z2)?+(a+b+c)? 
+b ztc a+ytzt+atbte 


a Ao so that x=ak, y=bk, z=ck; 
i {0 € 


vta®  ark?+a? ee ty +l)a 


hi i Rd ae 
Fen ata ak+a jr Pa 
erat yy? +b? 2+o®  (b*+1) (k?+1)b | (+1) 
“| eta ~ y+b- Aten ie k+l at, 
_ (2 +1) (atb+e) 
oy k+l 


_ he (atb+e)?+(atb+e)? 
k(at+b+c)+a+b+e 

_ (ka+kh +ke)? + (a+b+e)? 
(ka+kb+kc)+a+b+e 

_(e+ytz)+(a+b+c)? 

~  w+ytzt+atb+e 


13. If an equation is homogeneous with respect to certain 
quantities, we may for these quantities substitute in the equation 
any others proportional to them. For instance, the equation 

la?y + may’s + ny’ = 0 


is homogeneous in a, y, 2. Let a, B, y be three quantities pro- 
portional to 2, y, 2 respectively. 


ie eee 2, so that x=ak, y= Bk, 2=yk; 
CW 5 RORY 
then la? Bk* + maf’ yk* + nB’y*k* = 0, 
that is, 1a®B + mas’y + nB?y* = 0 ; 


an equation of the same form as the original one, but with 
a, 8, y in the places of x, y, 2 respectively. 
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14. The following theorem is important. 


af 2) ; an aoe Sie unequal fractions, of which the de- 
bob. > bs: b 


a 

nominators are all of the same sign, then the fraction 
a,ta,+a,+ ... +, 
b, +b, +b, + ... +b, 

lies in magnitude between the greatest and least of them. 


. as a 
Suppose that all the denominators are positive. Let + be the 


b 
least fraction, and denote it by &; then 


LE a, = kb, ; 
pk; a, > kb, ; 
> k; a, > kb, ; 


and so on; 
.. by addition, 


G, +4,+4,+...... +4, >(b, +b, +6, + ...... +b )k; 
@ +A, +0, 4+ v.00 +a ALE’ 
1__2___8 ws ky that is, >=. 
6,+6,+6,+ .... +6, b, 
Similarly we may prove that 

G, + G+ G4 woes +, % 

1 kay Per ian Ee) 

6, +6, +6, 4+ ...... +b 6, 


a4 : : 
where i is the greatest of the given fractions. 
& 


In like manner the theorem may be proved when all the 
denominators are negative. 


15. The ready application of the general principle involved 
in Art, 12 is of such great value in all branches of mathematics, 
that the student should be able to use it with some freedom in 
any particular case that may arise, without necessarily introducing 
an auxiliary symbol. 


Example 1. ge ANY Beit hs 
ea ei ar cta-b at+b-c’ 
atytz_ x(yta)+y (+a) +z (x+y) 


atb+c 2 (ax + by +z) 


prove that 


RATIO. 7 


sum of numerators 


Each of the given fractions = - 
sum of denominators 


Again, if we multiply both numerator and denominator of the three 
given fractions by y+z, z+, x+y respectively, 


wlyt+z)  _ y(@ta) — _ a (w+) 


— nical ES (b+c-a) (z+2) (c+a—b) (a+y) (at+b-c) 


sum of numerators 
sum of denominators 


x (y+2)+y (z+2) +2 (e@+y) 
ee 2ax + Aby + 2cz 3s 


. (2). 
«*. from (1) and (2), 


a+yt+z2 2 ha ae (2+ 2) +2 (e+y) 
a+bt+e— 2 (ax + by +z) 


x s y ¥ z 
Beanie). Tt L(mb+ne—la) m(ne+la—mb) ~~ n (la+mb—nce)’ 


l m ft 
prove that z(byt+ez—ax) y(cz+an—by) z(ax+by—cz)* 
x y , 
i a m fa n 
We have mb+ne—-la ne+la—mb la+mb—ne 
y 2 
pa ae 
i 2la 


= two similar expressions; 


my + me lat nx ma+ly ly 


Ahmed, CAE 


Multiply the first of these fractions above and below by z, the second by 
y, and the third by z; then 


nay+maz  lyz+nay _maz+lyz 
RAT en Bada er 408" 


_ _ Qlyz 
- by +e2-a% 


= two similar expressions; 


l os m iN Mee 
z(byt+cz—ax) y(cztax—by) 2 (ac+by—cz) 
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16. If we have two equations containing three unknown 
quantities in the first degree, such as 
Oa as 0 sr sds ie cteas toe es ease (1), 
Ogio b Ut 6 a= Oca. dp elivehcemy svvasmana ce (2), 


we cannot solve these completely; but by writing them in the 
form 


218 


we can, by regarding 
b] fo} 5 


ordinary way and obtain 
Hf 33 b Ci °= b,c, y C14, a C0, 
a ae 
z a,b,—a,b, 


or, more symmetrically, 


ig y & 
—— abo (3), 


b,c, — b,c, C,0, — C,% a,b, — a, : 


It thus appears that when we have two equations of the type 
represented by (1) and (2) we may always by the above formula 
write down the ratios w:y:2 in terms of the coefficients of the 


equations by the following rule: 


Write down the coefficients of «, y, z in order, beginning with 
those of y; and repeat these as in the diagram. 


Multiply the coefficients across in the way indicated by the 
arrows, remembering that in forming the products any one 
obtained by descending is positive, and any one obtained by 
ascending is negative. The three results 

b,c, — b,c, Cit 1G a,b, = 4,6, 
are proportional to a, y, 2 respectively. 

This is called the Rule of Cross Multiplication. 


RATIO, 


Example 1. Find the ratios of x : y : z from the equations 


Te=4y+8z, 32=12r+11y. 
By transposition we have 71- 4y —8z=0, 
1224 lly —3z=0. 
Write down the coefficients, thus 
-4 -8 7 -4 


Hl &s- 185 UUs 
whence we obtain the products 


(-4) x (-3)-11x(-8), 


(-8)x12-(-3)x7, 7x11-12x(- 4), 
or 100, -—75, 1255 
feritor: 9. Vasa rle 
LOO F SS 125.7 
i df 
that is, viens 5° 


Example 2. Eliminate z, y, z from the equations 


aqrt+by+ez=0 


madetens shesensaseennactee mere (1), 
gO Oey 1 Cali Onerseieanas os oseecovasoeiconnacias (2), 
GgGAsOnY A1CoimOvecnvcronsghsrsersenreversirrssss (3). 
From (2) and (3), by cross multiplication, 
z iz y ef 2 


= =———_; 
byCz3— 030g Cyg—CaM_ = Ag bg — Aghy 


denoting each of these ratios by k, by multiplying up, substituting in (1), 
and dividing out by k, we obtain 


Ay (deg — b3Co) + By (Cog — C34g) + Cy (agb3 — Agb,) =0. 
This relation is called the eliminant of the given equations. 


Example 3. Solve the equations 


az +by+cz=0 


Ppp canieter samp ie AOC RSTn RROGOUREEC CC Onn (1), 
DE aU EME = Onis eee oee here Tame ee ee cee tes cegeged (2), 
bea + cay + abz = (b—C) (GC —A) (A—D) .esvecseeccrseceeeeennes (3). 
From (1) and (2), by cross multiplication, 
Giri By 


Mt fades! bees =k, suppose ; 
b-c c-a a-b 
“. @=k(b-c), y=k (c—a), z=k(a—-5). 
Substituting in (8), 
k {be (b—c)+ca(c—a)+ab(a-b)} =(b—c) (c—a) (a-d), 
k {-(b=c) (¢ - a) (a-b)} =(b—c) (¢-a) (a—2)3 
0 k= 1s 


whence z=c-—b, y=a-c,z=b-a, 
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17. If in Art. 16 we put z=1, equations (1) and (2) become 
a,vo+byt+e,=0, 
a,c+by+e,=0; 
and (3) becomes 
Gx ship IO = Ycbew no Witaiy, 
bc,-6,¢, ¢a4,-¢,a, 4,6,-4,b,” 


b,c, — b,c, je c,d, — C4, 
== ; % 
a,b, — a,b, a,b, a a,b, 


or x 


Hence any two simultaneous equations involving two un- 
knowns in the first degree may be solved by the rule of cross 
multiplication. 


Example. Solve 5x2 —3y -1=0, ++ 2y=12. 
By transposition, 5a—-3y- 1=0, 
xz+2y-12=0; 

x 7] 1 


“659° —1400 1048” 


™ 38 59 
whence @=75)Y=I3° 


EXAMPLES. I. 


1, Find the ratio compounded of 
(1) the ratio 2a : 3b, and the duplicate ratio of 962 : ab. 
(2) the subduplicate ratio of 64 : 9, and the ratio 27 : 56. 
2 
(3) the duplicate ratio of a : Be 
2. If«+7 : 2(@+14) in the duplicate ratio of 5 : 8, find z. 


, and the ratio 3ax : 2by. 


3. ind two numbers in the ratio of 7: 12 so that the greater 
exceeds the less by 275. 


4, What number must be added to each term of the ratio 5 : 37 
to make it equal to 1: 3? 


5. Ife: y=3: 4, find the ratio of 77—-4y : 3x+y. 
6. If 15 (2a%-y*?)=7xy, find the ratio of # : y. 


7. it peak yen 


2Qath? + 3a%®—-5etf at 


h = 
prove that Qe p BbyF—5 fs ~ He 
a) 
Eh abe ‘= = Ss prove that ‘ is equal to 
a + B22 + ac? 
bie + d#+ bed?" 
9, If a ee 
Pree piatt pg pry at: 
shew that (q-1)a@+(r-p)y+(p—g)z=0. 


10. If fae ay find the ratios of w: y : 2. 
ll. If yte — ete ne ke 

potqe petga patgd’ 
2(w@+y+z2) _(b+e)e+(c+a)yt+(atb)z 


hew that 
aie a+b+e be+ca+ab 
Meee eet) 
12: If ae bee? 
P+ P+ Ste (et+yt+z23+(atb+e)3 
hew that —,-— 5 Z an 2) 
aoa ge +a” Pre +o (atyt+zP+(a+b+0e)?* 
13. If Qy+22—-H4  Ww+Q@-y w+ 2y-z 
. 5 Sia — bd tose? 
shew that ca y @ 


2b+2e-a 2+2a—-b Qa+2b—c° 

14, If (a? + 67+ 0) (x? +4? +2") =(ax + by + cz)*, 
shew that Oem — Zi nC. 

15, If 1 (my +nz—lx)=m (nz+lx—my)=n (la + my — nz}, 


Yt2Z—-2_24+U-y Uty-2 
Ui a oe tid als : 


prove 


16. Shew that the eliminant of 
axz+cy+bz=0, cx+by+az=0, bu+ay+cz=0, 
is a? +63 +3 —3abe=0. 
17. Eliminate 2, y, z from the equations 
az+hy+gz=0, he+by+fe=0, get+fy+e=0. 


1l 
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18. If v=cytbz, y=az+cu, z=br+ ay, 
pe é a 

t — = -~- = F 

shew tha lsctninke eeea 

19. Given that a(yt+z)=a, b(z2+a)=y, e(a4+y)= 
prove that be +ca+ab+2abe=1. 


Solve the following equations : 


20. 37—4y+7z= 0, 21, E+ 2, 
Q2e—-y-2= 0, 38a—Qy+1liz= 0, 
323 -y+2=18. a3 + 348 + 22 = 167. 
Jab). Tye + 820 = 4xy, 23, 3a?-2y?+52=0, 
Qyz — 32a = 4ary, 7a® — 3y? — 152?=0, 
o+2y+3z2=19. 5a—4y+72= 
l n 
5 ae — 
a ita 
l m n 


Jato* o+ie* Jor Ja~” 
shew that Ba ee oe = : 
(a—b)(e—Vab) (b-c)(a-WVbe)  (c-a) ¢—a) (b- b— nae) 
Solve the equations: 
25. ax+by+cez=0, 
bax + cay + abz=0, 
wy2 + abe (a8x+ by +z) =0. 


26. av+by+cz=ae+b*y+c2=0, 
w+y+z+(b-c)(e-a) (a—b)=0. 
2H, Mee a(y+s)=2, b(2+2)=y, ¢(ext+y)=z, 
prove that si dae . 


a(1— be) ~ b(1=ea) ¢(1—ab)’ 
28. If ax+hy+g2=0, ha+by+fe=0, get+fyt+ezc=0, 
prove that 
ae y Ea 
| ee ES SS. 
(1) be~f? ca-—g? ab-h?* 


(2) (be —f*) (ca — g*) (ab =?) = (fg — ch) (gh—af) (hf - bg). 


CHAPTER II. 
PROPORTION, 


18. Derinition. When two ratios are equal, the four 
quantities composing them are said to be proportionals. Thus 


if z = = then a, b,c, d are proportionals. This is expressed by 

saying that a is to 6 as ¢ is to d, and the proportion is written 
MO ae. Oe 

or a:b=c:d. 


The terms a and d are called the extremes, b and ¢ the means. 


19. Lf four quantities are in proportion, the product of the 
extremes is equal to the product of the means. 


Let a, 6, c, d be the proportionals. 


Then by definition 575 ; 
whence ad = be. 
Hence if any three terms of a proportion are given, the 


fourth may be found. Thus if a, c, d are given, then 6 = — 


Conversely, if there are any four quantities, a, 6, ¢, d, such 
that ad = bc, then a, 6, c, d are proportionals; a and d being the 
extremes, 6 and c the means; or vice versa. 


20. DeEFINITION. Quantities are said to be in continued 
proportion when the first is to the second, as the second is 
to the third, as the third to the fourth; and so on. Thus 
| ppc rm ia Pei are in continued proportion when 
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If three quantities a, b, c are in continued proportion, then 
@70= Gs 
ac=b’. [Art. 18.] 


In this case 6 is said to be a Mean proportional between a and 
c; and ¢ is said to be a third proportional to a and 0b. 


21. If three quantities are proportionals the first is to the 
third in the duplicate ratio of the first to the second. 


ie a, 0d 
Let the three quantities be a, 6, ¢; then Cae 
Now dest 4 
cb. 
aaa 
= — 6 — = 
Bi) bia Be 
that is, Ose =O On 


It will be seen that this proposition is the same as the definition 
of duplicate ratio given in Euclid, Book v. 


22. Ifa:b=c:dande: f=g:h, then will ae: bf=cg:dh. 


ih. G e 
For os andes 


pet ge A 
bf dh’ 
or ae: bf=cg: dh. 
Cor, If (8 (Dee tap 
and OE a a 
then GRAIL (C80, 


This is the theorem known as ew equali in Geometry. 


23. If four quantities a, b, c, d form a proportion, many 
other proportions may be deduced by the properties of fractions. 
The results of these operations are very useful, and some of 


them are often quoted by the annexed names borrowed from 
Geometry. 
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(1) If a:b=c:d, then db: a=d:e. [Invertendo. ] 
c 
| For ‘ark therefore 1+5= 1+ 3 
that is i = a, 
Gund 
or ba=due 
(2) Ifa@:b=c:d, then a:c=6b:d. [Alternando.] 
ad be 
For ad= 6c ; therefore pe fag 
| ; a 6b. 
that is, aed onl’ 
or Gic=b 3a. 


(3) Ifa@:b=c:d, then a+b:b=c+d:d. [Componendo.] 


Gee Cc 

For Bie: therefore ptl=541; 

- a+b c+d 
that is ne on a 3 
or at+b:b=c+d:d. 


(4) Ifa:b=c:d, then a—b: b=c-did. [Dividendo. ] 


a c 

For = esi: therefore > — aa ieee 

: a—-b c-d 
that is, Pe age 
or a-b:b=c-d:d. 


(5) Ifa:b=ce:d, then a+b:a—-b=c+d:c-d. 
a+b e¢e+d 


For by (3) ae et SF io 

: a-b c-d 

and by (4) Rae ee 

daly a+b c+d. 

.‘. by division, hast tale 
or / atb:a-b=c+d:c-d. 


This proposition is usually quoted as Componendo and Divi- 
dendo. 


Several other proportions may be proved in a similar way. 
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24. The results of the preceding article are the algebraical | 
equivalents of some of the propositions in the fifth book of Euclid, 
and the student is advised to make himself familiar with them 
in their verbal form. For example, diwidendo may be quoted as 
follows : 

When there are four proportionals, the excess of the first above 
the second is to the second, as the excess of the third above the 
fourth is to the fourth. 


25. We shall now compare the algebraical definition of pro- 
portion with that given in Euclid. 


Euclid’s definition is as follows: 


Four quantities are said to be proportionals when if any equt- 
multiples whatever be taken of the first and third, and also any 
equimultiples whatever of the second and fourth, the multiple of 
the third is greater than, equal to, or less than the multiple of the 
fourth, according as the multiple of the first is greater than, equal 
to, or less than the multiple of the second. 


In algebraical symbols the definition may be thus stated : 


re . . > 
Four quantities a, 6, ¢, d are in proportion when pe =qd 
ae 
: > . sere ws 
according as pa : gb, pand q being any positive integers whatever. 


I. To deduce the geometrical definition of proportion from 
the algebraical definition. 


Since eg “ by multiplying both sides by 7 , we obtain 
Pes Pe | 


go qd 
hence, from the properties of fractions, 
> : > 
pe= gd according as pa= gb, 
which proves the proposition. 


II. To deduce the algebraical definition of proportion from 
the geometrical definition. 


. = : > 
Given that pe = gd according as pa = qb, to prove 
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a. Cc 
If 5 8 not equal to =, one of them must be the greater. 


‘Suppose ¢ > 53 then it will be possible to find some fraction q 
P 


which lies between them, g and p being positive integers. 


Hence ; a LOG . BAAN ITE. Bbw (1), 
and = 7 < - Reese Een aeon are cotecm oxetod (2). 
From (1) pa>qb; 

from (2) pe<qd; 
and these contradict the hypothesis. 
Therefore jand are not unequal; that is 73 = 33 ; which proves 


the proposition. 


26. It should be noticed that the geometrical definition of pro- 
portion deals with concrete magnitudes, such as lines or areas, 
represented geometrically but not referred to any common unit 
of measurement. So that Euclid’s definition is applicable to in- 
commensurable as well as to commensurable quantities ; whereas 
the algebraical definition, strictly speaking, applies only to com- 
mensurable quantities, since it tacitly assumes that a is the same 
determinate multiple, part, or parts, of b that c is of d. But the 
proofs which have been given for commensurable quantities will 
still be true for incommensurables, since the ratio of two incom- 
mensurables can always be made to differ from the ratio of two 
integers by less than any assignable quantity. This has been 
shewn in Art. 7; it may also be proved more generally as in the 
next article. 


27. Suppose that @ and 6 are incommensurable ; divide 6 
into m equal parts each equal to £, so that b= mf, where m is a 
positive integer. Also suppose # is contained in @ more than n 
ltimes and less than n+ 1 times; 


| a np (n+1)B 

\then 2 Bo Rr 

\that is, “ lies between ” and ou. 
b m m 


30 that 5 differs from = by a quantity less than =. And since we 
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can choose f (our unit of measurement) as small as we please, mcan\ 
1 

be made as great as we please. Hence — can be made as small! 
m 


as we please, and two integers n and m can be found whose ratio) 
will express that of a and 6 to any required degree of accuracy. 


28. The propositions proved in Art. 23 are often useful ini 
solving problems. In particular, the solution of certain equa-- 
tions is greatly facilitated by a skilful use of the operations com-- 
ponendo and dividendo. 


Example 1. 
If (2ma + 6mb + 8nc + 9nd) (2ma — 6mb — 3ne + 9nd) 
= (2ma — 6mb+ 3ne — 9nd) (2ma + 6inb — 3ne — 9nd), | 
prove that a, b, c, d are proportionals. 
We have 2ma+6mb+3ne+9nd _ 2ma+6mb—-3ne—Ind 
Qma—6mb-+3nc— Ind 2ma—bmb—3nc+ 9nd? 
*, componendo and dividendo, 
2(2ma+3ne) _ 2 (2ma—3nc) 
2(6mb+9nd)~ 2 (6mb— 9nd) * 
2ma+3ne 6mb+9nd 


Alternando. 2ma—3ne 6mb— 9nd 
Again, componendo and dividendo, 
4ma __12mb_ 
6nc 18nd’ 
aro 
whence s=a 
or a:b=c:d, 


Example 2. Solve the equation 
ahead x+1+ Jr+linJe-1 a-1_4e- 1 
adios end +1—/e-1 it onlh va 


We have, componendo and dividendo, 


_ t+1_ 1627+ 8241 
“a-1- 16x?-240+9° 
Again, componendo and dividendo, 
2x 32a?-16x+10 


Dim. 822-8 tae 
7 162? -82+5 
<< Five 6p ae eS 
whence 16x? —- 42 =1627-82+5 5 
5 


+ 
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EXAMPLES. II. 
1, Find the fourth proportional to 3, 5, 27. 
2. Find the mean proportional between 


(1) 6 and 24, (2) 360a* and 2504763, 


3. Find the third proportional to ae and : : 
If a: b=c: d, prove that 

4, aet+ac’: b'd+bd?=(a+c)* : (b+d)*. 

5. par+qb? : pa*—gb?=pc?+qd? : pe?—ga’. 


6. a-c: b-d=V@+e: Vb?+a2. 
rel 2 | 3 3 
1. Vato: VFB ./ ase : Mires 


If a, 6, c, d are in continued proportion, prove that 
8 a: b+d=c : &d+d’. 
9. 2a+3d :; 3a—4d=2a'°+30 : 3a3— 463, 

10. (@+0?+¢*) (?+2+d?’)=(ab+be+ed). 


11. If is a mean proportional between a and ¢, prove that 


_@-Bte 
a-*—b-2+40-% 
12. Ifa: b=c: d,ande: f=g: A, prove that 
ae+bf : ae—bf=cg+dh: cg—dh. 
Solve the equations : 
2203 —3a*+a4+-1  323-2?+5x-13 


ieee Pag =1s 2 Sebel; 

14 34+ 42—2e—-3  5at+227—-Te+3 
* 8at—a? +2243 5xt—2e?+7e-3° 

15 (m+n)2—(a-—b)_ (m+n)a+at+e 


(m—n)u—(a+b) (m—n)a+a-—c 


16. If a, b,c, d are proportionals, prove that 


eda ee NT 


17. If a, 6, ¢, d, e are in continued proportion, prove that 


(ab+ be+ cd +de)?=(a? + 6? + 0c? + d?) (b7+c?+d?+e?), 
B H.H.A. 
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18. Ifthe work done by «—1 men in #+1 days is to the work done 
by #+2 men in «-1 days in the ratio of 9 : 10, find z. 


19. Find four proportionals such that the sum of the extremes is 
21, the sum of the means 19, and the sum of the squares of all four 
numbers is 442. 


20. Two casks A and B were filled with two kinds of sherry, mixed 
in the cask A in the ratio of 2: 7, and in the cask B in the ratio of 
1:5. What quantity must be taken from each to form a mixture 
which shall consist of 2 gallons of one kind and 9 gallons of the other?! 


21. Nine gallons are drawn from a cask full of wine; it is then 
filled with water, then nine gallons of the mixture are drawn, and the 
cask is again filled with water. If the quantity of wine now in the cask 
be to the quantity of water in it as 16 to 9, how much does the cask 
hold? 


22, If four positive quantities are in continued proportion, shew 
that the difference between the first and last is at least three times as 
great as the difference between the other two. 


23, In England the population increased 15°9 per cent. between 
1871 and 1881; if the town population increased 18 per cent. and the 
country population 4 per cent., compare the town and couutry popula- 
tions in 1871. 


24, In a certain country the consumption of tea is five times the 
consumption of coffee. If @ per cent. more tea and b per cent. more 
coffee were consumed, the aggregate amount consumed would be 7c per 
get. more; but if b per cent. more tea and @ per cent. more cottee 
were consumed, the aggregate amount consumed would be 3¢ per cent. 
more ; compare @ and 6, 


25. Brass is an alloy of copper and zinc; bronze is an alloy 
containing 80 per cent. of copper, 4 of zinc, and 16 of tin. A fused 
mass of brass and bronze is found to contain 74 per cent. of copper, 16 
e ae and 10 of tin : find the ratio of copper to zinc in the composition 
of brass. 


26. A crew can row a certain course up stream in 84 minutes; 
they can row the same course down stream in 9 minutes less than 
they could row it in still water: how long would they take to row down 
with the stream? 


CHAPTER III. 
VARIATION, 


29. Derrinition. One quantity A is said to vary directly 
as another B, when the two quantities depend upon each other in 
such a manner that if B is changed, A is changed in the same 
ratio. 


Nore. The word directly is often omitted, and A is said to vary 
as B. 


For instance: if a train moving at a uniform rate travels 
40 miles in 60 minutes, it will travel 20 miles in 30 minutes, 
80 miles in 120 minutes, and so on; the distance in each case 
being increased or diminished in the same ratio as the time. 
This is expressed by saying that when the velocity is uniform 
the distance is proportional to the time, or the distance varies as 
the time. 


30. The symbol « is used to denote variation; so that 
Aa Bis read “A varies as B.” 


31. Jf A varies as B, then A is equal to B multiplied by some 
constant quantity. 

For suppose that a, a,, a,, @,..., 6, b,, b,, b,... are corresponding 
values of 4 and BL. 


Then, by definition, Lae ee — Py ae id ; and so on, 
a, 6, a, b, a, b, 
sa ig tel ced i g 
0 ed sy seat each being equal to * 


any value of A 


° the corresponding value of B is always the same ; 


Hence 


that is, _ m, where m is constant. 


.. A=mB. 
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If any pair of corresponding values of A and B are known, 
the constant m can be determined. For instance, if A =3 when 
B= 12, ; 


we have Seavipes Iie 
2. = 4, 
and A= 4B. 


32. Derinition. One quantity 4 is said to vary inversely 
as another B, when A varies directly as the reciprocal of B. 


‘ at m : 
Thus if A varies inversely as B, A =—, where m is constant. 


The following is an illustration of inverse variation: If 6 men 
do a certain work in 8 hours, 12 men would do the same work in 
4 hours, 2 men in 24 hours; and so on. Thus it appears that 
when the number of men is increased, the time is proportionately 
decreased; and vice-versa, 


Example 1, The cube root of 2 varies inversely as the square of y; if 
x=8 when y =3, find z when y=14. 


By supposition ye=m , where m is constant. 


Putting <=8, y=3, we have I=% . 
m=18, 
18 

and Ja = —— 
a= 

hence, by putting ya , we obtain #=512. 


2 


Example 2. The square of the time of a planet’s revolution varies as 
the cube of its distance from the Sun; find the time of Venus’ revolution, 
assuming the distances of the Earth and Venus from the Sun to be 91} and 
66 millions of miles respectively. 


Let P be the periodic time measured in days, D the distance in millions 
of miles; we have JET ea I DEE 


or P?=kD3, 
where k is some constant. 


For the Earth, 365 x 365=k x 914 x 914 x 914, 


4x4x4 
whence kei 
oe Pinte pe 


365 
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For Venus, pact hot oy. seed: 
365 
whence P=4x 66x 264 
365 
= 264 x nh “7233, approximately, 
= 264 x -85 
= 224-4, 


Hence the time of revolution is nearly 224} days. 


33. Derrnition. One quantity is said to vary jointly as a 
number of others, when it varies directly as their product. 

Thus 4 varies jointly as B and C, when A=mBC. For in- 
stance, the interest on a sum of money varies jointly as the 
principal, the time, and the rate per cent. 


34, Derinition. A is said to vary directly as B and in- 


versely as C, when A varies as C: 

35. If A varies as B when C is constant, and A varies as OC 
when B is constant, then will A vary as BC when both B and C 
vary. 

The variation of A depends partly on that of B and partly on 
that of C. Suppose these latter variations to take place sepa- 
rately, each in its turn producing its own effect on A; also let 
a, 6, c be certain simultaneous values of A, B, C. 


1. Let C be constant while B changes to 6; then A must 
undergo a partial change and will assume some intermediate value 
a’, where 


2. Let B be constant, that is, let it retain its value 6, while C 
changes to c; then A must complete its change and pass from its 
intermediate value a’ to its final value a, where 


Hio€ 
Ge tenes Resenmags oe 4% 

Angel dl ©, 

2 ESE BOF 0s RABEL 8D 

From (1) oy (2) ea 
a 

that is, yi Be LOD 
c 


or A varies as BC. 
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36. The following are illustrations of the theorem proved in 
the last article. 


The amount: of work done by @ given number of men varies 
directly as the number of days they work, and the amount of 
work done in a given time varies directly as the number of men; 
therefore when the number of days and the number of men are 
both variable, the amount of work will vary as the product of 
the number of men and the number of days. 


Again, in Geometry the area of a triangle varies directly as 
its base when the height is constant, and directly as the height 
when the base is constant; and when both the height and base 
are variable, the area varies as the product of the numbers 
representing the height and the base. 


Example. The volume of a right circular cone varies as the square of the 
radius of the base when the height is constant, and as the height when the 
base is constant. If the radius of the base is 7 feet and the height 15 feet, 
the volume is 770 cubic feet; find the height of a cone whose volume is 132 
cubie feet and which stands on a base whose radius is 3 feet. 


Let h and r denote respectively the height and radius of the base 
measured in feet; also let V be the volume in cubic feet. 


Then V=mrk, where m is constant. 


By supposition, 770=mx 7x 15; 
22 
whence m= 53 
22 
2 
V= a1 rh 


.*. by substituting V= 182, rx3, we get 
22 
132= a1 * 9xh; 


whence h=14; 
and therefore the height is 14 feet. 


37. The proposition of Art. 35 can easily be extended to the 
ease in which the variation of 4 depends upon that of more than 
two variables. Further, the variations may be either direct or 
inverse. The principle is interesting because of its frequent oc- 
currence in Physical Science. For example, in the theory of 
gases it is found by experiment that the pressure (p) of a gas 
varies as the “absolute temperature” (¢) when its volume (v) is 
constant, and that the pressure varies inversely as the volume 
when the temperature is constant; that is 


p « t, when v is constants 
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1 : 
and ae lig when ¢ is constant. 


From these results we should expect that, when both ¢ and v are 
variable, we should have the formula 


t E 
oe ore Pe kt, where & is constant ; 


and by actual experiment this is found to be the case. 


Example. The duration of a railway journey varies directly as the 
distance and inversely as the velocity; the velocity varies directly as the 
square root of the quantity of coal used per mile, and inversely as the 
number of carriages in the train, In a journey of 25 miles in half an hour 
with 18 carriages 10 cwt. of coal is required; how much coal will be 
consumed in a journey of 21 miles in 28 minutes with 16 carriages? 


Let t be the time expressed in hours, 
d the distance in miles, 
v the velocity in miles per hour, 
q the number of ewt. of coal used per mile, 
c the number of carriages. 


d 
We have te >? 
/ 
and ve vi , 
cd 
whence tele 4 
pe JI 
or a dated , where k is constant. 


Substituting the values given, we have (since q= 35) 
1 kx18x25x5 | 


7) ./10 
,/i0 


that is, k= [a5 x36" 
, /10.cd 
ce = 125 x 36,/q° 


Substituting now the values of t, c, d given in the second part of the 
question, we have dy 
28 ./10x 16x21. 


60 125x36/q ’ 


‘ LOE G02 atid ce ae 
that is, /d="—75 x08 8B »/10; 
_ 32 
whence 1= 595° 


. 21x82 
Hence the quantity of eoal is 357 = 5 AJ, owt. 
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EXAMPLES. III. 
1. If varies as y, and x=8 when y= 15, find w when y=10. 


2. If P varies inversely as QY, and P=7 when Y=3, find / when 
Q=23. 
3. Ifthe square of w varies as the cube of y, and e=3 when y=4, 


find the value of y when a= 5 3° 
: a ‘ 3 10 
4, A variesas B and C jointly; if A=2 when B=; and C=x 4 


find C when 4 =54 and B=3. 


5. If A varies as C, and B varies as C, then 4+ B and V/ AB will 
each vary as C. 


6. If A varies as BC, then B varies inversely as g K 
7. P varies directly as Q and inversely as 2; also P=; when 


Q=" and 2 =o: find Q when P=4/48 and R=1/75. 


8. If. varies as y, prove that 27+ ? varies as #*- 2, 


9. If y varies as the sum of two quantities, of which one varies 
directly as 2 and the other inversely as x; and if y=6 when w=4, and 
y=3 when w=3; find the equation between w and y. 


10. If y is equal to the sum of two quantities one of which varies 
as wv directly, and the other as 2? inversely; and if y=19 when 2 =2, or 
3; find y in terms of 2. 

11, If A varies directly as the square root of B and inversely as 
the cube of C, and if A=3 when B=256 and C=2, find B when 4=24 


and C=} 


12. Given that 7+y¥ varies as r++ , and that «-—y varies as :- ; 


find the relation between « and z, provided that z=2 when x=3 and 
y=1. 


13, If A varies as B and C jointly, while B varies as D%, and 0 
varies inversely as A, shew that A varies as D. 


14. If y varies as the sum of three quantities of which the first is 
constant, the second varies as 2, and the third as #?; and if y=0 when 
x=1, y=1 when «=2, and y=4 when #=3; find y when v=7. 


15. When a body falls from rest its distance from the starting 
point varies as the square of the time it has been falling: if a body falls 
through 4024 feet in 5 seconds, how far does it fall in 10 seconds? 
Also how far does it fall in the 10 second? 
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16. Given that the volume of a sphere varies as the cube of its 
radius, and that when the radius is 3$ feet the volume is 1793 cubic 
feet, find the volume when the radius is 1 foot 9 inches. 


17. The weight of a circular disc varies as the square of the radius 
when the thickness remains the same; it also varies as the thickness 
when the radius remains the same. Two discs have their thicknesses 
in the ratio of 9 : 8; find the ratio of their radii if the weight of the 
first is twice that of the second. 


18. Ata certain regatta the number of races on each day varied 
jointly as the number of days from the beginning and end of the regatta 
up to and including the day in question. On three successive days 
there were respectively 6,5 and 3 races. Which days were these, and 
how long did the regatta last? 


19. The price of a diamond varies as the square of its weight. 
Three rings of equal weight, each composed of a diamond set in gold, 
have values £a, £6, £c, the diamonds in them weighing 3, 4, 5 carats 
respectively. Shew that the value of a diamond of one carat is 


£ (* ? Cc ») 
the cost of workmanship being the same for each ring. 


20. Two persons are awarded pensions in proportion to the square 
root of the number of years they have served. One has served 9 years 
longer than the other and receives a pension greater by £50. If the 
length of service of the first had exceeded that of the second by 4} years 
their pensions would have been in the proportion of 9: 8. How long 
had they served and what were their respective pensions? 


21. The attraction of a planet on its satellites varies directly as 
the mass (M) of the planet, and inversely as the square of the distance 
(D); also the square of a satellite's time of revolution varies directly 
as the distance and inversely as the force of attraction. If m,, d,, 4, 
and mp», dy, tz, are simultaneous values of I, D, 7 respectively, prove 
that 


Hence find the time of revolution of that moon of Jupiter whose 
distance is to the distance of our Moon as 35 : 31, having given 
that the mass of Jupiter is 343 times that of the Earth, and that the 
Moon’s period is 27°32 days. 


22. The consumption of coal by a locomotive varies as the square 
of the velocity ; when the speed is 16 miles an hour the consumption of 
coal per hour is 2 tons: if the price of coal be 10s. per ton, and the other 
expenses of the engine be 11s. 3d. an hour, find the least cost of a journey 
of 100 miles. 


CHAPTER IV. 
ARITHMETICAL PROGRESSION, 


38. DeEFINITION. Quantities are said to be in Arithmetical 
Progression when they increase or decrease by a common dif- 
ference. 


Thus each of the following series forms an Arithmetical 
Progression : 


aia fee Wa ae, Stn con Cea es 
Se ee bee cen csthasonnshiess 
OGLE, FOF QE SARIS 


The common difference is found by subtracting any term of 
the series from that which fol/ows it. In the first of the above 
examples the common difference is 4; in the second it is —6; in 
the third it is d. 


39. 1f we examine the series 
a, a+d, a+2d, a+3d,... 
we notice that in any term the coefficient of d is always less by one 
than the number of the term in the series. 
Thus the 3 term is a+ 2d; 
6™ term is a+ 5d; 
20" term is a+ 19d; 
and, generally, the p' term isa+(p-1)d. 


lf » be the number of terms, and if 7 denote the last, or 
n™ term, we have l=a+(m—1)d. 


40. To find the sum of a number of terms in Arithmetical 
Progression. 


Let a denote the first term, d the common difference, and n 
the number of terms. Also let 7 denote the last term, and s 
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the required sum ; then 
s=a+(a+d)+(a+2d)+...4+ (1-2d)+(l-d)+7; 
and, by writing the series in the reverse order, 
s=1+(l—d) + (J—2d)+...+ (a+ 2d)+(a+d) +a. 
Adding together these two series, 


2s = (a@+1)+(a+1)+(a+l)+... to m terms 


=n(a+l), 
. s=5 (+l) pee evecccreccccere COR eeevervecsesersnce ae 
and Geet (Wm LY sivagreasasesess Re ree eet (2), 
’ s=5 {20+ (n—1)d} ee ee (3). 


41, In the last article we have three useful formule (1), 
(2), (3); in each of these any one of the letters may denote 
the unknown quantity when the three others are known. For 
instance, in (1) if we substitute given values for s, », J, we obtain 
an equation for finding a; and similarly in the other formule. 
But it is necessary to guard against a too mechanical use of these 
general formule, and it will often be found better to solve simple 
questions by a mental rather than by an actual reference to the 
requisite formula. 


Example 1. Find the sum of the series 53, 63, 8,...... to 17 terms. 
Here the common difference is 14; hence from (8), 


the sum = [2% gti6x13] 
= 17 (11420) 
2 
— l7x3l 
2 
= 263}. 


Example 2, The first term of a series is 5, the last 45, and the sum 
400: find the number of terms, and the common difference. 


If n be the number of terms, then from (1) 


400=F (5+45); 


whence n=16. 
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If d be the common difference 
45=the 16" term=5+15d; 
whence : ad=22. 
42. If any two terms of an Arithmetical Progression be 
given, the series can be completely determined; for the data 


furnish two simultaneous equations, the solution of which will 
give the first term and the common difference. 


Example. The 54% and 4% terms of an A.P. are —61 and 64; find the 
23” term. 


If a be the first term, and d the common difference, 
—61=the 54" term=a+ 53d; 
and 64=the 4 term=a+3d; 
whence we obtain d= — : » &=T71k; 
and the 23" term=a + 22d=16}. 
43. Derinirion. When three quantities are in Arithmetical 


Progression the middle one is said to be the arithmetic mean of 
the other two. 


Thus a is the arithmetic mean between a—d and a+d. 


44, To find the arithmetic mean between two given quantities. 


Let a and 6} be the two quantities; A the arithmetic mean. 
Then since a, A, 6 are in A.P. we must have 


b-A=A-a, 
each being equal to the common difference ; 
whence A= os 


45. Between two given quantities it is always possible to 
insert any number of terms such that the whole series thus 
formed shall be in A.P.; and by an extension of the definition in 
Art. 48, the terms thus inserted are called the arithmetic means. 


Example. Insert 20 arithmetic means between 4 and 67. 


Including the extremes, the number of terms will be 22; so that we have 
to find a series of 22 terms in A.P., of which 4 is the first and 67 the last. 


Let d be the common difference ; 
then 67 =the 22" term=4+421d; 


whence d=3, and the series is 4, 7, 10,...... 61, 64, 67; 
and the required means are 7, 10, 13,......58, 61, 64. 
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46. To insert a given number of arithmetic means between 
two given quantities. 
Let a and 6 be the given quantities, n the number of means. 


Including the extremes the number of terms will be n+ 2; 
so that we have to find a series of »+2 terms in A.P., of which 
a is the first, and 6 is the last. 


Let d be the common difference ; 


then b= the (n+ 2) term 
=at+(n+1)d; 
b-a 
whence aeesay E 


and the required means are 


Ezample 1. The sum of three numbers in A.P. is 27, and the sum of 
their squares is 293; find them. 


Let a be the middle number, d the common difference; then the three 
numbers are a—d, a, a+d. 


Hence a-d+a+a+d=27; 
whence a=9, and the three numbers are 9 -d, 9, 9+d. 
. (9-d)? +814 (9 +4)?=293; 
whence d= +5; 
and the numbers are 4, 9, 14. 


Example 2. Find the sum of the first p terms of the series whose 
n™ term is 8n-1. 


By putting n=1, and n=>p respectively, we obtain 
first term=2, last term=3p-1; 


Ki sum=1 (2+3p -1) =f (3p +1). 


EXAMPLES. IV.a. 


1, Sum 2, 3}, 43,... to 20 terms. 
2. Sum 49, 44, 39,... to 17 terms. 


S27 


3. Sum 7, 3° ge 


to 19 terms. 
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4, Sum 3, y 12,... to n terms, 

5, Sum 3°75; 3°5, 3:25,... to 16 terms. 
6. Sum —74, —7, —6},... to 24 terms. 
7 

8. 


Sum 1:3, -3:1, —7°5,... to 10 terms, 


. sum Fy 3,/3, a to 50 terms, 
9, Sum 5) FE ,/5,... to 25 terms. 


10. Sum a—3b, 2a—5b, 3a—78,... to 40 terms. 


11. Sum 2a-— 6, 4a - 30, 6a—5b,... to m terms. 


12, Sum ee A REE = no to 21 terms. 


13. Insert 19 arithmetic means between 1 and — 93. 


4 
14, Insert 17 arithmetic means between 3} and —414, 
15. Insert 18 arithmetic means between — 35 and 32. 
18 .nsert w arithmetic means between 2? and 1. 

17, Find the sum of the first n odd numbers. 


18. Inan A. P. the first term is 2, the last term 29, the sum 155; 
find the difference, 


19. The sum of 15 terms of an A. P. is 600, and the common differ- 
ence is 5; find the first term. 


20, The third term of an A. P, is 18, and the seventh term is 30; 
find the sum of 17 terms. 


21. The sum of three numbers in A. P. is 27, and their product is 
504; find them, 


22. The sum of three numbers in A. P. is 12, and the sum of their 
cubes is 408; find them. 
23, Find the sum of 15 terms of the series whose 2 term is 4n+1. 


94. Find the sum of 35 terms of the series whose p™ term is? +2. 


25. Find the sum of p terms of the series whose 2“ term is i +b. 


26, Find the sum of n terms of the series 
Qa —] 3 6a?-5 


4a—- soe 
oa © wot wah 
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47. In an Arithmetical Progression when s, a, d are given. 
to determine the values of » we have the quadratic equation 


vb 


0=5 (a+ (n-I)a} 


when both roots are positive and integral there is no difficulty 
in interpreting the result corresponding to each. In some cases 
a suitable interpretation can be given for a negative value of w. 


Example. How many terms of the series -9, —6, —3,... must be 
taken that the sum may be 66? 


Here 5 {-18+(u-1) 3} =66; 
that is, n?—7n-—44=0, 
or (n—11) (n+4)=0; 


“. n=11 or —4. 
If we take 11 terms of the series, we have 
-9, —6, —3, 0, 3, 6, 9, 12, 15, 18, 21; 
the sum of which is 66. 


If we begin at the last of these terms and count backwards four terms, the 
sum is also 66; and thus, although the negative solution does not directly 
answer the question proposed, we are enabled to give it an intelligible meaning, 
and we see that it answers a question closely connected with that to which 
the positive solution applies. 

48, Wecan justify this interpretation in the general case in 


the following way. 
The equation to determine n is 
dr} + (2a-—d)n—2¢=0.......ce ce cceeee (1). 


Since in the case under discussion the roots of this equation have 
opposite signs, let us denote them by nm, and -n,. The last 
term of the series corresponding to n, is 


a+(n,-1)d; 
if we begin at this term and count backwards, the common 
difference must be denoted by —d, and the sum of m, terms is 


"9 {a (a+m=ld)+(n,-1)(-a)}, 


and we shall shew that this is equal to s. 
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For the expression = 3 [2a + (2n, —,— 1) a} 
| ES , |2an, + In.n,d-—n,(n,+ 1) a 
ea : [2 d—(dné-%aad nyt 
" : (4s —2s) =, 


since —n, satisfies dn’? +(2a—d)n—2s=0, and —n,n, is the 
product of the roots of this equation. 


49. When the value of 7 is fractional there is no exact num- 
ber of terms which corresponds to such a solution. 


Example. How many terms of the series 26, 21, 16,...must be taken to 
amount to 74? 


Here 5 (52+ (n-1)(-5)}=74; 
that is, 5n? — 57n + 148=0, 
or (n - 4) (5n-—37)=0; 


a= 4 or 72: 
Thus the number of terms is 4. It will be found that the sum of 7 terms 
is greater, while the sum of 8 terms is less than 74, 
50, We add some Miscellaneous Examples. 
Example 1. The sums of n terms of two arithmetic series are in the 
ratio of 7n+1:4n+27; find the ratio of their 11” terms. 


Let the first term and common difference of the two series be a,, d, and 
dy, dy respectively. 


2a,+(n—-1)d,  Tn+1 
Wi 1 1 __—”, 
ears 2a,t(n-1)d,  4n+27 
a,+10d, é 
Now we have to find the value of art: 10d, hence, by putting n= 21, we 
2 2 
obtain 


2a,+20d, 148 4. 
2a,+20d, 111 3 
thus the required ratio is 4: 3. 


Example 2. If S8,, Sy, S3,...S, are the sums: of n terms of arithmetic 
series whose first terms are 1, 2, 3, 4,... and whose common differences are 
1, 3, 5, 7,...; find the value of 


8, +S8_+S8g+...+8.. 
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We have S=5 {24 (n-1)} =" 49), 
8,=5 (44 (n—1) 3) = 20047), 
n (5n+ 1) 


8,=5 {2p+ (n-1) (2p-1)} =F {(Qp-1) n+}; 


*. the required sum= = {(n+1)+(3n+1)+...... (Qp-1.n+1)} 


n 
2 
5 ((v+8n45n+...2p—1 . n) +p} 


=5 {n(1+8+5+...2p-1) +p} 


n 
= 5 (mp* +P) 


= 3 (up +1). 


EXAMPLES. IV. b. 


1, Given a= —2, d=4 and s=160, find n, 

2. How many terms of the series 12, 16, 20,... must be taken to 
make 208! 

8. In an A. P. the third term is four times the first term, and the 
sixth term is 17; find the series. 

4, The 24, 31", and last terms of an A.P. are 7}, : and — 6% 


respectively ; find the first term and the number of terms. 


5. The 4*, 42™4 and last terms of an A. P. are 0, —95 and —125 
respectively; find the first term and the number of terms. 


6. A man arranges to pay off a debt of £3600 by 40 annual 
instalments which form an arithmetic series. When 30 of the instal- 
ments are paid he dies leaving a third of the debt unpaid: find the 
value of the first instalment. 


7. Between two numbers whose sum is 2} an even number of 
arithmetic means is inserted; the sum of these means exceeds their 
number by unity: how many means are there ? 


8 The sum of terms of the series 2, 5, 8,... is 950: find n. 
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‘ L yt 
9. Sum the series Title fo ... to n terms, 


1 
ja teeny 
10, If the sum of 7 terms is 49, and the sum of 17 terms is 289, 
find the sum of n terms. 


11, If the p%, g**, r** terms of an A. P. are a, b, ¢ respectively, shew 
that (g—-7r) a+(r-p) 6+(p—g) ¢=0. 


12. The sum of p terms of an A. P. is g, and the sum of g terms is 
p; find the sum of p+q terms. 


13. The sum of four integers in A. P. is 24, aud their product is 
945; find them. 


14, Divide 20 into four parts which are in A. P., and such that the 
product of the first and fourth is to the product of the second and third 
in the ratio of 2 to 3. 


15. The p term of an A. P. is g, and the g™ term is p; find the 
m* term, 


16, How many terms of the series 9, 12, 15,... must be taken to 
make 306! 


17. Ifthe sum of 2 terms of an A. P. is 2n+3n’, find the r term. 


18. If the sum of m terms of an A. P. is to the sum of n terms as 
m? to n®, shew that the m' term is to the n™ term as 2m—1is to 2n—-1, 


19, Prove that the sum of an odd number of terms in A. P. is equal 
to the middle term multiplied by the number of terms, 


20. Ifs=n (52-8) for all values of n, find the p™ term. 


21. The number of terms in an A. P. is even; the sum of the odd 
terms is 24, of the even terms 30, and the last term exceeds the first by 
103: find the number of terms. 


22. There are two sets of numbers each consisting of 3 terms in A. P. 
and the sum of each set is 15, The common difference of the first set 
is greater by 1 than the common difference of the second set, and the 
product of the first set is to the product of the second set as 7 to 8: find 
the numbers. 


23, Find the relation between x and y in order that the r™ mean 
between w and 2y may be the same as the 7" mean between 2v and y, 
n means being inserted in each case. 


24. If the sum of an A, P. is the same for p as for g terms, shew 
that its sum for »+g terms is zero. 


CHAPTER V. 
GEOMETRICAL PROGRESSION. 


51. Dertnirion. Quantities are said to be in Geometrical 
Progression when they increase or decrease by a constant factor. 


Thus each of the following series forms a Geometrical Pro- 
gression : 


Spud; 2; Be i Rare 
ress pei) 

: 3° 9? Se 
Oj A AEN iv) adv ean ves 


The constant factor is also called the common ratio, and it is 
found by dividing any term by that which immediately precedes 
it. In the first of the above examples the common ratio is 2; in 


the second it is — 2 ; in the third it is r. 
52. If we examine the series 
a, ar, ar’, ar, art, .....- 
we notice that im any term the index of r is always less by one 
than the number of the term in the series. 
Thus the 3" term is ar’; 
the 6" term is ar’; 
the 20 term is ar’; 


and, generally, the p** term is ar?~’. 
If m be the number of terms, and if 7 denote the last, or n™ 
term, we have t=ar"™, 


53. Derinition. When three quantities are in Geometrical 
Progression the middle one is called the geometric mean between 
the otner two. 
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To find the geometric mean between two given quamtities. 


Let a and @ be the two quantities; G the geometric mean, 
Then since a, G, 6 are in G. P., 


one. 
Ga,’ 
each being equal to the common ratio ; 
: G=ab; 
whence G=,Jab. 


54. To insert a given number of geometric means between 
two given quantities. 


Let a and 6 be the given quantities, » the number of means. 


In all there will be ~+2 terms; so that we have to find a 
series of m+ 2 terms in G. P., of which a is the first and b the last. 


Let 7 be the common ratio ; 


then b=the (n+ 2)™ term 
=ar"*; 
b 
= ‘le et 
iE 3 a 


b ntl 
“3 r=(2) eovccccceces eee cecccceeecveeeee ces (1). 


Hence the required means are ar, ar’,... ar", where r has the 
value found in (1). 
Example. Insert 4 geometric means between 160 and 5. 


We have to find 6 terms in G. P. of which 160 is the first, and 5 the 
sixth. 


Let r be the common ratio ; 
then 5=the sixth term 


1 
whence rT=53 


and the means are 80, 40, 20, 10. 


GEOMETRICAL PROGRESSION. 39 
55, To find the sum of a number of terms in Geometrical 
Progression. 
Let a be the first term, r the common ratio, » the number of 
terms, and s the sum required. Then 
S=G+art+ar+...... + ar 
multiplying every term by r, we have 
rs=ar+ar+...... +ar 


Hence by subtraction, 


a(r” —1) 1 
: Renee (1). 
Changing the signs in numerator and denominator, 
a(1—r") 9 
cies (par We (2). 


Norse. I¢ will be found convenient to remember both forms given above 
for s, using (2) in all cases except when r is positive and greater than 1. 
Since ar"-1=1, the formula (1) may be written 


_rl-a_ 


8 
TA 


a form which is sometimes useful. 


Example. Sum the series ; eels Fone to 7 terms. 


The common ratio = — 5 hence by formula, (2) 


the sum 
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ider th i ie : * 
56, Consi = e series l, 5? Be? ger 
The sum ton terms = T 
ves 
1 
-2 (1-5) 
i 
Head 


From this result it appears that however many terms be 
taken the sum of the above series is always less than 2. Also we 
see that, by making 7 sufficiently large, we can make the fraction 
gx-1 48 small as we please. Thus by taking a sufficient number 
of terms the sum can be made to differ by as little as we please 
from 2. 


In the next article a more general case is discussed. 
57. From Art. 55 we have s= Basted 


n 


_ a an’ 
ah eae wort 
Suppose r is a proper fraction; then the greater the value of 
ar” 
l-r 
therefore by making n sufficiently large, we can make the sum of 


nm the smaller is the value of 7", and consequently of 3 and 


m terms of the series differ from i by as small a quantity as 
we please. 
This result is usually stated thus: the sum of an infinite 


number of terms of a decreasing Geometrical Progression is _, ; 
-r 


or more briefly, the sum to infinity ts i : 
-r 


Example 1. Find three numbers:in G. P. whose sum is 19, and whose 
product is 216. 


Denote the numbers by “, a, ar; then xaxar=216; hence a=6, and 


the numbers are ° » 6, 6r. 
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os 6 646r=19; 
: 
-. 6-137+67?=0; 


whence eo a 
Thus the numbers are 4, 6, 9. 


Example 2. The sum of an infinite number of terms in G, P. is 15, and 
the sum of their squares is 45; find the series. 
Let a denote the first term, 7 the common ratio; then the sum of the 
2 


terms is . ; and the sum of their squares is 7: oe 


Hence IE LD osinnnis Gigeebitmaseaciontteses testers et (1), 


ose a 
Dividing (2) by (1) ape BN ypevas easiss soles)seWosana ve esas sa geeseNl(O)y 
and from (1) and (3) ee 
: , and therefore a=5, 

10 20 


3° 9” cecvee 


whence 7= 


Thus the series is 5, 


EXAMPLES. V.a. 


= 
wD 
= 
B 


see to 7 terms. 
Sum -2, 24, —3},... to 6 terms. 
Sum a 14, 3,... to 8 terms. 


Sum 2, —4, 8,... to 10 terms, 

Sum 16°2, 5°4, 1°8,... to 7 terms. 

Sum 1, 5, 25,... to p terms. 

16 

3°" 

Sum 1, ./3, 3,... to 12 terms. 
1 8 


Sum 7a’ -2, yar" to 7 term3, 


PO Fe © bp 


Sum 3, -4, . to 2n terms. 


be? Bed 
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10. Sum - = = 3 ie to 7 terms. 


os : a 
11. Insert 3 geometric means between 2} and 9° 
12. Insert 5 geometric means between 33 and 403. 


— 


13. Insert 6 geometric means between 14 and — i 


64° 
Sum the following series to infinity: 
14. a 7 ade. 15, 45, 015, -0005,... 
16, 1°665, —1°11, °74,... 1am cs tame es Et 
Ih 8h R/S als. 19. 7, /42, 6,. 


20. The sum of the first 6 terms of a G. P. is 9 times the sum of 
the first 3 terms; find the common ratio. 


21. The fifth term of a G. P. is 81, and the second term is 24; find 
the series. 


22. The sum of a G. P. whose common ratio is 3 is 728, and the 
last term is 486; find the first term. 


23. Ina GQ. P. the first term is 7, the last term 448, and the sum 
889; find the common ratio. 


24. The sum of three numbers in G. P. is 38, and their product is 
1728; find them. 


25. The continued product of three numbers in G. P. is 216, and 
the sum of the productsofthem in pairs is 156; find the numbers. 


26. If S,, denote the sum of the series 1+7?+7°+... ad inf., and 


s, the sum of the series 1-7? +72? —... ad inf., prove that 
Sp + 8 = 28 op. 
27. If the p', gt", 7** terms of a G. P. be a, b, c respectively, prove 
that LI OP AD GDM 


28. The sum of an infinite number of terms of a G. P. is 4, and the 
sum of their cubes is 192: find the series. 


58. Recurring decimals furnish a good illustration of infinite 
Geometrical Progressions. 


Example. Find the value of -493. 
423 = -4232323...... 
= ae Bee = 2 HF scece . 
10 1000 100000 
44 28428 


=10' 108 * Ios Recess 3 
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; 204 SOE20 Tar 
that is, 423 = — 4 — es 
at is fot ioe (1 + at get ictdte ) 


Agate 1 


_ 4 , 23 100 
“To * 108" 99 
_4, 2% 
~ 10 * 990 
_ 419 
~ 990’ 
which agrees with the value found by the usual arithmetical rule. 


59. The general rule for reducing any recurring decimal to 
a vulgar fraction may be proved by the method employed in the 
last example; but it is easier to proceed as follows. 


To find the value of a recurring decumal. 


Let P denote the figures which do not recur, and suppose 
them p in number; let @ denote the recurring period consisting of 
q figures ; let D denote the value of the recurring decimal ; then 


Di BOO ococsir <ssge us ‘ 
WO? YTS QT OX Me ec ; 
and LOE SD =P OOOO mm. car g 
therefore, by subtraction, (10’*!— 10’) D= PQ- P; 
that is, 10? (10'- 1) D= PQ-P; 
Ao, JB ra Paoeck 


(10% 1) 10?" 


Now 10’—1 is a number consisting of g nines; therefore the 
denominator consists of g nines followed by p ciphers. Hence 
we have the following rule for reducing a recurring decimal to a 
vulgar fraction : 


For the numerator subtract the integral number consisting of 
the non-recurring figures from the integral number consisting of 
the non-recurring and recurring figures; for the denominator take 
a number consisting of as many nines as there are recurring figures 
Sollowed by as many ciphers as there are non-recurring figures, 
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60. To find the sum of n terms of the series 
a, (a+d)r, (a+ 2d)r*, (a+ 3d)r’,......... 

in which each term is the product of corresponding terms in an 
arithmetic and geometric series. 

Denote the sum by S; then 

S=a+(a+d)r+(a+2d)r°t+...+(a+n—l1d)r"; 
Pir ce ar + (a+d)r+...2-(a+n—2d)r""+ (a+n—1d)r" 

By subtraction, 

SQ =r) =a+(dr+dr+...+dr"-!)- atn—l1d)r 
=a OOO) (ain aa); 

a dr(l—r"")  (a+n—1d)r" 

A EON HT Gyr oP TURE Gy ERE TCI 


Cor. Write S in the form 


a | a dr’ (a@tn—ld)r" 
l-r' (l-r)? (1-1) l-r ‘ 


then if r<1, we can make 7” as small as we please by taking n 
sufficiently great. In this case, asswming that all the terms which 
wmvolve r® can be made so small that they may be neglected, we 


obtain = an = for the sum to infinity. We shall refer 


to this point again in Chap. XXI. 


sid 


In summing to infinity series of this class it is usually best te 
proceed as in the following example. 


Example 1. If «<1, sum the series 


1420432? +4 403+ ...... to infinity. 


Let S=14+274+302+4a3+...... 5 
‘*,¢2S= +202 +303 + ....203 
eo. S(l-x=l+vt+a?t+a3+...... 
pene 
l-«’ 
6 Sq tay 
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| 
Volo 


Example 2. Sum the series Lt et ot ppt. ton terms, 
SET LO Bn — 2 
Let S=ltgtoat Bt eedens Bn ? 
is ee ey 38n-5 3n-2 
E = B + 53 > fe 537 seeeee 5-1 5” 4 
ry \ 4 3 3 8 3 38n -—2 
RES) we BSE D+ (Fy t 3 Bea) 
(S-. ' 5° ees aa we +e) 5 
=1+5 l+e+5+ pana + a ~ 5a 
Pe oe 
re 3 5™1 Bn-2 
ob 
3 i bn-2 
_7_Vnt7 
aa 4,6"? 
g-™ 12n+7 
= gE Bet 


| EXAMPLES. V. b. 


Sum 1 ede . to m terms. 
fe Misa SH 
Sum 1+3 += ié t+ 64+ o5gte . to infinity, 


Sum Leet 723+ 904+ .,. to infinity x beng < 2, 


alae 


Sum 1+5 + 5 it5 g++. to m terms. 


~~ 6 


. Sum a to infinity. 


6. Sum 1+3x7+6v?+102'+... to infinity, x being < 1. 


7. Prove that the (n +1)™ term of a G. P., of which the first term 
is a and the third term 8, is equal to the Qn 1) term of a G. P. of 
which the first term is @ and the fifth term 8. 


8. The sum of 2n terms of a G. P. whose first term is @ and com- 
mon ratio 7 is equal to the sum of n of a G. P. whose first term is 6 and 
eommon ratio r?. Prove that 6 is equal to the sum of the first twe 
terms of the first series. 


on 
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9. Find the sum of the infinite series 
14+(145) r+ (146402) 724 (14540245) r84..,, 
y and 6 being proper fractions. 


10. The sum of three numbers in G. P. is 70; if the two extremes 
be multiplied each by 4, and the mean by 5, the products are in A. P.; 
find the numbers. 


11. The first two terms of an infinite G. P. are together equal to 5, 
and every term is 3 times the sum of all the terms that followit; find 
the series. 


Sum the following series : 
12. x+a, 2?+2a, 23+3a... to n terms. 
13, w(et+y)+2? (wv? +y") +43 (23 +y°)+... to n terms, 


i 1 1 
14, ats, 3a ae Satigt.. . to 2p terms. 
2 ae aa 2b ae 3 : 
15. 3 + 32+ 33 ste + 3 t apts to infinity. 
AO 2 LO Mee 
16, 5 atin — mati at . to infinity. 


17. Ifa, b,c, d bein G. P., prove that 
(b—c)?+ (c—a)’+(d—b)?=(a—d). 


18. Ifthe arithmetic mean between a and 0 is twice as great as the 
geometric mean, shew that a : b=2+.,/3 ; 2—./3. 


19. Find the sum of n terms of the series the 7" term of which is 
(27+ 1) 2”. 
20. Find the sum of 27 terms of a series of which every even term 


is a times the term before it, and every odd term c¢ times the term 
before it, the first term being unity. 


21. If S, denote the sum of ~ terms of a G. P. whose first term is 
a, and common ratio 7, find the sum of S,, S3, Ss,.--Son-1 


22. If S,, S,, S,...8, are the sums of infinite geometric series, 
whose first terms are 12s en ..p, and whose common ratios are 


A eal | t 1 
23? 4?" pHi 
prove that S,+S8,+85+...+ s,=f (p+3). 


respectively, 


23, If 7 <1 and positive, and m is a positive integer, shew that 
(2m +1)r™ (L—r)<1—r2m+1, 
Hence shew that nr" is indefinitely small when n is indefinitely great. 


CHAPTER VI. 


HARMONICAL PROGRESSION. THEOREMS CONNECTED WITH 
THE PROGRESSIONS. 


61. Derinition. Three quantities a, 6, ¢ are said to be in 
a—b 
b-c 

Any number of quantities are said to be in Harmonical 
Progression when every three consecutive terms are in Har. 
monical Progression. 


° . a 
Harmonical Progression when - = 
c 


62. The reciprocals of quantities in Harmonical Progression 
are in Arithmetical Progression. 


By definition, if a, 6, c are in Harmonical Progression, 
a a- 6. 
ce b-c’ 
. a(b—c)=c(a—6), 
dividing every term by adc, 
Poaleet 4 

ca 0 Dn a" 
which proves the proposition. 


63. Harmonical properties are chiefly interesting because 
of their importance in Geometry and in the Theory of Sound: 
in Algebra the proposition just proved is the only one of any 
importance. There is no general formula for the sum of any 
number of quantities in Harmonical Progression. Questions in 
H. P. are generally solved by inverting the terms, and making use 
of the properties of the corresponding A. P. 
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64. To find the harmonic mean between two given quantities. 
Let a, 6 be the two quantities, H their harmonic mean; 


i ald al i alee 
then =, Fig ore ASE; 


H’ 

ei eet 

sy oe AAS he 

me ae 

Ha 0b’ 

2ab 

15h 

a+b 


Example. Insert 40 harmonie means between 7 and . 


Here 6 is the 42™ term of an A. P. whose first term is . 3 let d be the 


oommon difference; then 


1 1 
6=.+ 41d; wh =. 
7 oF 3; Whence d : 
‘ : 2 3 41 
Thus the arithmetic means are Fi Lae 73 and therefore the har- 
monic means are 34, 24,... ro 


65. If A, G, H be the arithmetic, geometric, and harmonic 
means between @ and 6, we have proved 


At vas Basi eee (1) 

et a ee OS SEEN See (2) 

Hana ie td amet Hers gal (3) 
Therefore AH= 2 , a2 =ab=G" ; 


that is, G is the geometric mean between A and H. 


From these results we see that 


eta a4 
.y aes Pi cat 4 
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which is positive if a and 6 are positive; therefore the arithmetic 
mean of any two positive quantities is greater than their geometric 
mean. 


Also from the equation G?=AH, we see that G@ is inter- 
mediate in value between A and H; and it has been proved that 
A>G, therefore G>H; that is, the arithmetic, geometric, and 
harmonic means between any two positiwe quantities are in descending 

order of magnitude. 


66. Miscellaneous questions in the Progressions afford scope 
for skill and ingenuity, the solution being often neatly effected 
by some special artifice. The student will find the following 
hints useful, 


l. If the same quantity be added to, or subtracted from, all 
the terms of an A P., the resulting terms will form an A.P. with 
the same common difference as before. [Art. 38.] 


2. If all the terms of an A.P. be multiplied or divided by 
the same quantity, the resulting terms will form an A.P., but 
with a new common difference. [Art. 38.] 


3. If all the terms of a G.P. be multiplied or divided by the 
same quantity, the resulting terms will form a G.P, with the 
same common ratio as before. [Art. 51.] 


4. Ifa, b,c, d... are in G.P., they are also in continued pro- 
portion, since, by definition, 


Conversely, a series of quantities in continued proportion may 
be represented by 2, x7, #7",.....+4 


Example 1. If a, b?, c? are in A.P., shew that b+c, c+a, a+b are 
in H.P. 
By adding ab+ac+ be to each term, we see that 
a+ab+ac+be, b?+ba+be+ac, c?+ca+cb+ab are in A.P.; 


that is (a+b) (atc), (b+c)(b+a), (c+a) (c+) are in A, P, 
.’., dividing each term by (a+b) (b+¢) (c+a), 
i il 


1 5 
bulet e4a’ avo in A.P.s 


that is, b+c,e+a, a+b are in HP. 


50 HIG:“2R ALGEBRA. 


Example 2. If l the last term, d the common difference, and s the sum 
of m terms of an A. P. be connected by the equation 8ds= (d+ "21)2, prove that 


d=2a. 
Since the given relation is true for any number of terms, put n=1; then 
a=l=s. 
Hence by substitution, 8ad =(d + 2a)’, 
or (d-2a)?=0; 
*. d=24. 


Example 3, If the p®,q™,7r™,s™ terms of an A. P, are in G. P., shew that 
y-% 9-7, 7-8 are in G.P. 


With the usual notation we have 
a+(p-1)d_a+(q-1)d_a+(r-1)d 
cae —1)d- at+(r-1)d a+(s—l1)d 

-*. each of these ratios 
_ {a+(p-1) da} -{at(q-1) dq} _ {a+(q-1) dG -fa+(r-1) 4} 
{a+ (q—1) a} — fa+(r—1) a} — {a+ (r—1) d} — {at (8-1) d} 
ia piel (EY 


q-r r-s 


[Art. 66. (4)]; 


Hence p-q, q-7, T—S are in G.P. 


67. The numbers 1, 2, 3,...... are often referred to as the 
natural numbers; the n‘™ term of the series is m, and the sum of 


the first » terms is5 (n+ 1) 


68. To find the swm of the squares of the first n natural 
numbers. 


Let the sum be denoted by S; then 
S= 1? + 2? 4 3% 4+ 
We have n? — (n—1)*= 3n’- 38n+1; 
and by changing ~ into n- 1, 
(n—1)* — (n — 2)? = 8(n- 1)? - 3(m-1) 41; 
similarly (n—2)’—(n—3)*=3(n— 2)? — 3(m — 2) +1; 


ae 


So gS ws 6 eels 
br emg 92 8-9 24 
Aiea Opies ea eels 
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Hence, by addition, 
n° = 3(1° + 27 43° 4+ ...+n?)-3(1+24+34+...4n) 40 
3n ue Eh eas 


“a 


=—3s— 
feleg D) 


=n(n+1) as + 8); 


; ga met) (2n +1) 
. eat STG ee 


3S =? —n+- 


69. To find the swm of the cubes of the first n natural 
numbers. 
Let the sum be denoted by S; then 
Sa? + 224 3? + cakes +n’. 
We have nw‘ —(n—1)*=4n? — 6n? +4n—-1; 
(n—1)*-— (n—-2)* =4 (n—-1)*- 6 (n—- 1)? +4 (n—-1)-1; 
(n— 2)*— (n— 3)*=4 (n—- 2)? - 6 (n— 2)? +4 (n-2)-1; 
3*-—2*=4.3°-6.3°+4. ae 
2*-1*=4.2°-6.27+4.2-1; 
r SCs Sane oe 
Hence, by addition, 
=45—6 (17+ 2?+...47)+4(14+24+...4+n)—-n3 
o 4S=n* +046 (174+ 27+...40’)-4(14+24... +0) 
=n +n+n (2+ 1) (204+ 1)—-2n(n4+1) 
=n(n+1)(n?-n+1+2n+1-2) 
=n(n+1) (n> +n); 
n?(n+1)? (n(rm+1))’ 
ain at -{ “ i. 
Thus the swm of the cubes of the first n natural numbers is 
equal to the square of the sum of these numbers. 


The formule of this and the two preceding articles may be 
applied to find the sum of the squares, and the sum of the cubes 
of the terms of the series 


a, +d, a+ 2d,...0. oer 
o H.H.A. 
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70. In referring to the results we have just proved it will 
be convenient to introduce a notation which the student will fre- 
quently meet with in Higher Mathematics. We shall denote the 
series 


14+424+53+...+n by Sn; 
1°4+ 274+ 3?+...4+07 by Sn’; 
1° + 29+ 3°+...+° by Sn’; 
where & placed before a term signifies the sum of all terms of 
which that term is the general type. 


Example 1, Sum the series 
1.2+2.34+3.4+...t0 n terms. 


The n™ term=n(n+1)=n?+n; and by writing down each term in a 
similar form we shall have two columns, one consisting of the first 7 natural 
numbers, and the other of their squares. 


.. the sum=2n?+ =n 
_ m(n+1) (2n+1) a n (n+ 1) 
pe 6 2 
(r+) n+l 
eck as Saas 
_ n(n+1) (n+2) 
Sees : 
Example 2. Sum to n terms the series whose n™ term is 2"7! +4 8n3 — 6n2, 
Let the sum be denoted by S; then 
S= > 2-14 8SnF-62n? 
os Bn? *(n+1)? _ 6n ter) ) Qn+1) 
FS pe Aa 
=2"—-1+n(nt+1){2n(n+1)- ane 
=2"-1+n (n+1) (2n?-1). 


EXAMPLES. VI. a. 


1. Find the fourth term in each of the following series: 
(1) 2, 23, 3 
(2) 2, Qh wByn 
(8) .2, 24, 34,... 

2. Insert two harmonic means between 5 and 11, 


3. Insert four harmonic means between : and = . 
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_ 4, If 12 and 93 are the geometric and harmonic means, respect- 
ively, between two numbers, find them. 


5. If the harmonic mean between two quantities is to their geo- 


metric means as 12 to 13, prove that the quantities are in the ratio 
of 4 to 9. 


6. Ifa, b,c bein H. P., shew that 
a@:a-—b=a+e:a-c. 
7. If the m term of a H. P. be equal to m, and the n™ term be 


equal to m, prove that the (m+n) term is equal to aoe c 
m+n 


8. If the p*, g*, ** terms of a H. P. be a, 5, ¢ respectively, prove 
that (¢—1) be + (r—p) ca+(p—g) ab=0. 


9. Ifdis the harmonic mean between a and ¢, prove that 


—— +,—=- +=. 
b-a b-ce ae 
Find the sum of 2 terms of the series whose 7“ term is 


10. 3n?—n. 11, n8+5n, 12. n(n-+2). 
13, n?(2n+8). 14, 37-2”, 15, 3(4"+2n?)—4n3. 


16. If the (m+1)", (n+1)", and (7 +1)" terms of an A.P. are in 
G. P., and m,x,7r are in H. P., shew that the ratio of the common 


difference to the first term in the A. P. is — = ; 


17. If 2, m, m are three numbers in G. P., prove that the first term 
of an A. P. whose /*, m'*, and n“* terms are in H. P, is to the common 
difference as m+1 to 1. 


18. If the sum of n terms of a series be a+bn+cn*, find the n™ 
term and the nature of the series. 
19, Find the sum of 7 terms of the series whose n“ term is 
4n (n? +1) —(6n?+1). 
20. If between any two quantities there be inserted two arithmetic 


means A,, A,; two geometric means G',, G',; and two harmonic means 
H,, H,; shew that GG, : H,H,=A,+4, : H,+H;. 


21. If p be the first of n arithmetic means between two numbers, 
and q the first of m harmonic means between the same two numbers, 


2 
prove that the value of g cannot lie between p and (5) p. 
22. Find the sum of the cubes of the terms of an A. P., and shew 
that it is exactly divisible by the sum of the terms. 
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Pines or SHOT AND SHELLS. 


71. To find the number of shot arranged in a complete 
pyramid on a square base. 


Suppose that each side of the base contains m shot ; then the 
number of shot in the lowest layer is n*; in the next it is (w—1)*; 
in the next (n— 2)’; and so on, up to a single shot at the 
top. 

w. San'+(n—1)?+(n—2)?+...41 
_n(n+1)(2n +1) 


ee [Art. 68.] 


72. To find the nwmber of shot arranged im a complete 
pyramid the base of which is an equilateral triangle. 


Suppose that each side of the base contains m shot; then the 
number of shot in the lowest layer is 


m+(n—1)+(m—2)+...... +1; 
: a(mt+l1)_1,, 
that is, ar apa ts (n° +2). 
In this result write 2 —1, 2 —2,...... for n, and we thus obtain 
the number of shot in the 2nd, 3rd,...... layers, 


2. S=$ (Sn? + 3n) 


_” (n+ = (n + 2) [Art. 70,] 


73. To find the number of shot arranged in a complete 
pyramid the base of which is a rectangle. 


Let m and n be the number of shot in the long and short side 
respectively of the base. 


The top layer consists of a single row of m—(n—1), or 
mm —2+1 shot; 


in the next layer the number is 2 (m—n+ 2); 
in the next layer the number is 3 (m—mn + 3); 


and so on; 


in the lowest layer the number is n (m—n +1). 
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. S=(m—n+1)+2(m—n+2)+3(m—n+3)4+...+n(m—n+n) 
=(m—n)(1+24+34...4+n) + (194+ 27+ 3°+...47°) 
_(m—n)n(n+1) , (m+ 1) (2n+1) 
2 6 
=" 2) 13 (m—n) + 2n+ 1} 


_n(n+1) (3m-—n+1) 
Ot ndaOh-eerfied mei05" 


74. To find the number of shot arranged in an incomplete 
pyramid the base of which is a rectangle. 


Let @ and 6 denote the number of shot in the two sides of the 
top layer, m the number of layers. 


In the top layer the number of shot is ab ; 

in the next layer the number is (a + 1) (+1); 

in the next layer the number is (a + 2) (b + 2) ; 
and so on; 
in the lowest layer the number is (a + — 1) (6+n—1) 
or ab + (a+b) (n—1)+(n—-1)’. 

', S=abn+ (a+b) (n—1) +3 (n-1)? 
(m—1)n (a+b) | (n—1)n(2.n—1+1) 
2 


=abn+ 6 


=] {ab + 3 (a+b) (n—1)+(n—1) (2n-1)}. 


75. In numerical examples it is generally easier to use the 
following method. 

Example. Find the number of shot in an incomplete square pile of 16 
courses, having 12 shot in each side of the top. 


If we place on the given pile a square pile having 11 shot in each side of 
the base, we obtain a complete square pile of 27 courses; 


j 27x 2 
and number of shot in the complete pile= ee =6930; [Art. 71.] 


, 11 x12 x 23 
also number of shot in the added pile= ~~~ * = = 506 ; 


.*. number of shot in the incomplete pile = 6424. 
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EXAMPLES. VI. b. 


Find the number of shot in 
1, .A square pile, having 15 shot in each side of the base. 
2. <A triangular pile, having 18 shot in each side of the base. 


8. <A rectangular pile, the length and the breadth of the base con- 
taining 50 and 28 shot respectively. 


4, An incomplete triangular pile, a side of the base having 25 shot, 
and a side of the top 14. 


5. An incomplete square pile of 27 courses, having 40 shot in each 
side of the base. 


6. The number of shot in a complete rectangular pile is 24395; if 
there are 34 shot in the breadth of the base, how many are there in its 
length ? 

7. The number of shot in the top layer of a square pile is 169, 
and in the lowest layer is 1089; how many shot does the pile contain ? 


8. Find the number of shot in a complete rectangular pile of 
15 courses, having 20 shot in the longer side of its base. 


9, Find the number of shot in an incomplete rectangular pile, 
the number of shot in the sides of its upper course being 11 and 18, 
and the number in the shorter side of its lowest course being 30. 


10. What is the number of shot required to complete a rectangular 
pile having 15 and 6 shot in the longer and shorter side, respectively, of 
its upper course? 


11. The number of shot in a triangular pile is greater by 150 than 
half the number of shot in a square pile, the number of layers in each 
being the same; find the number of shot in the lowest layer of the tri- 
angular pile. 

12, Find the number of shot in an incomplete square pile of 16 
courses when the number of shot in the upper course is 1005 less than 
in the lowest course. 


13, Shew that the number of shot in a square pile is one-fourth the 
number of shot in a triangular pile of double the number of courses. 


14, If the number of shot in a triangular pile is to the number of 
shot in a square pile of double the number of courses as 13 to 175; find 
the number of shot in each pile. 


15, The value of a triangular pile of 16 lb. shot is £51; if the 
value of iron be 10s. 6d. per cwt., find the number of shot in the 
lowest layer. 


16. If from a complete square.pile of courses a triangular pile of 
the same number of courses be formed ; shew that the remaining shot 
will be just sufficient to form another triangular pile, and find the 
number of shot in its side. 


CHAPTER VII. 


SCALES OF NOTATION. 


76. The ordinary numbers with which we are acquainted in 
Arithmetic are expressed by means of multiples of powers of 10; 
for instance 

25=2x10+5; 
4705 = 4x 10°+7 x 10°+0x 1045. 


This method of representing numbers is called the common or 
denary scale of notation, and ten is said to be the radix of the 
scale. The symbols employed in this system of notation are the 
nine digits and zero. 


In like manner any number other than ten may be taken as 
the radix of a scale of notation; thus if 7 is the radix, a number 
expressed by 2453 represents 2x 7°+4 x 7°+5x7+3; and in 
this scale no digit higher than 6 can occur. 


Again in a scale whose radix is denoted by 7 the above 
number 2453 stands for 27° + 4r?+ 5r+3. More generally, if in 
the scale whose radix is r we denote the digits, beginning with 
that in the units’ place, by a,, a,, a,,...@,; then the number so 
formed will be represented by 


Cee a he ee OT eG 
n n—) n-2 bs i 0?) 


where the coefficients a,, a,_,,...a@, are integers, all less than 7, of 
which any one or more after the first may be zero. 


Hence in this scale the digits are r in number, their values 
ranging from 0 to r— 1. 


77. The names Binary, Ternary, Quaternary, Quinary, Senary, 
Septenary, Octenary, Nonary, Denary, Undenary, and Duodenary 
are used to denote the scales corresponding to the values two, 
three,...twelve of the radix. 
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In the undenary, duodenary,... scales we shall require symbols 
to represent the digits which are greater than nine. It is unusual 
to consider any scale higher than that with radix twelve; when 
necessary we shall employ the symbols ¢, e, 7’ as digits to denote 
‘ten’, ‘eleven’ and ‘twelve’. 


It is especially worthy of notice that in every scale 10 is the 
symbol not for ‘ten’, but for the radix itself. 


78. The ordinary operations of Arithmetic may be performed 
in any scale; but, bearing in mind that the successive powers of 
the radix are no longer powers of ten, in determining the carrying 
figures we must not divide by ten, but by the radix of the scale 
in question. 


Example 1. In the seale of eight subtract 371532 from 530225, and 
multiply the difference by 27. 


530225 136473 

371532 27 

136473 1226235 
275166 
4200115 


Explanation. After the first figure of the subtraction, since we cannot 
take 3 from 2 we add 8; thus we have to take 3 from ten, which leaves 7; then 
6 from ten, which leaves 4; then 2 from eight which leaves 6; and so on. 

Again, in multiplying by 7, we have 

3 x 7T=twenty one=2x8+5; 
we therefore put down 5 and earry 2. 

Next 7x7+2=fifty one=6x8+3; 
put down 3 and carry 6; and so on, until the multiplication is completed. 

In the addition, 

3+6=nine=1x8+1; 
we therefore put down 1 and carry 1. 

Similarly 2+6+4+1=nine=1x8+1; 
and 6+1+1=eight=1x8+0; 
and so on. 

Example 2. Divide 15et20 by 9 in the scale of twelve. 

9)15et20 
lee96...6. 

Explanation. Since 15=1x 7 +5=seventeen=1x9+8, 
we put down 1 and carry 8. 

Also 8 x T +e=one hundred and seven=ex9+8; 
we therefore put down e and carry 8; and so on, 
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Example 3. Find the square root of 442641 in the scale of seven. 
442641 (546 
34 


134|1026 
602 

1416] 12441 
12441 


EXAMPLES. VII. a. 


Add together 23241, 4032, 300421 in the scale of five. 

Find the sum of the nonary numbers 303478, 150732, 264305. 
Subtract 1732765 from 3673124 in the scale of eight. 

From 3¢e756 take 2e46t2 in the duodenary scale. 


. Divide the difference between 1131315 and 235143 by 4 in the 
scale of six. 


6. Multiply 6431 by 35 in the scale of seven. 
7. Find the product of the nonary numbers 4685, 3483. 
8. Divide 102432 by 36 in the scale of seven. 


9. In the ternary scale subtract 121012 from 11022201, and divide 
the result by 1201. 


10, Find the square root of 300114 in the quinary scal>. 


oP OD 


11. Find the square of é¢¢¢ in the scale of eleven. 
12. Find the G. C. M. of 2541 and 3102 in the scale of seven. 
13. Divide 14332216 by 6541 in the septenary scale. 


14. Subtract 20404020 from 103050301 and find the square root of 
the result in the octenary scale. 


15. Find the square root of eet001 in the scale of twelve. 


16. The following numbers are in the scale of six, find by the ordi- 
nary rules, without transforming to the denary scale: 


(1) the G.C. M. of 31141 and 3102; 
(2) the L. C. M. of 23, 24, 30, 32, 40, 41, 43, 50. 


79. To express a given integral number in any proposed scale. 
Let WV be the given number, and r the radix of the proposed 
scale. 


Let , 21, Q,....4, be the required digits by which N is tobe 
expressed, beginning with that in the unite’ place ; then 


N=4,9" +O, "+ 20. +47? + ayr tay. 
We have now to find the values of a, 2,, Gs,...Bp. 
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Divide WV by 7, then the remainder is a,, and the quotient is 


Oe + OT eee a 
n n-} 2 1 


If this quotient is divided by 7, the remainder is a, ; 
if the next quotient 


BEE eee ee ne ee eee Ge 
and so on, until there is no further quotient. 


9? 


Thus all the required digits a,, a,, a,,...a4, are determined by 
successive divisions by the radix of the proposed scale. 


Example 1. Express the denary number 5213 in the scale of seven. 


7)5213 
7)744......5 
7)106......2 
2) Ve seeiel 
Be ee 1 
Thus 5213 =2x T4+1x 741x774+2x74+5; 


and the number required is 21125. 


Example 2. Transform 21125 from scale seven to scale eleven. 


e)21125 
e)1244......t 
e)61......0 
od 


.*. the required number is 3t0t. 
Explanation. In the first line of work 
21=2x7+1=fifteen=1xe+4; 
therefore on dividing by e we put down 1 and carry 4. 
Next 4x 7+1=twenty nine=2xe+7; 
therefore we put down 2 and carry 7; and so on. 


Example 3. Reduce 7215 from scale twelve to scale ten by working 
seale ten, and verify the result by working in the scale twelve, 


f 7215 ‘7215 
| 12 #)874......1 bene 
as itd ......0 | Im scale 
In scale A ....., 
often ] 12 Hid), ager satelve 
see Tye 
L 12 J 
12401 


Thus the result is 12401 in each case, 


Explanation. 7215 in scale twelve means 7 x 12+ 2x 12?+1%12+5 in 
scale ten, The calculation is most readily effected by writing this expression 
in the form [{(7 x 12+2)}x12+1]x12+45; thus we multiply 7 by 12, and 


add 2 to the product; then we multiply 86 by 12 and add 1 to the product. 
then 1033 by 12 and add 5 to the pales sy ¥ 
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80. Hitherto we have only discussed whole numbers; but 


_ fractions may also be expressed in any scale of notation; thus 


yee 2 5 
*25 in scale ten denotes T0 + To? 


-25 in scale six denotes =f 4s 2 


@, Sig? 


‘25 in scale » denotes Z + i 
ry 
Fractions thus expressed in a form analogous to that of 
ordinary decimal fractions are called radix-fractions, and the point 
is called the radix-point. The general type of such fractions in 
scale r is 


S434 $4 0... 
, re > 
where ,, 6,, b,,... are integers, all less than 1, of which any one 


or more may be zero. 


81. To express a given radia fraction in any proposed scale. 


Let F be the given fraction, and r the radix of the proposed 
scale. 

Let 6,, 4,, 6,,... be the required digits beginning from the 
left ; then 


= b, b, b, 
Fart aaa th rae. 
We have now to find the values of 6., 6., 0.,...... 


1)? “2? “3? 


Multiply both sides of the equation by 7; then 
6, 0 
iol ia estes Bas sent ; 


Hence 6, is equal to the integral part of r/’; and, if we denote 
the fractional part by 7, we have 


Multiply again by 1; then, as before, 6, is the integral part 
of r/’,; and similarly by successive multiplications by 1, each of 
the digits may be found, and the fraction expressed in the pro- 
posed scale. 
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If in the successive multiplications by 7 any one of the 
products is an integer the process terminates at this stage, and 
the given fraction can be expressed by a finite number of digits. 
But if none of the products is an integer the process will never 
terminate, and in this case the digits recur, forming a radix- 
fraction analogous to a recurring decimal. 


Example 1. Express a as a radix fraction in scale six. 


13 13 x3 7 
ice a 


DIF Bie On 
x x 
> 
ll 
ow ee 
x 
eo 
— 


: ce ae aD ne) Ls 
. the required fraction=6@ + @5 + @3 + G3 


=*4513. 


Example 2. Transform 16064:24 from scale eight to scale five, 
We must treat the integral and the fractional parts separately, 


5)16064 24 
5)2644...0 5 
5)440...4 14 
5)71...3 5 
5)13...2 2-64 
ee 5 
4-04 
5 
0-24 


After this the digits in the fractional part recur; hence the required 
number is 212340°1240, 


82. j In any scale of notation of which the radix is vr, the sum 
of the digits of any whole number divided by r—1 will leave the 
same remamder as the whole number divided by r — 1. 

Let NV denote the number, Cd Gir ye is a, the digits begin- 
ning with that in the units’ place, and S the sum of the digits: 
then . <0 i 

N=a,+ar+ar'+...... +0, 7 +47" 
S= 0, +4, +,+ 0.04. +4,_,4+4, 
«. V-S=a, (r—1) +a, (r?-1)+...... +a,_,(7"'—1)+a,(r"-1). 
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Now every term on the right hand side is divisible by r-1; 


N-S : 
ae Bai =an integer ; 
that is, oe ee 


where J is some integer ; which proves the proposition. 


Hence a number in scale 7 will be divisible by r— 1 when the 
sum of its digits is divisible by r —1. 


83. By taking 7=10 we learn from the above proposition 
that a number divided by 9 will leave the same remainder as the 
sum of its digits divided by 9. The rule known as “casting out 
the nines” for testing the accuracy of multiplication is founded 
on this property. 


The rule may be thus explained : 


Let two numbers be represented by 9a+6 and 9c+d, and 
their product by P; then 


P= 8lac + 9be + Yad + bd. 


: bd 
Hence a has the same remainder as —; and therefore the 


9 92 
sum of the digits of P, when divided by 9, gives the same 
remainder as the swm of the digits of bd, when divided by 9. If 
on trial this should not be the case, the multiplication must have 
been incorrectly performed. In practice 6 and d are readily 
found from the sums of the digits of the two numbers to be 
multiplied together. 


Example. Can the product of 31256 and 8427 be 263395312 ? 


The sums of the digits of the multiplicand, multiplier, and product are 17, 
21, and 34 respectively; again, the sums of the digits of these three numbers 
are 8, 3, and 7, whence bd=8x3=24, which has 6 for the sum of the 
digits; thus we have two different remainders, 6 and 7, and the multiplication 
is incorrect. 


84. If N denote any number in the scale of r, and D denote 
the difference, supposed positive, between the sums of the digits in the 
odd and the even places; then N-—D or N+D 28 @ multiple of 
r+1. 


64 EIGHER ALGEBRA, 


Pr peg niece a, denote the digits beginning with that 
in the units’ place; then 


N=a,+ar+ar'+ ar t...... +0, 9 +a 4". 


n=l 
o, Wa, + @,—G,+a,—... =a, (r+1) +a, (7° -1)+a, (7° +1)+...; 
and the last term on the right will be a, (r"+1) or a, (r*—1) 
according as 7 is odd or even. Thus every term on the right is 
divisible by r+ 1; hence 


N—(a,.—a,+@,-—@,+...... : 
aca i an integer. 
r+ 
Now dh, —G, +A, — A, + v.00. =D; 

; sates an integer ; 
rt] ‘i 


which proves the proposition. 


Cor. If the sum of the digits in the even places is equal to 
the sum of the digits in the odd places, D=0, and JW is divisible 
by r+1. 


Example 1. Prove that 4:41 is a square number in any scale of notation 
whose radix is greater than 4, 


Let r be the radix; then 
2 
: aurmdti45=(2+7) ; 
ror r 
thus the given number is the square of 2:1. 
Example 2. In what scale is the denary number 2°4375 represented by 


2137 
Let r be the scale; then 


es 7 
Che eae sehen Oe Siete 
+o + Ga24375 = 255; 
whence Tr? -16r—48=0; 
that is, (7r +12) (r —4)=0. 


Hence the radix is 4. 
Sometimes it is best to use the following method. 
Example 3. In what scale will the nonary number 25607 b 
by 101215? x Mak Sot 


The required scale must be less than 9, since the new number appears 
the greater; also it must be greater than 5; therefore the required scale 
must be 6, 7, or 8; and by trial we find that it is 7, 


4 
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Example 4. By working in the duodenary scale, find the height ct a 
rectangular solid whose volumc is 364 cub, ft. 1048 cub. in., and the area of 
whose base is 46 sq. ft. 8 sq. in. 

The v-lume is 364324§ cub. ft., which expressed in the scale of twelve is 
264-734 cub. ft. 

The area is 46,3, sq. ft., which expressed in the scale of twelve is 32-08, 

We have therefore to divide 264-734 by 3t-08 in the scale of twelve. 


3108)26473-4(7-e 
2248 
36274 
36274 


Thus the height is 7ft. 1lin. 


Heh 
NrPSHONOaAP WNP 


e 
te SS 


ae 
Nom 


18. 


EXAMPLES. VII. b. 


Express 4954 in the scale of seven: 

Express 624 in the scale of five. 

Express 206 in the binary scale. 

Express 1458 in the scale of three. 

Express 5381 in powers of nine. 

Transform 212231 from scale four to scale five. 

Express the duodenary number 398e in powers of 10. 
Transform 6¢12 from scale twelve to scale eleven. 
Transform 213014 from the senary to the nonary scale. 
Transform 23861 from scale nine to scale eight. 
Transform 400803 from the nonary to the quinary scale. 
Express the septenary number 20665152 in powers of 12. 
Transform. ¢tteee from scale twelve to the common scale. 


Express 3 as a radix fraction in the septenary scale. 


Transform 17°15625 from scale ten to scale twelve. 
Transform 200-211 from the ternary to the nonary scale. 
Transform 71°03 from the since to the octenary scale. 


Express the septenary fraction saa as a denary vulgar fraction 


in its lowest terms. 


19. 
20. 


21. 


Find the denary value of the septenary numbers “4 and -42. 
In what scale is the denary number 182 denoted by 222? 


In what scale is the denary fraction = denoted by “03021 
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92. Find the radix of the scale in which 554 represents the square 
of 24, 

23. In what-scale is 511197 denoted by 1746335? 

24, Find the radix of the scale in which the numbers denoted by 
479, 698, 907 are in arithmetical progression. 

25. In what scale are the radix-fractions °16, ‘20, ‘28 in geometric 
progression? 

26. The number 212542 is in the scale of six; in what scale will it 
be denoted by 17486? 

27. Shew that 148°84 is a perfect square in every scale in which the 
radix is greater than eight. 

28. Shew that 1234321 is a perfect square in any scale whose radix 
is greater than 4; and that the square root is always expressed by the 
same four digits. 

29. Prove that 1:331 is a perfect cube in any scale whose radix is 
greater than three. 

30. Find which of the weights 1, 2, 4, 8, 16,... lbs. must be used ta 
weigh one ton. 

31. Find which of the weights 1, 3, 9, 27, 81,... lbs. must be used 
to weigh ten thousand lbs., not more than one of each kind being used 
but in either scale that is necessary. 

32. Shew that 1367631 is a perfect cube in every scale in which the 
radix is greater than seven. 

33. Prove that in the ordinary scale a number will be divisible by 
8 if the number formed by its last three digits is divisible by eight. 

34, Prove that the square of rrr in the scale of s is 777g0001, where 
q, 7, 8 are any three consecutive integers. 

35, If any number WV be taken in the scale 7, and a new number WV’ 
be formed by altering the order of its digits in any way, shew that the 
difference between WV and WV’ is divisible by r—1. 

36. If a number has an even number of digits, shew that it is 
divisible by r+1 if the digits equidistant from each end are the same. 

37. If in the ordinary scale 8, be the sum of the digits of a number 
NV, and 38, be the sum of the digits of the number 3, prove that the 
difference between S, and S, is a multiple of 3. 

38. Shew that in the ordinary scale any number formed by 
writing down three digits and then repeating them in the same order 
is a multiple of 7, 11, and 13. 

39. In a scale whose radix is odd, shew that the sum of the 
digits of any number will be odd if the number be odd, and even if 
the number be even. 


40. If be odd, and a number in the denary scale be formed 
by writing down n digits and then repeating them in the same order, 
shew that it will be divisible by the number formed by the x digits, 
and also by 9090...9091 containing n- 1 digits. 


CHAPTER VIII. 


SURDS AND IMAGINARY QUANTITIES, 


85. In the Elementary Algebra, Art. 272, it is proved that 
the denominator of any expression of the form aear can be 
c 


rationalised by multiplying the numerator and the denominator 
by /b- ,/e, the surd conjugate to the denominator. 


Similarly, in the case of a fraction of the form ———*—_ 

7 Jb+aletafa’ 
where the denominator involves three quadratic surds, we may by 
two operations render that denominator rational. 


For, first multiply both numerator and denominator by 
Jb+,J/e—,/d; the denominator becomes (./b+,/c)?—(/d)* or 
b+c—d+2,/bc. Then multiply both numerator and denominator 
by (b+¢-—d)-—2 /bc; the denominator becomes (b + ¢ — d)*— 4be, 
which is a rational quantity. 


mcleass 12 
Example, Simplify ———__—_—, 
3+,/5— 2/2 


| _12 B-+/5+24/2) 
The expression ~ (B+4/5)? = (2n/2)* 


_ 12(3+,/5 + 2,/2) 

re SHG S™ E 

_2 (8+4/5+ 2/2) (5 ~1) 
W541) (v5-1) 
_24+2,/5 + 2/10 - 2/2 

. 2 


=1+,/5+,/10- /2, 
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86. To find the factor which will rationalise any given bino- 
mal surd, 
Cass I. Suppose the given surd is ¥/a—,/b. 
Let Y/a=a, /b=y, and let n be the L.c.m. of p and q; then 
x" and y“ are both rational. 
Now a" — y" is divisible by «—y for all values of nm, and 


xu" —y"=(«-y) (a? + a 8y + af” ~8y/? + ee +y >). 
Thus the rationalising factor is 
Ge Oe Ye Py wees haa 


a 


and the rational product is 2" — y". 
Casz II. Suppose the given surd is ?/a+ 4/6. 
Let x, y, » have the same meanings as before; then 


(1) It is even, 2*—y" is divisible by x + y, and 


x — Y= (x+y) (a — a" Vy +... + ay" *—y""), 
Thus the rationalising factor is 
a a SEI Be ae LES +ay" ay"; 


and the rational product is 2" —y", 
(2) Ifm is odd, 2" +y” is divisible by x+y, and 


ety" = (e+ y) (array + oo... — ay"? +y""), 


Thus the rationalising factor is 
BO me Oy hss bs —ay"F+y""; 
and the rational product is 2" + y". 
Example 1. Find the factor which will rationalise ,/3 +3/6, 


1 1 
Let c=3?, y=5°; then 2° and y® are both rational, and 
a8 — y8= (x+y) (a5 — arty +.23y? — a2y3 + wys — yd); 
thus, substituting for # and y, the required factor is 
Br 4 (A- OE) (beh) 2 1 2 os 
3? — 32, 53432, 53 32 , 534.82, 53 58, 
5 Memese Tie 2 lew a’ 5 
or 3?-9. 55432. 5838-15439, 63-53; 


that 
and the rational product is 3?-53=33-52=2, 
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1 1 1 1 
Example 2. Express (534 98) + (53 ~ 98) 
25 an equivalent fraction with a rational denominator. 


ae) 1 
; To rationalise the denominator, which is equal to 5?-34, put 5?=z2, 


3i=y; then since zi —yt= (x —y) (a + oy + vy? + y) 
1 


8 
the required factor is 52452, 34452, 344 94; 


yee 
and the rational denominator is 52? — 34=52 — 3 =22. 


(Bs Beat eand dha a) 
, : - 2452, 34452, 344.34 
.. the expression = 7 


4 8.) 2 a\2 tAes Af 
67+2., 52.3442, 52. 3442.52. 34434 
Joule Gurds sella ode 
$1 1 18 
_ 14457, 344.5. 374 5%. 34 
= 11 


87. We have shewn in the Elementary Algebra, Art. 277, 
how to find the square root of a binomial quadratic surd. We 
may sometimes extract the square root of an expression contain- 
ing more than two quadratic surds, such as a+,/b+,/e+./d. 


Assume Jat+/o+Je+/d=/a+/yt+/z; 
oat /btJet+J/da=a+yt+2+2,/ay +2./a2 +2,/ yz. 
If then 2 Jay =/b, Qi/ae=Ke, 2/yz=J/d, 


and if, at the same time, the values of z, y, z thus found satisfy 
£2+y+2=a, we shall have obtained the required root. 


Example. Find the square root of 21 — 4/5 + 8/3 — 4/15. 


Assume »/21 - 4/5 + 8/3 - 4/15 = Jr +/y -N23 
1. 21 - 4/5 + 8/3 —4n/15 = ty +2 +2,/ xy -2,/ a2 — 2,/yz. 
Put 2,/xy =8r/3, 2n/xz= 44/15, 2/ ye = 4/5 ; 


by multiplication,  a2yz=240; that is /zyz=4,/15 ; 
whence it follows that /*#=2,/3, /y=2, /z=,/5. 


And since these values satisfy the equation x+y+z=21, the required 
root is 2,/3 +2 —./5. 
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88, If Jja+/b=x+./y, then will Ne np 
For, by cubing, we obtain 
at /b=a* + 3x Jy + 3uyt+y ./y. 
Equating rational and irrational parts, we have 
a= +3ay, /b=32* Jyt+y Jy; 
w @— Jb= 2° — 32? ,/y + 3ay—y Jy; 
that is, Ja-J/b=a-,/y. 


Similarly, by the help of the Binomial Theorem, Chap. XIII, 
it may be proved that if 


a+ Jb=a+/y, then Ja-Jb=a-,/y, 


where 7 is any positive integer. 


89. By the following method the cube root of an expression 
of the form a+ ,/b may sometimes be found. 


Suppose a+ Jb=a+/y; 
then Ja- J/b=a-,/y. 
PONTO 0 mee Ore Nae oneeen eee (1). 
Again, as in the last article, 
GSR Says 1 AB ik beh ares (2). 


The values of « and y have to be determined from (1) and (2). 


In (1) suppose that </a?—b =c; then by substituting for y in 
(2) we obtain 
& = 2° + 3x (a —c) ; 
that is, 4a? — 30a = a, 


If from this equation the value of « can be determined by 
trial, the value of y is obtained from y=<" — ¢. 


Norr. We do not here assume x/x+,/y for the cube root, as in the 
extraction of the square root; for with this assumption, on cubing we should 


have 

A+p/D=ky/0 + 3a/y + 3Yn/0+Yn/Y, 
and since every term on the right hand side is irrational we cannot equate 
rational and irrational parts. 
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Ezample. Find the cube root of 72 — 32,/5. 


Assume 72-32, /5=2-Jy; 

then J72+32/5=24+,/y. 
By multiplication, eS 5184 — 1024 x5=27-y; 

that is, BGA SY). aasaseenenenencee Lae aetacee naan Gs 
Again 72 —32,/5=25 — 327, /y + 3xy —y/y; 

whence DAR SY xc cccscdeatacs eoeees eens te seoee (2). 
From (1) and (2), 72=23 + 3x (a? 4); 

that is, x —32=18. 


By trial, we find that s=3; hence y=5, and the eube root is 3—,/5. 


90. When the binomial whose cube root we are seeking 
consists of ¢wo quadratic surds, we proceed as follows. 


Example. Find the cube root of 9,/3+11,/2. 


[BFUR=4/ y3 (3+ +3a/5) 
=/3 eerie + > 3 A 


By proceeding as in the last article, we find that 


3 
J. etie te 2 
2 
, the required cube root =,/3 (a + J 3) 
=/3 +,/2. 


91. We add a few harder examples in surds, 


Example 1. Express with rational denominator ~~—,;.—~ 9-341 ee ry 


: 4 
The expression =>5 


_3841 
4 (38 41) 
curiae 


_alsiy 1) 


1 
= 35.0 e 
341 3° +1 
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Example 2. Find the square root of 


S(e-1)+ 2a? —Tx -—4, 
The expression = (32 -34+2,/(Q2+4+1)(«-4} 


=3{(22+1) +(x —4) +2,/ (2a +1) (2% -4)}; 


hence, by inspection, the square root is 


—g(/201 +./2—4). 
Example 3. Given ./5 =2-23607, find the value of 
3-5 
N2+,/7-3/5- 
Multiplying numerator and denominator by \/2, 
__ J6-25 
2+./14-6/5 


= vets 
~ 343-5 


the expression 


NE ac 
=o 's TRL. 


EXAMPLES. VIII. a. 


Express as equivalent fractions with rational denominator: 


1 Mae. 2 Noa 
* 14+/2-./3° " J/2+/3-./5" 
1 4 2Va+l1 
Jat Jlo+Va+b * Va-1-V2a+Va+1— 
5 vl0+J/5-¥3 g, (/3+¥/5) (5 + 4/2) 
oe RSE Oo N24+/38+/5 * 
Find a factor which will rationalise: 
1 1 
%. a=—n/2. 8 5428/2 9, a®+d4, 


10, J/3-1. lL 2+A/7. 12, J5-H/3. 
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Express with rational denominator : 


3/3 -—1 S/G — 8/8 eT} 
37 — be pips carne a . wae. 
3/3+1 8/9 + 8/8 _ SBS 
v3 8+ 3/4 6/27 
iL) a a we! . =. 
J3+9 Pe a4 ae 
Find the square root of 
19. 16 -2./20 —2./28 + 2,/35. 20. 2444,/15 —4,/21 — 2,/35. 
al 6+./12 —./24-./8. ae 5 —/10 —,/15+./6. 


23. a+3b+4+4,/a—4,/3b -2,/3ab. 
24. 21+3,/8 —6,/3 — 6/7 —./24 —s/06 + 2,21. 


Find the cube root of 


25. 1046/3. 26. 38+17,/5. 27. 99-70,/2. 
28. 38,/14 - 100,/2. 29. 54,/3+41,/5. 30. 135,/3 —87,/6. 


Find the square root of 


31 a+n+,/2ax+x%. 32. 2a—,/3a? — 2ab —B*. 
33 l+a?+(1+a%+a4)2. 34. 14+(1-a%) 3, 
SO Lea = : b ! find the value of 7a? +1lab — 76%. 


ene a aT 


36, If oo y=. find the value of 3x? - 5xy + 3y3. 


Find the value of 
Se aS 38. — 
5/2 —/88 +5./3 33 - 19/3 
39. (28 -10./3)2 -(7+44/3) 2. 40. (264153) — (26 + 15y3) 8 
41. Given ./5 =2-23607, find the value of 
10y2 4/10 +.4/18 
Vie [seus \etral Ss — Woe 
42. Divide 2°+1+3a3/2 by x-1+,/2. 
43. Find the cube root of 9ab? + (b? + 24a2),/b? — 3a’, 


a5 
44. Evaluate ve , when 27 =,/a+ = . 


] 
ety 
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IMAGINARY QUANTITIES. 


92. Although from the rule of signs it is evident that a 
negative quantity cannot have a real square root, yet imaginary 


quantities represented by symbols of the form /-a, /—1 are of 
frequent. occurrence in mathematical investigations, and their 
use leads to valuable results. We therefore proceed to explain 
in what sense such roots are to be regarded. 


V7hen the quantity under the radical sign is negative, we can no 
longer consider the symbol ,/ as indicating a possible arithmetical 
operation ; but just as ,/a may be defined as a symbol which obeys 
the relation ,/a x ,/a =a, so we shall define ./—a to be such that 
ax ae =-—a, and we shall accept the meaning to which this 
assumption leads us. 

It will be found that this definition will enable us to bring 
imaginary quantities under the dominion of ordinary algebraical 
rules, and that through their use results may be obtained which 
can be relied on with as much certainty as others which depend 
solely on the use of real quantities. 


93. By definition, «= 1 x ok = oh O 
Se Ja ele Ja. [Lea je 
that: is, (jas ./ Sh) ea. 


Thus the product ,/a.,/—1 may be regarded as equivalent to 
the imaginary quantity ./—a. 


94. It will gc.erally be found convenient to indicate the 
imaginary character of an expression by the presence of the 


symbol NESE thus 


J/-4=,/4x(-1)=2 /-1. 
J Ta = / Ta x(-Y) sa T Ya 


95. We shall always consider that, in the absence of any 
statement to the contrary, of the signs which may be prefixed 
before a radical the positive sign is to be taken. But in the use 
of imaginary quantities there is one point of importance which 
deserves notice. 
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Since (— a) x (— b) = ab, 
by taking the square root, we have 
J-ax /-b=+,/ab. 
Thus in forming the product of ,/— a and ,/—6 it would appear 


that either of the signs + or — might be placed before ,/ad. 
This is not the case, for 


RETR ae ree 
= Jab (=I) 
=~ fab 


96. It is usual to apply the term ‘imaginary’ to all expres- 


sions which are not wholly real. Thus a+b —1 may be taken 
as the general type of all imaginary expressions. Here a and b 
are real quantities, but not necessarily rational. 


97. In dealing with imaginary quantities we apply the laws 
of combination which have been proved in the case of other surd 
quantities. 


Example 1. a+b,/-1+£(c+d./—-1)=a4e+(b4d)J/-1. 
Example 2. The product ofa+b,/—land Cranee 
=(a+b,/-1) (c+d,/-1) 
=ac — bd +(be+ad) /=1. 


98, If a+b,/-1=0, then a=0, and b=0. 


For, if a+bJ/-1=0, 
then b,/-1l=-a; 
“0 =a 3 
. @&+6°=0. 


Now a? and 0’ are both positive, therefore their sum cannot 
be zero unless each of them is separately zero; that is, a=0, 
and 6 =0. 


99, Ifa+b,/—l=c+d,/-l, thena=c¢, and b=d, 
For, by transposition, a—¢+(b-—d),/-1=0; 


therefore, by the last article, a—c=0, and6—d=0,; 
that is a=c, and b=d, 
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Thus in order that two imaginary expressions may be equal ut 
is necessary and sufficient that the real parts should be equal, and 
the imaginary parts should be equal. 


100. Derrinition. When two imaginary expressions differ 
only in the sign of the imaginary part they are said to be 
conjugate. 


Thus a—6,/—1 is conjugate toa+b,/-1. 
Similarly /2+3,/—]1 is conjugate to /2—3,/=1. 


101. The swm and the product of two conjugate imaginary 
expressions are both real. 


For a+b,/—-1+a-6b/-1=2a. 
Again (a+b,/—1)(a—b /~1) =a-(-8°) 
=a? +6*, 


102. Derinition. The positive value of the square root of 
a’ +b*i  alled the modulus of each of the conjugate expressions 


a+b/—-J anda-b/-1. 


103. The modulus of the product of two imaginary expres- 
sions is equal to the product of their moduli. 


Let the two expressions be denoted by a+b,/—1 and e+d,/—1. 


Then their product =ac—bd+(ad+bc),/—1, which is an 
imaginary expression whose modulus 


= Mas b) (e+ 8) 
a Ja bie [Pare 
which proves the proposition. 


104. If the denominator of a fraction is of the form a+b /-1, 
it may be rationalised by multiplying the numerator and the 


denominator by the conjugate expression a—6,/—1. 
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For instance 
e+d/-1_(c+dJ/-*) (a-b,J=1) 
a+bJ/-1 (a+6/-1)(a-b/-1) 
_ act bd+ (ad - be) /=1 
a’ +0? 


ac+bd ad—be ;—~ 
eee aap) 


Thus by reference to Art. 97, we see that the sum, difference, 
product, and quotient of two imaginary expressions is mm each case 
an imaginary expression of the same form. 


105. To find the square root of a+ bV —1. 
Assume Ni ON ap 
where « and y are real quantities, 


By squaring, a+b,/—l=a°—y?+20y,/-1; 
therefore, by equating real and imaginary parts, 


C mB EG, Yes naslaad addr basiton'D «6G oatane (1), 
7 RE ky rey rer ne (2); 
(2° + Y') = (a? -y’)? + (2a)? 
=a +6’; 


oo Pep afals OAM (3). 


J/@+h +a J/e+h-—a 

He nS oak UT Ie 
Ja+ b+ ald a) 7+ 8 —ali 
a Oa LL Re » Y= ey Eee ; 


Thus the required root is obtained. 


Since « and y are real quantities, x?+ 1? is positive, and thore’>re in (7) 
the positive sign must be prefixed before the quantity rai a* + b%, 

Also from (2) we see that the product zy must have the same sign as b; 
hence x and y must have like signs if b is positive, and unlike signs if 6 is 
negative. 
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Example 1. Find the square root of — 7-24 ih aetca 


Assume a /-7-24 J -1=2+yJ/-1; 
then -7-24,/-1=22- y?+2ry,/-1; 
finn eet <3) (nr ET REPT TOe encod 
and Qay = — 24. 
oo (+y")P= (2? — 97)? + (2zy)?? 
=49+4576 
=625; 
Liste eV PEP oe coe cesansees 


From (1) and (2), 2?=9 and y7=16; 
* 2=+3, y= +4, 


Since the product zy is negative, we must take 
e=3, y=—4; orz=-3, y=4. 


Thus the roots are 3-4,/—-land -3+4 Pe oe 
that is, 5 SEA fT wes ay T yp 


Example 2. To find the value of A/— 64a‘, 


A= Chat=./ 28a? J—1 


It remains to find the value of /* neat 
Assume J+) -l=atys/els 
then +n/-1=2?~y?+2ay,/—1; 
“2 —y?=0 and 2ry=1; 
whence rot rahi or £= : 2 
Te AW eae TP) oe 
SOeu| 
J FyFin shot 
Sots == Z ee 
Similarly Jai =1= £5 (1-9) =1) 


ny Voie +5 +,/-1); 
and finally / — 64a4= 4.20 (1+,/-1). 


SURDS AND IMAGINARY QUANTITIES. 719 


106. The symbol ,/ — 1 is often represented by the letter 7; but 
until the student has had a little practice in the use of imaginary 


quantities he will find it easier to retain the symbol ,/—1. It is 
useful to notice the successive powers of ,/—1 or 7; thus 


(J-1)'=/-1, i=t; 


(J -1)?=-1, P21; 
(J/-1*=-J/-1, #®=-4; 
(/=1)t=1, iwt=1; 


and since each power is obtained by multiplying the one before it 
by a — 1, or 2, we see that the results must now recur. 


107. We shall now investigate the properties of certain imagie 
nary quantities which are of very frequent occurrence. 
Suppose w#=,/1; then 2*=1, or2*—-1=0; 
that is, (x—1) (a? +a%+1)=0. 
. either 2—-1=0, ora’®+x+1=0; 
whence x— 1, or gal ee 


It may be shewn by actual involution that each of these 
values when cubed is equal to unity. Thus unity has three cube 
roots, 


pati eS ie) 3. 
? 9 ’ 2 >) 


two of which are imaginary expressions. 


Let us denote these by a and £8; then since they are the roots 


of the equation 
x’+xa+1=0, 


their product is equal to unity ; 


that is, af =1% 
. wB=a'; 
that is, B= a, since a’ =, 


Similarly we may shew that a =f’. 


108. Since each of the imaginary roots is the square of the 
other, it is usual to denote the three cube roots of unity by 1, o, w*. 
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Also w satisfies the ee v+z2+1=0; 
. l+a+w?=0; 
that is, the swum of the Vises cube roots of unity is zero. 
Again, w.w=a=1; 
therefore (1) the product of the two vmaginary roots is unity ; 
(2) every integral power of w* is unity. 
109. It is useful to notice abe the successive positive 


integral powers of w are 1, w, and w® ; for, if n be a multiple of 3, 
it must be of the form 3m ; and w” = wi =], 


If n be not a multiple of 3, it must be of the form 3m-+1 or 
3m + 2. 

If n=3m-+l1, ota = wo. w=, 

If n=3m +2, Co? = yt? = gy?™ , i= cw". 


110. We now see that every quantity has three cube roots, 
two of which are imaginary. For the cube roots of a® are those 
of a? x1, and therefore are a, aw, aw*. Similarly the cube roots 
of 9 are 3/9, w%/9, w?2/9, where 3/9 is the cube root found by the 
ordinary arithmetical rule. In future, unless otherwise stated, 
the symbol {/a will always be taken to denote the arithmetical 
cube root of a. 


Example 1. Reduce (2+3V =D? 4, the form 4+B,/ -1. 
Daf = 
_4-9+12,/-1 
re Le 
_(-5+12,/ =1) (2-/ =1) 
(2+4/=1) (2-/ =) 


_ —104+124+29,/ -1 
z 4+1 


The expression 


PRs 
Nel 


which is of the required form. 
Example 2, Resolve x* + y* into three factors of the first degree. 
eee a +yh=(x+y) (2° — ay ty?) 
", B+y?=(x +y) (x + wy) (z+ w*y) 3 
for wt+w?=-1, and #=1. 
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Fazample 3. Shew that 
(a + wb + wc) (a + wd + we) =a? +b? +c? —be —ca —ab. 

In the product of a+wb+wc and a+ wb + we, 
the coefficients of b? and c? are w*, or 1; 
the coefficient of be =0*%+ot=o?+w=-1; 
the coefficients of ca and ab=w*+w=-1; 

J. (@+ 0b + w*c)\a + wd + we) =a? +b? +0? —be -ca —ab. 
Example 4. Shew that 
(1+ - w*)§ -(1-w+w?)? =0. 


Since 1+w+w*=0, we have 
(1+ w - w)® - (1 — w + w?)® =( — 2w*)® -( — 2)? 
= -8w*+8u* 
=-8+8 
=; 


EXAMPLES. VIII. b. 


1. Multiply 2./—3+3/-2 by 4./-3-54 -3. 
2. Multiply 3 —7-5/—2 by 3-745 —32. 
3. Multiply gn Bl ee=N/72 by ano Wanighlat 


4. Malteply eo Se AON Say eased, 

Express with rational denominator: 

5 1 6 3V=2+2V-5 
B= 2 ” 37 =2-2-5" 

7 342-1 aS | 3 ataVv-1_ a-a«V-1 
ose 1 Sea 1. dar —1 ee ray 
9 tv =1P _(e-V=1 a 10, (@tv=1¥-(@-v 1) 
aes CRO bm (a+ —-1)—(a-/ -1)/ 


si 


11. Find the value of (—/ —1)!"*3, when x is a positive integer. 


12. Find the square of J/9+40 Nat 9—404/=1, 
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Find the square root of 

13. -5+12/-1, 14, -11 260/71." 158i =47 48) =. 
16.287 S11. TOUS KEANE 

18. 4ab—2(a?-b?),/-1. 

Express in the form A +iB 


19.232 20, Ne Ns ai, 1+, 
2-30 2/3 —t/2 1-2 
99. (1+4)? 93, (atid)? (a-1b)? 
ee a—ib atid 


If 1, w, w? are the three cube roots of unity, prove 
24. (1l+a*)*=o. 25. (l—-w+o?*)(1+@—-w?)=4. 
26. (1—a)(1-—@)(1-—@4)(1-—@5)=9. 
27. (2+5a@ +2m*)§ =(2 + 2w + 5w?)§ =729. 
28. (1—w+w?)(1—@*+4)(1—w*+o5)... to 2n factors =27", 
29. Prove that 
x +yi +23 — 2s =(a+y+2)(e+yw +20") (a+ yu" +z20). 
30. If r=a+b, y=aw+bw*, z=aw?+be, 
shew that 

(1) wyz=a' +b, 

(2) xv?+y?+22=6ab. 

(3) 2+y8+28=3(a3 +58), 


31. If ax+cy+bz=X, ca+by+az=Y, brt+ay+cz=Z, 
shew that (a?+6?+c? — be —ca —ab)(x2+y? +2? — yz —2@ — xy) 
=X?+ Y?+Z?-YZ-XZ-XY, 


CHAPTER IX. 
THE THEORY OF QUADRATIC EQUATIONS. 


111. Arrer suitable reduction every quadratic equation may 
be written in the form 


UE OL ATC = QNe i.e scssessees ose (1), 
and the solution of the equation is 
—b«,/b? = 4ac 
= Dap Tt teteneesises (2) 


We shall now prove some important propositions connected 
with the roots and coefficients of all equations of which (1) is 


the type. 
112. A quadratic -quation cannot have more than two roots. 


For, if possible, let the equation az’+bx+c=0 have three 
different roots a, B, y. Then since each of these values must 
satisfy the equation, we have 


CP ay AN oR 3) rate aOR EE eer (1), 
Ort DB ict C9 cikdioina de qorto> «+ egienn (2), 
Eh ye € OE es tinn'n see bd en ob earns (3). 


From (1) and (2), by subtraction, 
a (a* — B') + b(a—B)=0; 
divide out by a—f which, by hypothesis, is not zero; then 
. a(a+f)+6=0. 
Similarly from (2) and (3) 
a(B+ y)+6=0; 

.”. by subtraction a(a—y)=0; 
which is impossible, since, by hypothesis, a is not zero, and « is 


not equal to y. Hence there cannot be three different roots. 
= HHA. 
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113. In Art. 111 let the two roots in (2) be denoted by a and 
B, so that 


= b+ J/0*= 4ac 


2a 


—b- Jb? —4ac | 


2 


, B= 


then we have the following results : 


2a 


(1) If b’-4ac (the quantity under the radical) is positive, 
a and @ are real and unequal. 

(2) If 6°-4ac is zero, a and £ are real and equal, each 
reducing in this case to — 9a" 

(3) If6°— 4ac is negative, a and £ are imaginary and unequal. 

(4) If 6°—4ac is a perfect square, a and £ are rational and 
unequal, 


By applying these tests the nature of the roots of any 
quadratic may be determined without solving the equation. 
Example 1. Shew that the equation 2x?-6z+7=0 cannot be satisfied 
by any real values of z. 
Here a=2, b= -—6, c=7; so that 
b2 — dace =(-6)?-4.2.7= -20. 
Therefore the roots are imaginary. 
Example 2. If the equation 2?+2 (k+2)2+9k=0 has equal roots, find k. 
The condition for equal roots gives 
(k+2)?=9k, 
k2-5k+4=0, 
(k-4)(k-1)=0; 
hs, Ord, 
Ezample 3. Shew that the roots of the equation 
x? -— 2px + p*— q?+2gqr-7?=0 
are rational. 


The roots will be rational provided (~2p)?-4(p*-—q?+2qr-—r?) is a 
perfect square. But this expression reduces to 4 (q?-2qr+7r?), or 4 (q-r)*. 
Hence the roots are rational. 


114. Gince oa eto nha ye ee eee 


2a b 


we have by addition 


2 “e Waa’ ope 
re pe des. ee — 4ac 


Dg eg ieetrittetsssssessseeseeese (1)5 
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and by multiplication we have 
(-6 + Jb? — 4ac) (—b— /o*= 4c) 
B= da? 


_ (— 4)? — (6 — 4ac) 
Batt Jaddeht nyo 
4q? = eer eeeerece SCOTCH HTHS SSO SOE HOH SOO TEL EES (2). 


By writing the equation in the form 
a + bigs os 0, 
a a 


these results may also be expressed as follows. 


In a quadratic equation where the coefficient of the first term is 
unity, 


(i ) the sum of the roots is equal to the coefficient of x with 
its sign changed ; 


(ii) the product of the roots is equal to the third term. 


Notz. In any equation the term which does not contain the unknown 
quantity is frequently called the absolute term. 


115. Since 23 : =a+, and ~ = of 


the equation ae “+ < = 0 may be written 


° — (a+ B) C+ OB =D ......crerseeerveenes (1). 
Hence any quadratic may also be expressed in the form 
x’ — (sum of roots) x + product of roots=0......... (2). 
Again, from (1) we have 
(az — 0.) (a — B) =O wecrersreecereecerceees (3). 


We may now easily form an equation with given roots. 


Ezample1. Form the equation whose roots are 3 and — 2. 
The equation is (% — 3) (w+ 2)=0, 
or a’—2-6=0. 
When the roots are irrational it is easier to use the following 
method, 
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Example 2. Form the equation whose roots are 2+,/3 and 2-,/3. 


We have sum of roots=4, 
product of roots=1; 
.. the equation is a? —4r7+1=0, 


by using formula (2) of the present article. 


116. By a method analogous to that used in Example 1 of 
the last article we can form an equation with three or more given 
roots. 


Example 1, Form the equation whose roots are 2, —3, and E 
The required equation must be satisfied by each of the following sup- 
positions: 


2-2=0, «+3=0, n—1=0; 


therefore the equation must be 
(2-2) (e+8) (2-3) =05 


that is, (x — 2) (%+3) (5a — 7)=0, 
or 523 — 22° —-374+42=0. 


Example 2. Form the equation whose roots are 0, +a, i i 


The equation has to be satisfied by 


c 
2=0)(7—a,.2——4, => 5 


therefore it is 
x (%-+ a) (—a) (2- ‘) =0; 


that is, x (x — a?) (bx —c)=0, 
or bat — ca? — a®bx? + a®cx=0. 


117. The results of Art. 114 are most important, and they 
are generally sufficient to solve problems connected with the 
roots of quadratics. In such questions the roots should never be 
considered singly, but use should be made of the relations ob- 
tained by writing down the sum of the roots, and their product, 
in terms of the coefficients of the equation. 

Example 1, If a and 8 are the roots of x?-pa+gq=0, find the value of 
(1) a? +8°, (2) a3 + 6%. , 
We have a+B=p, 
aBb=q. 
“. a+ B?=(a+B)?—- 208 
=p? —2q. 
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Again, a5 + 68 =(a+ 8) (a? +6? — a8) 
=p {(a+f)?- 3a} 
=p (p* — 39). 
Example 2. Ifa, 8 are the roots of the equation /z?+ ma+n=0, find the 
equation whose roots ares 4 B A 
a 
2 2 
We have sum of roots=~ + id = ee 
B a af 
product of roots =~ ze P= ile 


.*. by Art, 115 the required equation is 
2 2 
i (* +8 ) z+1=0, 


ap 
or a Bx? — (a? +B?) x+aB=0. 
As in the last example a?+/?= ade , and a=" 
2_ 
.*. the equation is ; x so a+ {=O 
or nla? — (m? — 2nl) x+nl=0, 


4 5 =a 


Example 3. When «= 5 


, find the value of 223+2a7-7a+72; 


and shew that it will be unaltered if ——_Y—_ Bar 2 > lies substituted for 2. 


3 Bia 

Form the quadratic equation whose roots are seta he 
the sum of the roots =3; 
the product of the roots = a 
hence the equation is 2x? -62+17=0; 
. 227-62+17 is a quadratic expression which vanishes for either of the 
values B45 /-1 ‘ 

2 
Now 203+ 20?-—Ta+72=a (22?-62+17) +4 (2u?-62+17)+4 
=2x0+4x044 


which is the numerical value of the expression in each of the supposed cases. 
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118. To find the condition that the roots of the equation 
ax*+bx+c=0 should be (1) equal in magnitude and opposite 
in sign, (2) reciprocals. 


The roots will be equal in magnitude and opposite in sign if 
their sum is zero; hence the required condition is 


sesh on BEAD. 
a 


Again, the roots will be reciprocals when their product is 
unity ; hence we must have 


c 
—=l1, orc=a. 
a 


The first of these results is of frequent occurrence in Analyti- 
cal Geometry, and the second is a particular case of a more 
general condition applicable to equations of any degree. 


Example. Find the condition that the roots of az?+ba+e=0 may be (1) 
both positive, (2) opposite in sign, but the greater of them negative. 


We have atp=-2, ap=<. 


(1) If the roots are both positive, a8 is positive, and therefore ¢ and a 
have like signs. 


Also, since a+ is positive, : is negative; therefore b and a have unlike 
signs. 


Hence the required condition is that the signs of a and ¢ should be like, 
and opposite to the sign of b. 


(2) Ifthe roots are of opposite signs, a8 is negative, and therefore c and 
a have unlike signs, 


Also since a +8 has the sign of the greater root it is negative, and there- 
fore 2 is positive; therefore b and a have like signs, 


Hence the required condition is that the signs of a and b should be like, 
and opposite to the sign of c. 


EXAMPLES. IX. a. 


Form the equations whose roots are 


4, 742./5. 5. +2,/3-6, 6. —p+2V2q. 
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7.- -8+5i. 8. -atzdb. 9, +7 (a—-5). 
Z 1 a 2 
203 oS: 3) 9° vA 3? 0, ris IW Ay EOE BY 28 


13. Prove that the roots of the following equations are real: 
(1) 2°-2ar+a?2—b?- c?=0, 
(2) (a—b+c)2*+4(a—b)7+(a-b-c)=0. 
14, If the equation 2? —15-—m (2%—8)=0 has equal roots, find the 


values of m, 


15. For what values of m will the equation 
x —27 (14+38m) +7 (8-+-2m)=0 


have equal roots ? 


16. For what value of m will the equation 


have roots equal in magnitude but opposite in sign ? 


17. Prove that the roots of the following equations are rational: 
(1) (a+e—b) 7? +2cr+(b+e-—a)=0, 
(2) abe?a? + 3a°%cx + b’cx — 6a? — ab+267=0, 


If a, B are the roots of the equation az*+br+e=0, find the values of 
1 1 MS, ae BX 
18. a + 58° 19. at +a Bt 20. (j ~ e) ° 


Find the value of 
91. 284+2?-—7+22 when x=1 422. 
92. 23—3x?-8r7+15 when x=3+442. 


93, a —ax?+2a%r + 4a? when v= 1-,/-3. 


94, If a and B are the roots of «?+px+q=0, form the equation 


whose roots are (a- 8)? and (a+£)?. 


25. Prove that the roots of (7—a)(#—6)=/? are always real. 
26. If 2z,, x, are the roots of aa*+bxz+e=0, find the value of 
(1) (ar +b)-2+ (ar, +8)~% 
(2) (ax, +6)-3+(ar,+6)-%. 
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27. Find the condition that one root of av?+bxr+c=0 shall be 
n times the other. 


28. Ifa, B are the roots of aa*+bc+e=0, form the equation whose 
roots are a?+? and a~?+87-2, 


29. Form the equation whose roots are the squares of the sum and 
of the difference of the roots of 
Qa27 +2 (m+n) e+ m?+n?=0. 


30. Discuss the signs of the roots of the equation 


pxr+qu+r=0. 


119. The following example illustrates a useful application 
of the results proved in Art. 113. 


: : . 2?4+2c-11 
Example. If x is a real quantity, prove that the expression “3(¢-3) 


can have all numerical values except such as lie between 2 and 6. 


Let the given expression be represented by y, so that 
IP ON 
2(z—3) ~%? 
then multiplying up and transposing, we have 
x? + 2x (l-y)+6y -11=0. 

This is a quadratic equation, and in order that 2 may have real values 
4(1-y)?—4(6y—11) must be positive; or dividing by 4 and simplifying, 
y? — 8y +12 must be positive; that is, (y—6) (y—2) must be positive. Hence 
the factors of this product must be both positive, or both negative. In the 
former case y is greater than 6; in the latter y is less than 2, Therefore 
y cannot lie between 2 and 6, but may have any other value. 

In this example it will be noticed that the quadratic expression 
y’ — 8y + 12 is positive so long as y does not lie between the roots 
of the corresponding qguadratie equation y’ — 8y + 12 = 0. 


This is a particular case of the general proposition investigated 
in the next article. 


120. For all real values of x the expression ax*+bx+c has 
she same sign as a, except when the roots of the equation ax’ +bx+c=0 
are real and unequal, and x has a value lying between them. 


Case I. \uppose that the roots of the equation 
ax’ +bx+c=0 


are real ; denote them by a and 8, and let a be the greater. 
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; b c 
Then ua? + be +0=a(at+ 204°) 
a 


=a{z*—(a+ B)x+af} 
=a(«-a) (x— £). 


Now if a is greater than a, the factors x—a, x-B are both 
positive ; and if x is less than £, the factors w—a, «— are both 
negative ; therefore in each case the expression (a — a) (x—) is 
positive, and axz’?+ba+c has the same sign asa, But if # has a 
value lying between a and £, the expression (x —a)(x—f) is 
negative, and the sign of ax’ + ba +c is opposite to that of a. 


Case II. Ifa and B are equal, then 
ax’ +ba+e=a(x—a)’, 


and (x —a)’ is positive for all real values of a; hence aa’+ba+e 
has the same sign as a. 


Case III. Suppose that the equation aa’? +bx+c=0 has 
imaginary roots; then 


b c 
aat+barenatat+ ast 
a a 


te | b *  4ac— 5") 
siti (=+3,) 4a?" 


But 0? —4ac is negative since the roots are imaginary ; hence 
4ac— 6° 
4a° 


is positive, and the expression 


“f ) + 4ac— b? 
(« 2a 4a? 


is positive for all real values of «; therefore aa* +ba+¢ has the 
same sign as a. This establishes the proposition. 


121. From the preceding article it follows that the expression 
ax*+bx+c will always have the same sign whatever real value z 
may have, provided that 6’ - 4ac is negative or zero; and if this 
condition is satisfied the expression is positive or negative accord- 
ing as a is positive or negative. 

Conversely, in order that the expression ax’ +ba+e¢ may be 
always positive, b’ — 4ae must be negative or zero, and a must be 
positive ; and in order that aa’ + bo +¢ may be always negative 
6? — 4ac must be negative or zero, and a must be negative. 


92 HIGHER ALGEBRA. 


Example. Find the limits between which a must lie in order that 


az? —~Tr+5 
ba? -To+a 
may be capable of all values, x being any real quantity. 
ax’ -72+5 
a ba? Tata 
then (a - 5y) 2? - Tx (1-y)+(5-ay)=0. 


In order that the values of x found from this quadratic may be real, the 
expression 

49 (1-y)?-4 (a —5y) (5-ay) must be positive, 
that is, (49 — 20a) y?+ 2 (2a?+1) y+ (49 — 20a) must be positive; 


hence (2a? + 1)?— (49 — 20a)? must be negative or zero, and 49 —- 20a must be 
positive, 


Now (2a? + 1)? — (49 — 20a)? is negative or zero, according as 
2 (a? — 10a + 25) x 2 (a? + 10a — 24) is negative or zero; 
that is, according as 4(a—5)?(a+12) (a- 2) is negative or zero. 


This expression is negative as long as a lies between 2 and —12, and for 
such values 49 — 20a is positive; the expression is zero when a=5, — 12, or 2, 
but 49 -20a is negative when a=5. Hence the limiting values are 2 and 
—12, and a may have any intermediate value. 


EXAMPLES, IX. b. 


1. Determine the limits between which » must lie in order that 
the equation 
Qax (axr+ne)+(n?-2)c?=0 


may have real roots. 


uv : 1 
2. If. be real, prove that eee EBS: must lie between 1 and - ii: 


e—xet+l,. 1 
3. Shew that Silay lies between 3 and 3 for all real values of x. 


" au? +340 —71 
4, If «be real, prove that ae ees 


5 and 9. 


can have no value between 


5. Find the equation whose roots are ae 
JatVJa—b 
6. Ifa, B are roots of the equation 2° — pr+q=0, find the value of 
(1) a?(a38-1— 6) +6? Btat—a), 
(2) (a-p)-*+(B—-p)~*. 
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7. If the roots of /z*+nx+n=0 be in the ratio of p : g, prove that 


Ip Jt n 
St fst fo, 
Sf Pp l 


(+m)? —4mn 
2(2-n) 
except such as lie between 2n and 2m. 


8. If x be real, the expression admits of all values 


9. If the reots of the equation az®+2br+c=0 be a and 8, and 
those of the equation Ax?+2Br+C=0 be a+dand 8+, prove that 


B-—ac B*-AC 
a ia 


10. Shew that the expression will be capable of all 


values when x is real, provided that has any value between 1 and 7. 


2+2 


oath 3ra6 for real values of #. 


11. Find the greatest value of 


12. Shew that if x is real, the expression 
(a? — be) (2a —b—c)-1 
has no real values between 6 and c. 


13. If the roots of axz?+2be%+¢=0 be possible and different, then 
the roots of 


(a+c) (ax? + 26a +c) =2 (ac — 6) (x?+1) 
will be impossible, and vce versd. 


ae will be capable of all 


values when w is real, if a? — 6? and c?—d? have the same sign. 


14, Shew that the expression 


*122. We shall conclude this chapter with some miscellaneous 
theorems and examples. It will be convenient here to introduce 
a phraseology and notation which the student will frequently 
meet with in his mathematical reading. 


Derinition. Any expression which involves 2, and whose 
value is dependent on that of x, is called a function of x. 
Functions of # are usually denoted by symbols of the form /(a), 
F(c), $(2). 

Thus the equation y=/(x) may be considered as equivalent 
to a statement that any change made in the value of x will pro- 
duce a consequent change in y, and wice versd. The quantities « 
and y are called variables, and are further distinguished as the 
jndependcnt variable and the dependent variable. 
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An independent variable is a quantity which may have any 
value we choose to assign to it, and the corresponding dependent 
variable has its value determined as soon as the value of the inde- 
pendent variable is known. 


*123. An expression of the form 


n—2 


pet pe + pe r+... +p, wtp, 


where n is a positive integer, and the coefficients p,, p,, p,,-..p, do 
not involve «, is called a rational and integral algebraical function 
of x. In the present chapter we shall confine our attention to 
functions of this kind. 


*124. A function is said to be linear when it contains no 
higher power of the variable than the first ; thus aa + 6 is a linear 
function of « A function is said to be quadratic when it 
contains no higher power of the variable than the second ; thus 
ax’ +ba+e is a quadratic function of x. Functions of the third, 
jourth,... degrees are those in which the highest power of the 
variable is respectively the third, fowrth,.... Thus in the last 
article the expression is a function of « of the m™ degree. 


*125, The symbol f(x, y) is used to denote a function of two 
variables # and y; thus ax+by+e, and ax*+ bay +cy’+dx+ey+f 
are respectively linear and quadratic functions of a, y. 


The equations f(x) =0, f(«, y) = 0 are said to be linear, quad- 
ratic,... according as the functions f(x), f(x, y) are linear, quad- 
PatiCr ce 


*126. We have proved in Art. 120 that the eapression 
ax’+ba+e admits of being put in the form a(a-a) (a— ), 
where a and £ are the roots of the equation ax’? + bu+¢=0. 


Thus a quadratic expression az*+bx+c is capable of being 
resolved into two rational factors of the first degree, whenever 
the equation az’+bx+c=0 has rational roots; that is, when 
b° — 4ac is a perfect square. 


*127. To find the condition that a quadratic function of x, y 
may be resolved into two linear factors. 


Denote the function by f(x, y) where 
S (%, y) = a0? +2hay + by* + 2gx+ Uy +e 
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Write this in descending powers of x, and equate it to zero; 
thus 
ax* + 2x (hy +g) + by? + 2fy+e=0. 


Solving this quadratic in « we have 
pw ~My +9) = ab (hy + 9) = a by" + By ©) 
a ? 
or ax +hy +g =*,/y" (h? — ab) + 2y (hg — af) + (g’— ac). 


Now in order that f(x, y) may be the product of two linear 
factors of the form pxr+qy+7, the quantity under the radical 
must be a perfect square ; hence 


(ig — af = (h? — ab) (g* — ac). 
Transposing and dividing by a, we obtain 
abe + 2fgh — af? — bg? — ch* =0; 
which is the condition required. 


This proposition is of great importance in Analytical Geometry. 


*128. To find the condition that the equations 
ax? +ba+c=0, ax’? +b'x+c'=0 
may have a common root. 
Suppose these equations are both satisfied by =a; then 
aa*+ba+c=0, 
aa?+ba+ce=0; 


.*. by cross multiplication 
a’ a 1 


be’ -b'e ca’ —-c'a ab’-ab’ 


To eliminate a, square the second of these equal ratios and 
equate it to the product of the other two; thus 


a? a? 1 


(ca’—c'a)® (be —b’e) * (ab! — ab) 
ws (ca’ — a)’ = (be’ — b’c) (ab' — vb), 
which is the condition required. 


It is easy to prove that this is the condition that the two 
quadratic functions aa? + bay + cy’ and a’x’ + bay +c'y’ may have 
a common linear factor. 
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*EXAMPLES, IX. c, 


1. For what values of m will the expression 
op + Ly +22 + my —3 
be capable of resolution into two rational factors ? 


2. Find the values of m which will make 227+ maxy+3y"—5y-@ 
equivalent to the product of two linear factors. 


3. Shew that the expression 
A (02-92) — ay (B-0) 
always admits of two real linear factors. 
4, If the equations 
z+ px2+q=0, v+p'c+7=0 
have a common root, shew that it must be equal to 
ast ap a 
ed (Det 
§. Find the condition that the expressions 
la?+maey+ny®, Us®+m'ay+n'y* 
may have a common linear factor. 
6. Ifthe expression 


32" + 2Pxy + 2Qy? + 2ax—4y+1 


can be resolved into linear factors, prove that P must be one of the 
roots of the equation P?+ 4aP+2a?+6=0. 


7. Find the condition that the expressions 
as? + Qhiy+by?, a'x?+ 2h'ny+ by? 
may be respectively divisible by factors of the form y— mz, my +.. 
8. Shew that in the equation 
x? — 3uy + 2y* - 2x —-3y-—35=0, 
for every real value of x there is a real value of y, and for every real 
value of y there is a real value of x. 
9, If and y are two real quantities connected by the equation 
9a? + Qay +y? — 92x —20y+244=0, 
then will x lie between 3 and 6, and y between 1 and 10. 


10. If (aa®*+br+c)y+a'x*+b'x+c'=0, find the condition that # 
may be a rational function of y. 


CHAPTER X. 
MISCELLANEOUS EQUATIONS. 


129. In this chapter we propose to consider some mis: 
cellaneous equations; it will be seen that many of these can be 
solved by the ordinary rules for quadratic equations, but others 
require some special artifice for their solution. 


3 8 
Example 1, Solve 8282 **—68, 
3 
Multiply by 2" and transpose; thus 
3 


8 
82" — 6322"_8=0; 


3 3 
(22" — 8) (82®"+41)=0; 


x ie 18 
Let a/ a=95 then J 75 


Tae 
2aby? — 6a*y — b®y + 3ab=0; 
(2ay — b) (by — 3a) =0; 


b 3a 
¥=5” or a 
Coes 9a* 

oe z Deage » OF QR? 

v* ~~ 9@8 


that is, w= 4? or ue’ 
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Example 3. Solve (%—5)(x-7)(«+6) (rx+4)=504. 
We have : (a? — x — 20) (2? - 2 — 42)=504; 
which, being pioaneed as a quadratic in z?-«, gives 
(a? — a)? — 62 (a? - x) +336=0; 
«. (a? - x - 6) (22 -«-56)=0; 
*, 22-x2-6=0, or 22-2-56=0; 


whence z=3, —2, 8, -7. 


130. Any equation which can be thrown into the form 


ax? +be+e+ p Jaa +bet+e=q 
may be solved as follows. Putting y=,/aa*+ bx +c, we obtain 
y' + py-q=9. 
Let a and £ be the roots of this equation, so that 
Jax + bx +¢=0, Jax? +be+c=B; 
from these equations we shall obtain fowr values of a. 


When no sign is prefixed to a radical it is usuaily understood 
that it is to be taken as positive; hence, if a and B are both 
positive, all the four values of a satisfy the original equation. 
lf however a or £ is negative, the roots found from the resulting 
quadratic will satisfy the equation 

ax’ + ba +c—p, Jax’ + bx + c=4, 


but not the original equation. 


Example. Solve a? -52+2,/x?-5a+3=12, 
Add 3 to each side; then 
x? —5a+842,/e?-5e+3=15, 
Putting \/x?—5a+3=y, we obtain y?+2y—15=0; whence y=3 or —5, 
Thus /2?-5¢+3= +48, or /2?-524+3= -5. 
Squaring, and solving the resulting quadratics, we obtain from the first 
*x=6 or —1; and from the second eae tNhs | 


satisfies the given equation, but the second pair satisfies the equation 


a? —5a—2 ,/¢-52+3=12, 


The first pair of values 
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131. Before clearing an equation of radicals it is advisable 
to examine whether any common factor can be removed by 
division. 


Example. Solve Je — Tax +10a? — Jz +az —6a?=2 - 2a. 
We have 


a/(# — 2a) (@ — 5a) — J (a — 2a) (e+3a)=a - 2a. 
The factor ,/z— 2a can now be removed from every term; 
eal by DUET SEE fe tlds 
z-5a+a+3a-2 ,/(%—5a) (1 +3a)=%-2a; 
pati ies Ik 
3a? — 8ax — 60a2=0; 
(z— 6a) (3a +10a)=0; 


10a 
=6 =. 
az=6a, or 3 


Also by equating to zero the factor ,/x— 2a, we obtain «=2a. 
On trial it will be found that «=6a does not satisfy the equation: thus 


it! 
the roots are — ae and 2a. 


The student may compare a similar question d‘scussed in the Klementary 
Algebra, Art. 281. 


132. The following artifice is sometimes useful. 


Ezample. Solve ./3a?— 40 +34 + fa? —4@—11=9 oo...eeeeceeees (1). 


We have identically 
(3a? — 4a + 34) — (8a? — 4-11) =45 00s (2). 


Divide each member of (2) by the corresponding member of (1); thus 


nf Ba? — 4a + 84 — [Ba — dor — THB oes esaseseeees (3). 


Now (2) is an identical equation true for all values of x, whereas (1) is an 
equation which is true only for certain values of x; hence also equation (3) 
is only true for these values of 2. 


From (1) and (3) by addition 


nj 3a? — 404+ 34=7; 


whence z=3, or vb 
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133. The solution of an equation of the form 
ax! + ba? + ca? + bxt+a=0, 
in which the coefficients of terms equidistant from the beginning 
and end are equal, can be made to depend on the solution of a 
quadratic. Equations of this type are known as reciprocal equa- 
tions, and are so named because they are not altered when 2 is 


changed into its reciprocal = 


For a more complete discussion of reciprocal equations the 
student is referred to Arts. 568—570. 


Ezample. Solve 12a4-56x3+ 892? - 567+12=0. 
Dividing by 2? and rearranging, 


12 (2+ 2) — 56 («+ =) +89=0. 
x x 


Put one a then Peres 
x xe 
w. 12 (22 — 2) — 562+89=0; 
5 13 
whence we obtain z==,0r-. 
2 6 
ea tae: 
Bi Dee Oe 
. é 13 2 
By solving these equations we find that «=2, Q°2°3° 


134. The following equation though not reciprocal may be 
solved in a similar manner. 


Example. Solve 6x4 — 2523 + 1202 + 252+6=0. 


We have 6 (#453) 25 (« 5) +12=05 
x xz 
1\2 is 1 

whence 8( 2-7 — 25 (2- i) +24=0; 
x x 

1 
2(#-2)-8=0, or 8(#- =) -8=0; 

1 1 
whence we obtain x=2, -5: 3,- 5: 


135. When one root of a quadratic equation is obvious by 
inspection, the other root may often be readily obtained by 
making use of the properties of the roots of quadratic equations 
proved in Art. 114. 
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Example. Solve (1 - a’) (w+a) —2a(1-2*)=0. 
This is a quadratic, one of whose roots is clearly a. 
Also, since the equation may be written 
2aa* + (1 - a?) z-a(1+a’)=0, 
1+a@ 


+a? 
au and therefore the other root is — oa" 


the product of the roots is — : 


EXAMPLES. X.a. 


[When any of the roots satisfy a modified form of the equation, the student 
should examine the particular arrangement of the signs of the radicals to which 
each solution applies.]} 


Solve the following equations : 


l. 2-?-271=8, 2. 9+4-4=10%-2 
ey eee 
3. 2 /rv+2Qx *=5. 4, 624=7a*-Qzex 4. 
2 1 ae 
5. a®4+6=52". 6. 322—4"-2—0, 
3 En | x l-x 
z 6 
9. 6/2=52 2-13. 10. 14+825+9,/23=0. 
ll. 3%+9=10.3% 12. 5(5%+5-*)=26. 
13, 2+841—32, 22, 14, 22+8_57—65 (27-1). 
1 een Or 
15; N20 Toe 16, 20 — o-emnce « . 


17. (#—7)(a—3) (a+5) (w+1)=1680. 
18. (+9) (@-8) (@ -7) (v@+5)=385. 
19. x (2%+1) (#-2) (2a -3)=63. 
20. (20-7) (x*-9) (Qu+5)=91. 

Q1, 22+ 2n/2?+60=24 — 6x. 

22, 30°-42+,/322—42-6=18. 
23, 322-743 »/32*—- 162+ 21—=16x. 
24. 8+9,/(32—1) (7-2) =30"- Tm. 
25, = 84 Jann bap eat 
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51. 
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»_N3e= st ( 8 4/2): 
a 
J 227-99 +443 ,/20—1=,/20?+21¢-11. 
202 +50 —7+ /3 (a? — 7a +6)— 742 -6x-1=0. 
Ja? + 200 — 3a? —/a?+ ax — 622 = /20? + 3ax — 92% 
J 2a? + 5a —2—/2a?+5a—9=1. 
380? = 20+9+ /3a?— 22 —4=18. 
J 20? —Te+1 — ./2a?-927+4=1. 
/30?— Ta — 30 — /22?—Ta—-5= «5. 
aA+ 3 — 4a? + 24+1=0. 


a+ So +1 80+ Ba, 37. 2441-3 (0840) =208 
10 (a4+1) — 63x (x? —1) + 5222=0. 
e+ /12a—a _ANa+l 40 a+2x+ Jat—4a? 5x 
a-Ji2a—-a@ Va-1" * a+2x—Jat—4e2 a 
w+ J@-1_ w—Ja=1 pay 8e NB Bee. 
a—-J®-1 «t+ Je2—-1 
fe—ia 5 +1 6 

2 Ne = ee LoS 
Ji? +a+ = 43. ao ot /%. 
2 ; #—8 : 1, 45. a**(a?+1)=(a**+a*)a, 
8Je—5 _ J/3r—-7 7 47 18(7#-3)  250,./2%41 
30-7 “—5 etl ia -3t" 

2 2 1 

(a+a)8+4 (a—2#)8=5 (a2 —22)3, 
Ja*§+aa0-1—- Ja? +b2-1=,Ja- Jd. 
a+ Jat m1 w~Jah-1 Jat=1_ 
a-Ja@—-1 otJa-1 
at — Iz? 4. 7 = 380. 52. 2728 +217+8=0, 
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136. We shall now discuss some simultaneous equations of 
two unknown quantities. 


Example1. Solve 2+2+y+3+,/(2+2)(y+3)=39. 
(%+ 2)? + (y +3)? + (a+ 2) (y+3)=741. 
Put «+2=u, and y+3=v; then 


ERO. A) tine BO has a sscdacicacodeds cca cdeves (1), 
Ba O-1- UU TAI os secsesencegesesseacentere ss (2), 
hence, from (1) and (2), we obtain by division, 
SB — AP UORBLY on cac ccaenssausesatcusvcescateslOVs 
From (1) and (3), u+v=29; 
and Jw =10, 
or w=100; _ 
whence u=25, or 4; v=4, or 25; 
thus 2=23, or 2; y=1, or 22. 
Example 2. Solve LOO FH BD a co ve cctcoseoprselecseusce sents (1), 
LG Ym DID Oca ccs canactheceseesss Besos 2} 
Put Z=U+D, and y=u-Vv; 
then from (2) we obtain v=1. 


Substituting in (1), (u+1)*+(u—-1)4=82; 
. 2 (u4+ 6u?+1)=82; 
u4+6u?—40=0; 


whence u*=4, or —10; 
and u= £2, or + ,/-10. 
Thus w=3, -1,1+,/-10; 


y=1, -3, -1+,/-10. 


Example 3. Solve ——— OS unvoncestannensonscosonsres (1), 


From (1), 15 (227+ 32y + y? — 327+ 4ay — y*)=38 (3% + 2ay — y?) ; 
. 1292? — 29.xy — 38y?=0; 
ws (8a - 2y) (48a +19y) =0. 
Hence Sales Date a aiaates ves croc sancasesssseonss+(3)y 
or Ag maimnl Oy leciessencsresssaenscesedss*<scens (5) 
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From (3), 5 afte. 


=1, by equation (2). 
. in y=3. 


ay _Te+dy 
19° -437 + -82 


Again, from (4), 


9 A 
Stes? by equation (2), 


: 551 1947 
Ribak, ~ 68 
551 1247 
Hence = 2, Yous: Or t= oe OE dear Be 
Example 4. Solve 4a8 +3277 +y3=8, 


203 —Qe°y + cy?=1. 
Put y=ma, and substitute in both equations. Thus 
29 (43mm?) =6 ........aprseresswccasasevsmen tps 


23 (2S Dinw pm) x1 ..cceeapeeneccacsnccavseovans (2). 


_ 443m4+m3 _ 
bk ea 2—2m+ m2 


3—8m?+19m —12=0; 


that is, (m—1) (m-3) (m-4)=0; 
+. m=1, or 3, or 4, 


(i) Take m=1, and substitute in either (1) or (2). 
From (2), T= 3. Bae Ls 
and y=me=c=1. 


(ii) Take m=3, and substitute in (2); 


thus 5e8=13 . ox af 53 
ana y=me=3e=3 ves 


(iii) Take m=4; we obtain 
10st=1; 


d mean /* 
an y=nze= C= ane 
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Hence the complete solution is 
fe 
5 10 
3/1 ay fa | 
late Sins An/ ig! 
Norge. The above method of solution may always be used when the 
equations are of the same degree and homogeneous. 
Example 5. Solve 31a?y?—7y4— 1127y+64=0 oo... e cee ees (1), 
Bef Age 8 =O ncencsaeecacssoass vonsvavees (2). 
From (2) we have —-8=2?-—7ry+4y?; and, substituting in (1), 
31a°y? — Ty*+ l4cy (x? — Toy + 4y?) + (x? - Tay + 4y’)?= 
eo. 31la*y? — Tys + (a? - Try + 4y") (l4ay + 2? - Tay + 4y?) =0; 
+, Blx%y? —7y4+ (a? + 4y?)? - (7ay)?=0 


that is, BE 10a pe GYt Ol ssacedecasesess sre citosbees (3). 
oe. (a? — #) (a? — 997) =0; 
hence t= +y, OF = - oy. 


Taking these cases in succession and substituting in (2), we obtain 


t=y==2; 
3 
f=-y=+ nan 
e= +3, y= +1; 
4 4 
a= +3 i772 Y= SG)S 


Norz. It should be observed that equation (3) is homogeneous. The 
method here employed by which one equation is made homogeneous by a 
suitable combination with the other is a valuable artifice. It is especially 
useful in Analytical Geometry. 


Example 6. Solve («+ ys +2(x- y)3 =3 (2? - ys eiehaee nce nesmon (1). 
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2 
s 
This equation is a quadratic in (2 ) , from which we easily find, 


ay 


* 1 
s 
eS =2 orl; whence =~ 1=8 orl; 


oO Ona =O. 


Combining these equations with (2), we obtain 


13 


£=9)y=(380r z= >> y=0: 


3 


EXAMPLES. X.b. 


Solve the following equations : 


i. 


4, 


13. 


16. 


19, 


32 —2Qy=7, 2. 


xy = 20. 
wt + ay? +y4=931, 
v— ay +y=19. 
x +J/xyt+y =65, 
w+ cy +y?=2275. 
32? —5y?=7, 9. 
Bay — 4y?=2. 

307 +ay+y?=15, 
Slay — 3a? —5y2=45. 
a4+y*=706, 14, 

a+y=8. 
ee al, Li: 
a 


4 
yt 5 = 2b. 


a+y=1072, 20. 


2 3 
P+ P=16. 


5a —y=3, os 4% —3y=1, 
oy? — 6x? =25. 12Qxry + 13y?=25, 


5. a?+ ay +y?=84, 
x —Jxyt+y =6. 


7. “a+Y =T+A/xy, 
v? +7? =133 — xy. 


by? — 722 =17, 10. 327+165=16zy, 


Say —627=6, Tay + 3y? = 132. 

12, a?+y?-3=32y, 

227-6 +7?=0. 

a+ yt=272, 15. 2-7 =992, 
u—y=2. a—y=2, 
ee eo BW) 
yt ae? 18. gts > 

3 2 OmEO 
—— =], —+-=>-, 
cry a Op 

ye OR ape 
xy’ + yu" =20, 21. v+y=5, 


3 1 1 


3 
v+y?=65. 6(@ 2+y *)=5, 
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22. Jrty+,/x -y=4, 23. y+ J/2-1=2, 


xe — we Vo+1-Jx-1=Jy. 
Ja-Jy  JatJ/y 17 
24, Jat + /t-3 aay Itty _ 
a Nataly t ie Se ie 
v+y =19. ar+y?= (06. 


26. «?+47?-157=10(3y-8), «xy=6. 

27. x*y2+400=4ley, y®=5xy — 422, 

28, 427+ 5y=6+4 20xy —25y?+2x2, Te—1ly=17. 
29. 9a7+33x-12=12xy—4y?4+22y, «®-axy=18. 
30, (2? —y?) (x—y)=16xy, (at—y*) (2? — y?) =6402%y7, 
31. 22?- a2y+y?=2y, santas 5y. 

Begg By 
@+yP* (ey s , 
33. ¥ (y?—32y —4?)+24=0, wx (y?-4xy + 2x") +8=0, 
34. 323 -8xy?+y2+21=0, #?(y—x)=1. 

35. y? (4x? - 108) =a (23-97), 22? + Ory +y?=108. 
36. 624+ 477?+16=2e(127+y3), 2? +aey—y?=4. 
37. w(a+a)=y(b+y), ax+by=(e+y). 

38. «y+ab=2ax, x?y? + ab? =2b7y?. 


Oy . i 1 1 
za 2b y-a a-b 


40, ba? =10a*br+3a%y, ay =10ab*y + 3b%x, 


ba —Ty=4, 


=0. 


41. 2a (2-2) 440%— at 4 — be =], 
y a 


137. Equations involving three or more unknown quantities 
can only be solved in special cases. We shall here consider some 
of the most useful methods of solution. 


Example 1. Solve wo iy 4-2 == 13),. dep datteh dt. 0 enieeea. aovaiendane (1), 
ANB 72 = 6 Olas ascincesieniss ovsoas vsssecweewsnn (2), 
ips Sy rf aac dhlv inca ea cues cicth (3) 

From (2) and (3), (a+ y)?+22=85, 


Put u for +y; then this equation becomes 
u? + 22=85, 
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Also from (1), u+z=13; 
whence we obtain u=7 or 6; z=6 or 7. 
Thus we have z+y= 7, z+y= 6, 
zy=10 and xy= 10 
Hence the solutions are 
2=5, or 2,) z=34/-1, 
y=2, or 5,\ or y=3eV-1, 
#=6; Z=%. 
Example 2. Solve (x+y) (« +z) =30, 


(y+2) (yta)=15, 
(2+) (2+y)=18. 
Write u, v, w for y+z, z+2, z+y respectively ; thus 
ww 80 15, 1S |... Besos. 1c. banege tee oeeees (1). 


Multiplying these equations together, we have 
uv%w? = 30 x 15 x 18=15? x 6?; 
.. uvw= +90. 


Combining this result with each of the equations in (1), we have 


u=3, v=6, w=5; or u=-3, v=-6, w=-5; 


“6 Yts =3, yt+z=-3, 
rie=6,| or reen-6 
w+y=5; t+y=-5, 
whence w=4, y=l, 2=2; or c=-4, y=-1, z=-2. 
Example 3. Solve Pb che AO... .ashadt da enes) fencreck <o. AE (1), 
Fe ES A a gp as RUB rh ee Feo PRC COE (2), 
LF LY ict Yas BO Soeec ate de teh teltesceseecness ster (3). 


Subtracting (2) from (1) 
y?—a+2(y—2x)=30; 


that is, (Y = %)(VA YA 2)=BO erssrcrssccdeccccweessaesves (4). 
Similarly from (1) and (3) 
(Zam ye) SLO ori ies.o0e Meseedtoccetoceves (5). 
Hence from (4) and (5), by division 
UT as. 
2-2 


whence y=32z-2-, 
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Substituting in equation (3), we obtain 
2? —3a24+32?=13. 
From (2), z+ az+ 22=19, 
Solving these homogeneous equations as in Example 4, Art. 136, we obtain 
t=+2, z= +3; and therofore y= +5; 
or eae ga tiles and thorefore y = 7 


v7 v7 
Example 4. Solve 2?-yz=a?, y?-ze=b?, 2?-a2y=c3. 


Multiply the equations by y, z, x respectively and add; then 


CTA OAV OR re acankdcadecescosascccscucentcsret (1). 
Multiply the equations by z, x, y respectively and add; then 
Beary liad = Ol seascrsoreactoseucecuscenerete (2). 


From (1) and (2), by cross multiplication, 


Zz 


y z 
at— Bic ~ Bh Pak oh ama = * SUPPOSe- 


Substitute in any one of the given equations; then 
I (a6 + 08 + c6 — 3a?b*c?) =1 ; 
ee Cee eee : 
"* Ber b4—c'a? ch ab? = 6 4 064 co — Baldi 


EXAMPLES. X.c. 
Solve the following equations : 


l. 9r7+y-82=0, 2 3¢+y-22=0, 
4a —8y+7z=0, 44 —y—32=0, 
yat cu + xy =47. +43 + 2 = 467, 

3 #-y—-2=2, 4, #+2y—-z=11, 
x+y? — 2 = 22, a? — 4y2 + 22 = 37, 
ay =5. wa=24, 

5. 2? +7?-7#=21, 6. 2 +xy+x2=15, 
302+ 3y2z — Qxy =18, Ptyztye+12=0, 
a+y—2=5. 2+ 20 +2 =30. 

7. «+42xry+3x02z=50, 8  (y—z) (2+2) =22, 
2y/? + Byz+ yx= 10, (+2) (7—y)=33, 


32? + 2x + 2zy = 10, (4 —y) (y—z)=6. 
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9. 2%y??u=12, xyz? =8, w?y2?u?=1, Bary? 4, 
10, ay’%z=12, x8y8=54, v¥y32=72. 


1G, ay tot+y=23, 12. 2xy-—4r+y=17, 
w+2+2=A41, 3yz+y —62=52, 
ye+y+2=27. 6x2 + 32+ 24=29. 


13, we+ty=72, y2t+e=82, w+ y+z=12. 

144. #+74+8=a8, w+y?24+2=c7, r+y+z2=a. 

15, 2474+2=y2+20+ny=07, 84-yt+2=a,/3. 

16. 2+7?+2=2la*, yzt+2u—ary=607, 37+y—22=3a. 


INDETERMINATE EQUATIONS. 


138. Suppose the following problem were proposed for solu- 
tion : 


A person spends £461 in buying horses and cows; if each 
horse costs £23 and each cow £16, how many of each does he buy? 


Let 2, y be the number of horses and cows respectively ; then 
232 + l6y=461. 


Here we have one equation involving two unknown quantities, 
and it is clear that by ascribing any value we please to x, we can 
obtain a corresponding value for y; thus it would appear at first 
sight that the problem admits of an infinite number of solutions. 
But it is clear from the nature of the question that x and y must 
be positive integers; and with this restriction, as we shall see 
later, the number of solutions is limited. 


If the number of unknown quantities is greater than the 
number of independent equations, there will be an unlimited 
number of solutions, and the equations are said to be indeter- 
minate. In the present section we shall only discuss the simplest 
kinds of indeterminate equations, confining our attention to posi- 
tive integral values of the unknown quantities; it will be seen 
that this restriction enables us to express the solutions in a very 
simple form. 


The general theory of indeterminate equations will be found 
in Chap. xxv1. 
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Ezamplel. Solve 7z+12y=220 in positive integers. 
Divide throughout by 7, the smaller coefficient ; thus 


xsi f. 
aty+7 =81 +7; 


2 a, R11 


Bince z and y are to be integers, we must have 


i: Miaonemcamitd 
liy-9 
_ and therefore 7 = integer ; 
that is, ty 144? = integer 
and therefore a =integer =p suppose. 
, y -2="Tp, 
or Ub $5a) “sauvoupaiecesseraas posi eer aeEDeH (2). 


Substituting this value of y in (1), 
£4+7Tp+2+5p+1=31; 
that is, Me MOD se rot agri res i pomtiasipate Gretieoeaiee (3). 


If in these results we give to p any integral value, we obtain corresponding 
integral values of z and y; but if p> 2, we see from (3) that is negative ; 
and if p ie a negative integer, y is negative. Thus the only positive integral 
yalues of ¢ and y are obtained by putting p=O, 1, 2. 


The complete solution may be exhibited as follows: 
Pe ee: amy F 
4=28, 16, 4 
Gree Dy reel, 


Norz. When we obtained *U—* _ integer, we multiplied by 3 in order 


to make the coefficient of y differ by unity from a multiple of 7. A simikr 
artifice should always be exaployed before introducing a symbol to denote 
the integer. 


Ezample 2. Solve in positive integers, 14z—11y=29.............0066 (1). 
Divide by 11, the smaller coefficient; thus 

De ae 

PGE 1 tegen hin 


32-7 ; 
oe 10 et = eet 
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hence il = integer ; 
4 : z-6 ., 
that is, -2+—77 = integer ; 
, £78 ninteger=p suppose ; 
: ea 
and, from (1), y=14p+5 


This is called the general solution of the equation, and by giving to p 
any positive integral value or zero, we obtain positive integral values of x 
and y; thus we have 


p=0) oly 2, Syisvedeeersss 
S= Oy L720, 00, teeckies os ’ 
ys 9 it bar Ge eee 
the number of solutions being infinite. 
Example 3. In how many ways can £5 be paid in half-crowns and florins? 
Let x be the number of half-crowns, y the number of florins; then 
52+4y=200; 


oie aty+o= 50; 


cs qa integer=p suppose ; 
«0 C= 4D, 
and y =50- 5p. 


Solutions are obtained by ascribing to p the values 1, 2, 3, ...9; and 
therefore the number of ways is 9. If, however, the sum may be paid either 
in half-crowns or florins, p may also have the values 0 and 10. If p=0, 
then «=0, and the sum is paid entirely in florins; if p=10, then y=0, and 
the sum is paid entirely in half-crowns. Thus if zero values of «and y are 
admissible the number of ways is 11. 


Example 4. The expenses of a party numbering 48 were £5, 14s. 6d.; if 
each man paid 6s., each woman 2s. 6d., and each child 1s,, how many were 
there of each? 


Let x, y, 2 denote the number of men, women, and children, respectively; 
then we have 
DEY +B = BB, cnc cvnccose manbacaaecesseas (1), 


10a + 5y+ 22 = 229. 
Eliminating z, we obtain 82+3y=143. 
The general solution of this equation is 
z=3p+l, 
y=45-8p; 
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Hence by substituting in (1), we obtain 
z=5p-3. 


Here p cannot be negative or zero, but may have positive integral values 
from 1to5. Thus vb ae 


P=t1,625 35 400% 
=e (yews, 1G6< 
y=37, 29, 21, 13, 5; 
z= 2, 7,12, 17, 22. 


EXAMPLES. X. d. 
Solve in positive integers: 
1. 324+8y=103. 2. 54+2y=53. 3. Ta+12y=152. 


4, l3e+lly=414 5, 23¢7+ 25y=915. 6 41e+47y=2191. 
Find the general solution in positive integers, and the least values 
of # and y which satisfy the equations: 
17. 54—Ty=3. 8. 6x-13y=1. 9, 8e-2ly=33. 
10. l7y-18e=0. ll, 19y-23%=7. 12, T7y—30e=295, 


13. A farmer spends £752 in buying horses and cows; if each horse 
costs £37 and each cow £23, how many of each does he buy ? 


14. In how many ways can £5 be paid in shillings and sixpences, 
including zero solutions ? 


15. Divide 81 into two parts so that one may be a multiple of 8 
and the other of 5. 


16. What is the simplest way for a person who has only guineas 
to pay 10s. 6d. to another who has only half-crowns ? 


17. Find a number which being divided by 39 gives a remainder 16, 
and by 56 a remainder 27. How many such numbers are there ? 


18, What is the smallest number of florins that must be given to 
discharge a debt of £1. 6s. 6d., if the change is to be paid in half-crowns 
only ? 

19. Divide 136 into two parts one of which when divided by 5 
leaves remainder 2, and the other divided by 8 leaves remainder 3. 


20, I buy 40 animals consisting of rams at £4, pigs at £2, and oxen 
at £17: if I spend £301, how many of each do I buy ? 


21. In my pocket I have 27 coins, which are sovereigns, half-crowns 
or shillings, and the amount I have is £5. 0s. 6d.; how many coins of 
gach sort have I? 


CHAPTER XI. 


PERMUTATIONS AND COMBINATIONS, 


139. Eaca of the arrangements which can be made by taking 
some or all of a number of things is called a permutation. 


Each of the groups or selections which can be made by taking 
some or all of a number of things is called a combination. 


Thus the permutations which can be made by taking the 
letters a, b, c, d two at a time are twelve in number, namely, 


ab, ac “ad, be, bd, cd, 
ba, ca, da, cb, db, de; 


each of these presenting a different arrangement of two letters. 


The combinations which can be made by taking the letters 
a, b, c, d two at a time are six in number: namely, 


0; Cn = ad; OC. 0d. ca. 
each of these presenting a different selection of two letters. 


From this it appears that in forming combinations we are only 
concerned with the number of things each selection contains; 
whereas in forming permutations we have also to consider the 
order of the things which make up each arrangement; for instance, 
if from four letters a, b, c, d we make a selection of three, such 
as abc, this single combination admits of being arranged in the 
following ways: . 

06 abe, acb, bea, bac, cab, cba, 


and so gives rise to six different permutations, 
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140. Before discussing the general propositions of this 
chapter there is an important principle which we proeeed to 
explain and illustrate by a few numerical examples. 


If one operation can be performed in m ways, and (when it 
has been performed in any one of these ways) a second operation 
can then be performed in n ways; the number of ways of per- 
forming the two operations will bem x n. 


If the first operation be performed in any one way, we can 
associate with this any of the ~ ways of performing the second 
operation : and thus we shall have m ways of performing the two 
operations without considering more than one way of performing 
the first; and so, corresponding to each of the m ways of per- 
forming the first operation, we shall have n ways of performing 
the two; hence altogether the number of ways in which the two 
operations can be performed is represented by the product 
mxn. 

Hxample1. There are 10 steamers plying between Liverpool and Dublin; 
in how many ways can a man go from Liverpool to Dublin and return by a 
different steamer? 

There are ten ways of making the first passage; and with each of these 
thcre is a choice of nine ways of returning (since the man is not to come back 
by the same steamer); hence the number of ways of making the two journeys 
is 10x 9, or 90. 


This principle may easily be extended to the case in which 
there are more than two operations each of which can be per- 
formed in a given number of ways. 


Example 2. Three travellers arrive at a town where there are four 
hotels; in how many ways can they take up their quarters, each at a 
different hotel? 

The first traveller has choice of four hotels, and when he has made his 
selection in any one way, the second traveller has a choice of three; there- 
fore the first two can make their choice in 4 x 3 ways; and with any one such 
choice the third traveller can select his hotel in 2 ways; hence the required 
number of ways is 4 x 3 x 2, or 24. 


141. To find the number of permutations of n dissimilar things 
taken v at a time. 

This is the same thing as finding the number of ways in which 
we can fill up 7 places when we have m different things at our 
disposal. 

The first place may be filled up in » ways, for any one of the 


things may be taken; when it has been filled up in any one of 
B H.H.A. 
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these ways, the second place can then be filled up inn —1 ways; 
and since each way of filling up the first place can be associated 
with each way of filling up the second, the number of ways in 
which the first two places can be filled up is given by the product 
n(n—1). And when the first two places have been filled up in 
any way, the third place can be filled up in n—-2 ways. And 
reasoning as before, the number of ways in which three places can 
be filled up is m (n— 1) (nm — 2). 

Proceeding thus, and noticing that a new factor is introduced 
with each new place filled up, and that at any stage the number 
of factors is the same as the number of places filled up, we shall 
have the number of ways in which 7 places can be filled up 
equal to 

n(n—1)(n—2)...... to 7 factors ; 


and the r* factor is 
n—-(r—1), or n-r+l1., 
Therefore the number of permutations of things taken r at 


a time is 
n(n—1) (rm —2)...... (n-r+1), 


Cor. The number of permutations of n things taken all at 
a time is 
n(n—1)(n—2)...... to n factors, 


or n(n—1)(n—2)......3. 2.1. 


It is usual to denote this product by the symbol |n, which is 
read “factorial m.” Also n! is sometimes used for |n. 


142. We shall in future denote the number of permutations 
of n things taken r at a time by the symbol "P_, so that 


"P.=n(n—1) (n—2)...... (n—r+1); 
also "P= |n 
In working numerical examples it is useful to notice that the 


suffix in the symbol "P, always denotes the number of factors in 
the formula we are using. 


143. The number of permutations of n things taken r at 
a time may also be found in the following manner. 


Let "P, represent the number of permutations of n things 
taken r at a time, 
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Suppose we form all the permutations of n things taken r—1 
at a time; the number of these will be “P__.. 

With each of these put one of the remaining n—7 +1 things. 
Each time we do this we shall get one permutation of things 
r at a time; and therefore the whole number of the permutations 
of n things r at a time is"P__, x (n—r +1); that is, 


"P="P_,x(n—r+1). 


—% 
By writing r — 1 for r in this formula, we obtain 
*"P_,="P__, x (n—1r+ 2), 
x (n—7r + 3), 
"P= "Px (nm — 2), 
*P,="P,x(n= 1); 
WER Hil 
Multiply together the vertical columns and cancel like factors 
from each side, and we obtain. 
"P_=n(n—1)(n—2)...... (n-r+1). 
Ezample1. Four persons enter a railway carriage in which there are six 
seats; in how many ways can they take their places? 


The first person may seat himself in 6 ways; and then the second person 
in 5; the third in 4; and the fourth in 3; and since each of these ways may 
be associated with each of the others, the required answer is 6x5x4x3, 
or 360. 


Example 2. How many different numbers can be formed by using six out 
of the nine digits 1, 2, 3,...9? 


Here we have 9 different things and we have to find the number of per- 
mutations of them taken 6 at a time; 


similarly, EF ers” Pics 


.‘. the required result =°P, 
=9x8x7x6x5x4 
= 60480. 


144, To find the number of combinations of n dissimilar 
things taken r at a tume. 


Let "C, denote the required number of combinations. 


Then each of these combinations consists of a group of r 
dissimilar things which can be arranged among themselves in 


gy ways. [Art. 142.] 
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Hence "C, x |r is equal to the number of arrangements of 
things taken r at a time; that is, 


LEER ab. 

=n(n-1) (n—-2)...(n-r+1); 
_ (n= 1) (n= 2). (n=r+1) 
r 


rie Us 


Cor. This formula for "C, may also be written in a different 
form ; for if we multiply the numerator and the denominator by 
nm —r we obtain 


n(n—1)(n—2)... apstDxiant 


\7 |r—7 


The numerator now consists of the product of all the natural 
numbers from 7 to |; 


It will be convenient to remember both these expressions for 
"C, using (1) in all cases where a numerical result is required, 
and (2) when it is sufficient to leave it in an algebraical shape. 


Norz. Ifin formula (2) we put r=n, we have 
| 1 
n= |\n|O oy jo’ 


but "C,,=1, so that if the formula is to be true for r=n, the symbol |o must 
be considered as equivalent to 1. 


Example. From 12 books in how many ways can a selection of 5 be 
made, (1) when one specified book is always included, (2) when one specified 
book is always excluded ? 


(1) Since the specified book is to be included in every sclection, we 
have only to choose 4 out of the remaining 11. 


Hence the number of ways="C, 
_11x10x9x8 
~ 1x2x38x4- 
=oou: 
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(2) Since the specified book is always to be excluded, we have to 
select the 5 books out of the remaining 11. 


Hence the number of ways="C, 


_11x10x9x8x7 
~ 1x2x3x4x5 


= 462. 


145. The number of combinations of n things r at a time is 
equal to the number of combinations of n things n—r at a time. 


In making all the possible combinations of n things, to each 
group of r things we select, there is left a corresponding group of 
m—r things; that is, the number of combinations of things 
r at a time is the same as the number of combinations of n things 
n—r ata time; 


GCLakC : i 
The proposition may also be proved as follows: 
10 in ; 
eaten bakgie ot hth oP 
|m 
~ [a—r |r 


Such combinations are called complementary. 
Nore. Put r=n, then "C,="C,=1. 


The result we have just proved is useful in enabling us to 
abridge arithmetical work. 


Example. Out of 14 men in how many ways can an eleven be chosen? 
The required number=14C,, 
=C, 


_14x 13x12 
my, 15a25c38 


= 364. 


If we had made use of the formula 4C,,, we should have had to reduce an 


expression whose numerator and denominator each contained 11 factors. 
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146. To find the number of ways in which m +n things can be 
divided into two groups containing m and n things respectively. 

This is clearly equivalent to finding the number of combi- 
nations of m+n things m at a time, for every time we select 
one group of m things we leave a group of n things behind, 


m+ % 


Pe 
Norse. If n=m, the groups are equal, and in this case the number of 
2m 


Thus the required number = 


different ways of subdivision is for in any one way it is possible 


m |m |2° 
to interchange the two groups without obtaining a new distribution. 
147. To find the number of ways in which m +n + p things can 
be divided into three groups containing m, n, p things severally. 
First divide m+n+p things into two groups containing m 
and n+p things respectively : the number of ways in which this 


m+ n+ 
can be done is co : 
|m |v +p 
Then the number of ways in which the group of n+p things 
can be divided into two groups containing m and p things respec- 
u+p 


eee 
Hence the number of ways in which the subdivision into three 
groups containing m, 7, p things can be made is 


|m+n+p \n+p |m+n+p 


x zn OL i 
|m [w+ p — |n |p |m |x ip 


3m 
Norse, If we put n=p=m, we obtain 5 sh 
m 


as different all the possible orders in which the three groups can occur in 
any one mode of subdivision. And since there are |3 such orders cor- 


responding to each mode of subdivision, the number of different ways in 


which subdivision into three equal groups can be made is wD 
Pe mm 
Example. The Bet ways in which 15 recruits can be divided into 


tively is 


- but this formula regards 


three equal groups is PERS ; and the number of ways in which they 


15 


[SoS 


Laie 


can be drafted into three different regiments, five into each, is 
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148, In the examples which follow it is important to notice 
that the formula for permutations should not be used until the 
suitable selections required by the question have been made. 


Example 1. From 7 Englishmen and 4 Americans a committee of 6 is to 
be formed; in how many ways can this be done, (1) when the committee con- 
tains exactly 2 Americans, (2) at least 2 Americans? 


(1) We have to choose 2 Americans and 4 Englishmen. 


The number of ways in which the Americans can be chosen is 4C,; and 
the number of ways in which the Englishmen can be chosen is 7C,, Each of 
the first groups can be associated with each of the second; hence 
the required number of ways=4C,x’C, 


eter I 
“2/2 x EE 
hts ee, 


(2) The committee may contain 2, 3, or 4 Americans. 


We shall exhaust all the suitable combinations by forming all the groups 
containing 2 Americans and 4 Englishmen ; then 3 Americans and 3 English- 
men; and lastly 4 Americans and 2 Englishmen. 


The swm of the three results will give the answer. Hence the required 
number of ways =40,x70,+40, x70, +40, x7C, 
4 7 4 7 17 
a ee Lé gts eoviiloge fepve 8 
eri dE sel as aiacon ad cue 
=210+140+ 21=371. 


In this Example we have only to make use of the suitable formule for 
combinations, for we are not concerned with the possible arrangements of the 
members of the committee among themselves, 


Example 2. Out of 7 consonants and 4 vowels, how many words can be 
made each containing 3 consonants and 2 vowels? 


The number of ways of choosing the three consonants is 7C,, and the 
number of ways of choosing the 2 vowels is 4C,; and since each of the first 
groups can be associated with each of the second, the number of combined 
groups, each containing 3 consonants and 2 vowels, is 7C, x 4C,, 


Further, each of these groups contains 5 letters, which may be arranged 
among themselves in |5 ways. Hence 


the required number of words =7C, x 4C. x |5 
= u x ad x [5 
se" ae 
=5x [7 
= 25200. 
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Ezample 3. How many words can be formed out of the letters article, 80 
tat the vowels occupy the even places? 


Here we have to put the 3 vowels in 3 specified places, and the 4 conso- 
narts in the 4 remaining places; the first operation can be done in \2 ways, 
and the second in |4. Hence 


the required number of words = [3 Be \4 
=144, 


In this Example the formula for permutations is immediately applicable, 
vecause by the statement of the question there is but one way of choosing the 
vowels, and one way of choosing the consonants. 


EXAMPLES. XI. a. 


1. In how many ways can a consonant and a vowel be chosen out of 
the letters of the word courage? 


2. There are 8 candidates for a Classical, 7 for a Mathematical, and 
4 for a Natural Science Scholarship. In how many ways can the 
Scholarships be awarded? 


3. Find the value of §P,, ™P,, %C,, ®C,,. 


4. How many different arrangements can be made by taking 5 
of the letters of the word equation ? 


5. If four timesthe number of permutations of n things 3 together 
is equal to five times the number of permutations of n—1 things 
3 together, find n. 


6. How many permutations can be made out of the letters of 
the word triangle? Ilow many of these will begin with ¢ and end 
with e? 


7. How many different selections can be made by taking four of 
the digits 3, 4, 7,5, 8,12 How many different numbers can be formed 
with four of these digits ? 


Ort 28Cr "C,—44en oo. tints 
9. How many changes can be rung with a peal of 5 bells? 


10. How many changes can be rung with a peal of 7 bells, the tenor 
ilways being last ? 


11. On how many nights may a watch of 4 men be drafted from a 
crew of 24, so that no two watches are identical? On how many of these 
would any one man be taken? 


12. How many arrangements can be made out of the letters of the 
word draught, the vowels never being separated ? 
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13. In a town council there are 25 councillors and 10 aldermen; 
how many committees can be formed each consisting of 5 councillors 
and 3 aldermen ? 


14. Out of the letters A, B, C, p, g, r how many arrangements can 
be mae (1) beginning with a capital, (2) beginning and ending with a 
capital? 


15. Find the number of combinations of 50 things 46 at a time. 
16. If "C.="C,, find "C,,, ”C,. 


17. In how many ways can the letters of the word vowels be 
arranged, if the letters oe can only occupy odd places ? 


18, From 4 officers and 8 privates, in how many ways can 6 be 
chosen (1) to include exactly one officer, (2) to include at least one 
officer ? 


19. In how many ways can a party of 4 or more be selected from 
10 persons ? 


20. If #0,=18C.,., find "C,. 


21. Out of 25 consonants and 5 vowels how many words can be 
formed each consisting of 2 consonants and 3 vowels? 


22. In a library there are 20 Latin and 6 Greek books; in how 
many ways can a group of 5 consisting of 3 Latin and 2 Greek books be 
placed on a shelf? 


23. In how many ways can 12 things be divided equally among 4 
persons ? 


24. From 3 capitals, 5 consonants, and 4 vowels, how many words 
can be made, each containing 3 consonants and 2 vowels, and beginning 
with a capital ? 


25, At an election three districts are to be canvassed by 10, 15, and 
20 men respectively. If 45 men volunteer, in how many ways can they 
be allotted to the different districts? 


26. In how many ways can 4 Latin and 1 English book be placed 
on a shelf so that the English book is always in the middle, the selec- 
tion being made from 7 Latin and 3 English books? 


27. A boat is to be manned by eight men, of whom 2 can only row 
on bow side and 1 can only row on stroke side; in how many ways can 
the crew be arranged ? 


28. There are two works each of 3 volumes, and two works each of 
2 volumes ; in how many ways can the 10 books be placed on a shelf so 
that volumes of the same work are not separated ? 


29. In how many ways can 10 exumination papers be arranged so 
that the best and worst papers never come together ? 
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30. An eight-oared boat is to be manned by a crew chosen from 11 
men, of whom 3 can steer but cannot row, and the rest can row but can- 
not steer. In how many ways can the crew be arranged, if two of the 
men can only row on bow side? 


31. Prove that the number of ways in which p positive and 2 
negative signs may be placed in a row so that no two negative signs shall 
be together is *1C,,. 


BY VEY a BUA ees OO a Ui sasbarel ie 


33, How many different signals can be made by hoisting 6 differ- 
ently coloured flags one above the other, when any number of them 
may be hoisted at once? 


eh MOU O RAR ee Ohen sy Soli squats lea 


149. Hitherto, in the formule we have proved, the things 
have been regarded as unlike. Before considering cases in which 
some one or more sets of things may be like, it is necessary to 
point out exactly in what sense the words like and unlike are 
used. When we speak of things being dissimilar, different, un- 
like, we imply that the things are visibly unlike, so as to be 
easily distinguishable from each other. On the other hand we 
shall always use the term dike things to denote such as are alike 
to the eye and cannot be distinguished from each other. For 
instance, in Ex. 2, Art. 148, the consonants and the vowels may 
be said each to consist of a group of things united by a common 
characteristic, and thus in a certain sense to be of the same kind; 
but they cannot be regarded as like things, because there is an 
individuality existing among the things of each group which 
makes them easily distinguishable from each other. Hence, in 
the final stage of the example we considered each group to 
consist of five dissimilar things and therefore capable of |5 
arrangements among themselves. [Art. 141 Cor.] 


150. Suppose we have to find all the possible ways of arrang- 
ing 12 books ona shelf, 5 of them being Latin, 4 English, and 
the remainder in different languages. 


The books in each language may be regarded as belonging to 
one class, united by a common characteristic; but if they were 
distinguishable from each other, the number of permutations 
would be ‘12, since for the purpose of arrangement among them- 


selves they are essentially different. 
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If, however, the books in the same language are not dis- 
tinguishable from each other, we should have to find the number 
of ways in which 12 things can be arranged among themselves, 
when 5 of them are exactly alike of one kind, and 4 exactly alike 
of a second kind: a problem which is not directly included in any 
of the cases we have previously considered. 


151. To jind the number of ways in which n things may be 
arranged among themselves, taking them ali at a tume, when p 
of the things are exactly alike of one kind, q of them exactly 
alike of another kind, r of them exactly alike of a third kind, and 
the rest all different. 


Let there be » letters; suppose p of them to be a, g of them 
to be 6, r of them to be c, and the rest to be unlike. 


Let x be the required number of permutations; then if the 
p letters a were replaced by p unlike letters different from any 
of the rest, from any one of the x permutations, without alter- 
ing the position of any of the remaining letters, we could 
form |p new permutations. Hence if this change were madé 
in each of the x permutations we should obtain x x lp permuta- 
tions. 


Similarly, if the qg letters b were replaced by q unlike letters, 
the number of permutations would be 


a x |p x |g. 


In like manner, by replacing the r letters ¢ by ¢ unlike letters, 
we should finally obtain x x |p x |g x |r permutations. 


But the things are now all different, and therefore admit of |7 
permutations among themselves. Hence ‘ 


ox [px lax [r= [es 


le 
that is, Cm ——=—- 5 
Pek 
which is the required number of permutations. 


Any case in which the things are not all different may he 
treated similarly. 
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Example 1, How many different permutations can be made out of the 
letters of the word assassination taken all together? 


We have here 13 letters of which 4 are s, 3 are a, 2 are i, and 2 aren. 
Hence the number of permutations 


|13 
ig kal 

=13.11.10.9.8.7.3.5 
= 1001 x 10800= 10810800, 


Example 2. How many numbers can be formed with the digits 
1, 2, 3, 4, 3, 2, 1, so that the odd digits always occupy the odd places? 


The odd digits 1, 3, 3, 1 can be arranged in their four places in 


Each of the ways in (1) Cte associated with each of the ways in (2). 
a 

pe x ie 6x3=18. 

152. To find the number of permutations of n things r at a 


time, when each thing may be repeated once, twice,...... up tor 
times im any arrangement. 


Hence the required number = 


Here we have to consider the number of ways in which r 
places can be filled up when we have m different things at our 
disposal, each of the m things being used as often as we please in 
any arrangement. 


The first place may be filled up in 2 ways, and, when it has 
been filled up in any one way, the second place may also be filled 
up in m ways, since we are not precluded from using the same 
thing again. Therefore the number of ways in which the first 
two places can be filled up ismxmn or n*. The third place can 
also be filled up in ways, and therefore the first three places in 
n® ways. 

Proceeding in this manner, and noticing that at any stage the 
index of n is always the same as the number of places filled up, 
we shall have the number of ways in which the r places can be 
filled up equal to n’. 
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Ezample. In how many ways can 6 prizes be given away to 4 boys, when 
each boy is eligible for all the prizes? 


Any one of the prizes can be given in 4 ways; and then any one of the 
remaining prizes can also be given in 4 ways, since it may be obtained by the 
boy who has already received a prize. Thus two prizes can be given away in 
4? ways, three prizes in 4% ways, and soon. Hence the 5 prizes can be given 
away in 4°, or 1024 ways. 


153. To find the total number of ways in which tt is possible 
to make a selection by taking some or all of n things. 


Each thing may be dealt with in two ways, for it may either 
be taken or left; and since either way of dealing with any one 
thing may be associated with either way of dealing with each one 
of the others, the number of ways of dealing with the m things is 

DED OK De dene to factors. 


But this includes the case in which all the things are left, 
therefore, rejecting this case, the total number of ways is 2"-—1. 


This is often spoken of as ‘“‘the total number of combinations” 
of n things. 


Example. A man has 6 friends; in how many ways may he invite one or 
more of them to dinner? 


He has to select some or all of his 6 friends; and therefore the number of 
ways is 2-1, or 63. 


This result can be verified in the following manner. 


The guests may be invited singly, in twos, threes,...... ; therefore the 
number of selections =C,+®C,+%C,+6C,+°C,+ °C, 


=6+15+204154+6+1=63, 


154. To find for what value of xr the number of combinations 
of n things r at a time is greatest. 


_n (n—1)(n—-2) eR (n-r+2)(n-r+1) 


ae 1.2.8.0.(r—1)r 
r _n(n—1)(n—2)...... (m—7+2) 
and Cra = Pe nea ot ¢ 
ailing SoG n—-r+1 
tte 


The multiplying factor eee a as may be written a ! -1, 


which shews that it decreases as 7 increases. Hence as 7 receives 


128 HIGHER ALGEBRA. 
the values 1, 2, 3...... in succession, *C, is continually increased 


until ”~ te u becomes equal to 1 or less than 1. 


Now he Padi 
r 
1 
so long as ae > 25 
that is, ae mate 


We have to choose the greatest value of r consistent with 
this inequality. 


(1) Let be even, and equal to 2m; then 


and for all values of 7 up to m inclusive this is greater than r. 
Hence by putting r= m= - we find that the greatest number of 


combinations is "C). 
3 


(2) Let ~ be odd, and equal to 2m+1; then 


n+l 2m+2 
—— = =m+1; 


2 2 


and for all values of r up to m inclusive this is greater than r; 
but when r= m+1 the multiplying factor becomes equal to 1, and 


5 IIE bol 6 EMRE SES NRRL RNa Pe 


3 2 


and therefore the number of combinations is greatest when the 


things are taken ae » or “5 : 


same in the two cases. 


at a time; the result being the 


155. The formula for the number of combinations of n things 
r at a time may be found without assuming the formula for the 
number of permutations. 


Let "C, denote the number of combinations of n things taken 
r at a time; and let the m things be denoted by the letters 
Gy Oy ey 1A, cats ® : 
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Take away a; then with the remaining letters we can form © 
*"1@_, combinations of m—1 letters taken r-1 at atime. With 
each of these write a; thus we see that of the combinations 
of n things r at a time, the number of those which contain 
a@ is ""'C_,; similarly the number of those which contain 
bis*'C__,; and so for each of the n letters. 


Therefore nx*~'C,_, is equal to the number of combinations 
rat atime which contain a, together with those that contain 0, 
those that contain c, and so on. 


But by forming the combinations in this manner, each par- 
ticular one will be repeated r times. For instance, if r= 3, the 
combination abe will be found among those containing a, among 
those containing 6, and among those containing c. Hence 

n C, ae Co 


nN 
Ke 
Tr 


r=1 


By writing n—1 and r—1 instead of n and r respectively, 


* ry n—-1 
Cod a 1 Bar es r- l 
bed 5 x n—2 
Similarly, TAC aire "FG a pinot 5? 
nm—-r+2. 


sata (h mein 0 x 
2 1 


and finally, evr” =n—-r+l1. 


D) 3 


Multiply together the vertical columns and cancel like factors 

from each side; thus 
“C _n(n—1)(n—-2)...... (n—r+1) 
ae r(r—1) (r—2)...... 1 ; 

156. Zo find the total number of ways in which it is possible 
to make a selection by taking some or all out of p+ q+rt.... 
things, whereof p are alike of one kind, q alike of a second kind, r 
alike of a third kind; and so on. 

The p things may be disposed of in p+1 ways; for we may 
take 0, 1, 2, 3, ...... p of them. Similarly the g things may be 
disposed of in g+1 ways; the r things in r+1 ways; and 
50 On. 
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Hence the number of ways in which all the things may be 
disposed of is (p+1)(q¢+1) (r+#1).....- : 

But this includes the case in which none of the things are 
taken; therefore, rejecting this case, the total number of 
ways is 

(p+1)(¢+1) (741)... -1, 


157. A general formula expressing the number of permuta- 
tions, or combinations, of 7 things taken r at a time, when the 
things are not all different, may be somewhat complicated ; but a 
particular case may be solved in the following manner. 

Example, Find the number of ways in which (1) a selection, (2) an ar- 
rangement, of four letters can be made from the letters of the word 
proportion. 

There are 10 letters of six different sorts, namelyo, 0,0; pp; r,r;t;t; % 

In finding groups of four these may be classified as follows: 

(1) Three alike, one different. 

(2) Two alike, two others alike. 

(3) ‘Two alike, the other two different. 
(4) All four different. 

(1) The selection can be made in 5 ways; for each of the five letters, 
p, 7, t, i, n, can be taken with the single group of the three like letters o. 

(2) The selection can be made in *C, ways; for we have to choose two out 
of the three pairs 0,0; p,p; r,r. This gives 3 selections, 

(3) This selection can be made in 3x10 ways; for we select one of the 
3 pairs, and then two from the remaining 5 letters, This gives 30 selections. 

(4) This selection can be made in °C, ways, as we have to take 4 different 
letters to choose from the six 0, p, r, t, i, n. This gives 15 selections. 

Thus the total number of selections is 5+3+30+15; that is, 53, 


In finding the different arrangements of 4 letters we have to permute in 
all possible ways each of the foregoing groups. 


4 
(1) gives rise to 5x 5 , or 20 arrangements. 
\4 


(2) gives rise to 3x 22 , or 18 arrangemenis. 
id 


4 
(3) gives rise to 30 x a , or 360 arrangements. 


(4) gives rise to 15 x |4, or 360 arrangements, 


Thus the total number of arrangements is 20+18+360+360; that is, 758, 
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EXAMPLES. XI. b. 


1, Find the number of arrangements that can be made out of the 
letters of the words 
(1) independence, (2) superstetious, 
(3) institutions. 
2. In how many ways can 17 billiard balls be arranged, if 7 of 
them are black, 6 red, and 4 white? 


3. A room is to be decorated with fourteen flags; if 2 of them are 
blue, 3 red, 2 white, 3 green, 2 yellow, and 2 purple, in how many ways 
can they be hung? 

4, How many numbers greater than a million can be formed with 
the digits 2, 3, 0, 3, 4, 2, 32 

5, Find the number of arrangements which can be made out of the 
letters of the word algebra, without altering the relative positions of 
vowels and consonants. 


6. On three different days a man has to drive to a railway station, 
and he can choose from 5 conveyances; in how many ways can he make 
the three journeys ? 


7. Ihave counters of m different colours, red, white, blue,...... ; 10 
how many ways can I make an arrangement consisting of r counters, 
supposing that there are at least 7 of each different colour? 


8. In a steamer there are stalls for 12 animals, and there are 
cows, horses, and calves (not less than 12 of each) ready to be shipped; 
in how many ways can the shipload be made? 


9, In how many ways can m things be given to p persons, when 
there is no restriction as to the number of things each may receive? 


10. In how many ways can five things be divided between two 
persons ? 


11. How many different arrangements can be made out of the letters 
in the expression act when written at full length? 


12. A letter lock consists of three rings each marked with fifteen 
different letters; find in how many ways it is possible to make an 
unsuccessful attempt to open the lock. 


13, Find the number of triangles which can be formed by joining 
three angular points of a quindecagon. 


14, A library has a copies of one book, 6 copies of each of two 
books, ¢ copies of each of three books, and single copies of d books. In 
how many ways can these books be distributed, if all are out at once? 


15. How many numbers less than 10000 can be made with the 
eight digits 1, 2, 3, 0, 4, 5, 6, 7? 

16. In how many ways can the following prizes be given away toa 
class of 20 boys: first and second Classical, first and second Mathe- 
matical, first Science, and first French ? 
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17. A telegraph has 5 arms and each arm is capable of 4 distinct 
positions, including the position of rest; what is the total number of 
signals that can be made 


18. In how many ways can 7 persons form a ring? In how many 
ways can 7 Englishmen and 7 Americans sit down at a round table, no 
two Americans being together? 


19, In how many ways is it possible to draw a sum of money from 
a bag containing a sovereign, a half-sovereign, a crown, a florin, a shilling, 
a penny, and a farthing? 


20. From 3 cocoa nuts, 4 apples, and 2 oranges, how many selec- 
tions of fruit can be made, taking at least one of each kind? 


21. Find the number of different ways of dividing ma things into 
vm” equal groups. 

22. How many signals can be made by hoisting 4 flags of different 
colours one above the other, when any number of them may be hoisted 
at once? How many with 5 flags? 


23. Find the number of permutations which can be formed out of 
the letters of the word serves taken three together? 


24. There are ig points in a plane, no three of which are in the same 
straight line with the exception of g, which are all in the same straight 
line; find the number (1) of straight lines, (2) of triangles which result 
from joining them. 


25. There are p points in space, no four of which are in the same 
pene with the exception of g, which are all in the same plane; find 
ow many planes there are each containing three of the points. 


26. There are n different books, and p copies of each; find the 
number of ways in which a selection can be made from them. 


27. Find the number of selections and of arrangements that can be 
made by taking 4 letters from the word expression. 


28. How many permutations of 4 letters can be made out of the 
letters of the word examination ? 


29, Find the sum of all numbers greater than 10000 formed by 
using the digits 1, 3, 5, 7, 9, no digit being repeated in any number. 

30. Find the sum of all numbers greater than 10000 formed by 
using the digits 0, 2, 4, 6, 8, no digit being repeated in any number. 

31. If of p+q+r things p be alike, and g be alike, and the rest 
different, shew that the total number of combinations is 

(p +1) (q+1) 2"~1. 

32. Shew that the number of permutations which can be formed 
from 2n letters which are either a’s or 0’s is greatest when the number 
of a’s is equal to the number of 6’s. 

33. If the +1 numbers a, b, ¢, d, ...... be all different, and each of 


them a prime number, prove that the number of different factors of the 
expression a”bed...... is (m+1) 2"—-1, 


CHAPTER XTI. 


MATHEMATICAL INDUCTION, 


158. Many important mathematical formule are not easily 
demonstrated by a direct mode of proof; in such cases we fre- 
quently find it convenient to employ a method of proof known as 
mathematical induction, which we shall now illustrate. 


Example 1. Suppose it is required to prove that the sum of the cubes 
2 
of the first n natural numbers is equal to s ‘ 


We can easily see by trial that the statement is true in simple cases, such 
as when n=1, or 2, or 3; and from this we might be led to conjecture that 
the formula was true in all cases. Assume that it is true when n terms are 
taken; that is, suppose 


n ies ite 


Add the (n+1)* term, that is, (n+1)? to each side; then 
{n (n+1) 
2 


13423433 +...... to n terms = | 


2 


13+ 234 33 4+....... to n+1 terms= +(n+1)8 


4 


_ (n+1)? (n?+4n+4) 
A. 4 


={e+0 (n +2) )?, 


2 yi? 


which is of the same form as the result we assumed to be true for n terms, 
n+1 taking the place of n; in other words, if the result is true when we take 
a certain number of terms, whatever that number may be, it is true when we 
increase that number by one; but we see that it is true when 3 terms are 
taken; therefore it is true when 4 terms are taken; it is therefore true when 
5 terms are taken; and soon. Thus the result is true universally, 


=(n-+1)? (F+n+1) 
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Example 2. To determine the product of n bmomial factors of the form 
+a. : 


By actual multiplication we have 
(a +a) (+b) (ct+c)=23+(a+b+c) x? +(ab+be+ca) x+abe; 


(2+ a) (2+b) (c+c) (e@+d)=24+(a+b+ce+d) 28 
+(ab+ac+ ad+be+ bd+cd) x? 
+ (abe +abd + acd + bed) x +abed. 
In these results we observe that the foilowing laws hold: 


1. The number of terms on the right is one more than the number of 
binomial factors on the left. 


2. The index of x in the first term is the same as the number of 
binomial factors; and in each of the other terms the index is one less than 
that of the preceding term. 


8. The coefficient of the first term is unity; the coefficient of the second 
term is the sum of the letters a, b, ¢,...... ; the coefficient of the third 
term is the sum of the products of these letters taken two at a time; 
the coefficient of the fourth term is the sum of their products taken three at 
a time; and so on; the last term is the product of all the letters. 


Assume that these laws hold in the case of n—1 factors; that is, suppose 
(+a) (+b)... (c+h)=a"1+4 p02 + pox”? + poa-4$ 4... 40915 
where pPy=at+b+e+...h; 


Po=ab+act+...+ah+ bet bd+ .....05 
pz=abe+abd+...... ; 


Pete etme eee eer enter eeranne 


Multiply both sides by another factor «+k; thus 
(+a) (a+b)... (@+h) (e+k) 
=2"+ (py +h) a” 1+ (p+ pik) x" + (p3t+pok) a3 +... 4+D_—yhe 
Now Pit+ka=(atb+e+...+h)+k 
=sum of all the n letiers a, b, c,...k; 
Pot pyk=potk(at+b+...+h) 


=sum of the products taken two at a time of all the 
n letters a, b, c,...k; 


P3+Pk=pytk(ab+ac+...tah+be+...) 
=sum of the products taken three at a time of all 
the m letters a, b, c,... kh; 


Px—*=product of all the n letters a, b, ¢,... k. 
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If therefore the laws hold when n-1 factors are multiplied together 
they hold in the case of m factors. But we have seen that they hold in the 
case of 4 factors; therefore they hold for 5 factors; therefore also for 6 
factors; and so on; thus they hold universally. Therefore 


(a+) (v+b) (e+e) ... (e+k) =a" 4+ Sy" + Soa"? + Sa -3 4. +S, 
where S,=the sum of all the n letters a, b,c... k; 
S,=the sum of the products taken two at a time of these n letters. 


S,,=the product of all the n letters. 


159. Theorems relating to divisibility may often be esta- 
blished by induction. 


Example. Shew that «"-1 is divisible by x—1 for all positive integral 
values of n. 


By division ag oe Seti 


if therefore x"! —1 is divisible by x—1, then #”—1 is also divisible by x-1. 
But x?—1 is divisible by x—1; therefore x?-1 is divisible by x—1; there- 
fore x4—1 is divisible by z—1, and so on; hence the proposition is established. 


Other examples of the same kind will be found in the chapter on the 
Theory of Numbers. 


160. From the foregoing examples it will be seen that the 
only theorems to which induction can be applied are those 
which admit of successive cases corresponding to the order of 
the natural numbers 1, 2, 3,...... nN. 


EXAMPLES. XII. 


Prove by Induction : 


1, 14345+4+......+(2n-1)=n2. 


2. 124297437 +...... 4 nimi n(ntl)2n+l). 
8 24+2?+23+...... + 2" =2(2"—1). 

1 1 1 wv 
4, 1.2°5.3'3.4° OBEBEL to"n terms =: 


5. Prove by Induction that #"—y" is divisible by #+y when nis 
even. 
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161. Iv may be shewn by actual multiplication that 
(x + a) (0 +b) (a +0) (w+ d) 
=2'+(a+b+c+d)x°+ (ab+act+ad+ be + bd + cd) x* 
+ (abe + abd + acd + bed) x + abed 


We may, however, write down this result by inspection ; for the 
complete product consists of the sum of a number of partial pro- 
ducts each of which is formed by multiplying together four 
letters, one being taken from each of the four factors. If we 
examine the way in which the various partial products are 
formed, we see that 


(1) the term «* is formed by taking the letter « out of each 
of the factors. 


(2) the terms involving «* are formed by taking the letter a 
out of any three factors, in every way possible, and one of the 
letters a, b, c, d out of the remaining factor, 


(3) the terms involving x are formed by taking the letter x 
out of any two factors, in every way possible, and two of the 
letters a, b, c, d out of the remaining factors. 

(4) the terms involving # are formed by taking the letter « 


out of any one factor, and three of the letters a, 6, c, d out of 
the remaining factors. 


(5) the term independent of « is the product of all the letters 
a, 6, ¢, d. 


Example 1. (% — 2) (+3) (w-—5) (x +9) 
=a44+(- 243-549) #3 +(-6+10-18-15427 — 45) 2? 
+ (30 —-54+490-135) «+270 
=24+523 — 4722 — 692 +270. 
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Example 2. Find the coefficient of x? in the product 
(a — 8) (a@+5) (w-1) (v +2) (x8). 

The terms involving «* are formed by multiplying together the « in any 
three of the factors, and two of the numerical quantities out of the two re- 
maining factors; hence the coeflicient is equal to the sum of the products 
of the quantities —3, 5, —1, 2, —8 taken two at a time. 

Thus the required coefficient 

= —-154+3-6424-5410-40-24+8-16 
= -— 39. 


162. If in equation (1) of the preceding article we suppose 

b=c=d=a, we obtain 
(a + a)* = a* + 4aa* + 6a7ax’ + 40° + at, 

The method here exemplified of deducing a particular case 
from a more general result is one of frequent occurrence in 
Mathematics ; for it often happens that it is more easy to prove 
a general proposition than it is to prove a particular case of it. 

We shall in the next article employ the same method to prove 
a formula known as the Binomial Theorem, by which any binomial 
of the form «+a can be raised to any assigned positive integral 
power. 


163. To find the expansion of (x+a)* when n is a positive 
integer. 
Consider the expression 
(a +a) (+b) (@ +)... (2 + k), 
the number of factors being n. 


The expansion of this expression is the continued product of 
the factors, x+a, v7+6, x+¢6, ...... x+k, and every term in the 
expansion is of nm dimensions, being a product formed by multi- 
plying together m letters, one taken from each of these factors. 

The highest power of x is x", and is formed by taking the 
letter x from each of the n factors. 

The terms involving x’ are formed by taking the letter x 
from any n—1 of the factors, and one of the letters a, b, c, ...k 
from the remaining factor; thus the coefficient of 2*~* in the 
final product is the sum of the letters a, 6, ¢,...... k; denote it 
by S). 

The terms involving «"~* are formed by taking the letter x 
from any n—2 of the factors, and two of the letters a, 6, ¢,...% 
from the two remaining factors; thus the coefficient of a"~’ in 
the final product is the sum of the products of the letters 
a, b, c, ...k taken two at a time; denote it by S,. 
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And, generally, the terms involving «"~’ are formed by taking 
the letter « from any n—r of the factors, and r of the letters 
a, b, c,...k from the 7 remaining factors; thus the coefficient of 
x’ in the final product is the sum of the products of the letters 
a, 6, ¢,...k taken r at a time; denote it by S,. 


The last term in the product is abc... &; denote it by S_. 
Hence (x +a)(a+b)(a+C) ....0 (x+k) 

Heit 8° + Sa +t Sa +. FB et 5. 
In S, the number of terms is n; in S, the number of terms is 


the same as the number of combinations of n things 2 at a time; 
that is, "C,; in S, the number of terms is "C,; and so on, 
Now suppose 6, c, ... &, each equal to a; then S, becomes 
"Ca; S, becomes "C,a’; S, becomes "C,a*; and so on; thus 
(a+ a)" =a" + "C ax’ +"Ca*a"? + "Cara +... + °C a*; 
n 
substituting for "0,, "C 


ao ++» we obtain 


a aa, n(n—1 n-2, M(n—1)(n—-2 
(a-+a)" = 20" + naa" + sae aa Se oh aati 
the series containing »+1 terms. 


This is the Binomial Theorem, and the expression on the right 
is said to be the expansion of (# +a)”. 


164. The Binomial Theorem may also be proved as follows: 


By induction we can find the product of the m factors 
a+a, x+b, w+¢,...%+k as explained in Art. 158, Ex. 2; we 
can then deduce the expansion of (%+a)" as in Art. 163. 


165. The coefficients in the expansion fof (x+a)" are very 
conveniently expressed by the symbols "C,, "C,, "C,, ... "C.. 
We shall, however, sometimes further abbreviate them by omitting 
n, and writing C, C,, C,, ...C,. With this notation we have 

(a +a)" = a2" + Cia" + Cara"? + Cia*a" +... + Ca’. 

If we write —a in the place of a, we obtain 
(% —a)"=2"+C, (—a) x! 4+ 0, (- ara"? +C,(—a)P a" +... 4 C(—a)" 

= x" — Can" + Ca’a"~* — Oa?" +... +(—1)'C.a". 

Thus the terms in the expansion of (x +a)" and (#—«)" are 
numerrcally the same, but in (x—a)" they are alternately positive 


and negative, and the last term is positive or negative according 
as » is even or odd, 
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Example 1. Find the expansion of (~+y)8. 
By the formula, 
(x au y) b= se 6¢C, xy oe SCo ry? = Bes wy ok SClaey* as CGE ay? 2 6Cy8 
= 28 + bay + Ldxty? + 202% y? + 152°y4 + bay? + y%, 


on calculating the values of °C, , °C,, ®Cg,......... : 


Example 2. Find the expansion of (a —2z)’. 
(a — 2x)” =a? —7C, a8 (2x) +7C, a® (2x)? —7C, a4 (2a)? +...... to 8 terms. 
Now remembering that "C,="C,,_,, after calculating the coefficients up to 


oe the rest may be written down at once; for 70,=’C,; 70; ="C.; and so on, 
ence 


(a — 2x)? =a? — 7a8 (2a) + ee a? (2x)? — : : : A a 
=a! — Ta’ (2x) + 21a° (2x)? — 35a4 (2x)3 + 35a3 (22)4 
— 21a? (2x)? + Ta (2a)6 — (2a)? 
=a’ — 14a°x + 84a°x? — 280a*x3 + 560a%x4 


— 672a7x° + 448ax6— 12827. 


Ezample 3. Find the value of 
(a+ Ja 1)? +(a- ni Gd). 


We have here the sum of two expansions whose terms are numerically 
the same; but in the second expansion the second, fourth, sixth, and eighth 
terms are negative, and therefore destroy the corresponding terms of the first 
expansion. Hence the value 

=2 {a7 + 21a? (a? — 1) + 35a (a? —- 1)?+ 7a (a? - 1)} 
= 2a (64a8 — 112a4+ 5607-7). 


166. In the expansion of (~ +a)", the coefficient of the second 
term is “C',; of the third term is "C’,; of the fourth term is "C,; 
and so on; the suffix in each term being one less than the 
number of the term to which it applies; hence "C’, is the co- 
efficient of the (r+1)™ term. This is called the general term, 
because by giving to r different numerical values any of the 
coefficients may be found from "C',; and by giving to # and a 
their appropriate indices any assigned term may be obtained. 
Thus the (r+ 1)™ term may be written 


n(n—1) (n—2)...(n—7+1) 
" 
In applying this formula to any particular case, it should be 


observed that the index of a is the same as the suffix of C, and 
that the sum of the indices of x and a is n, 


a" Te 


"Ch Gq OF 
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Example 1. Find the fifth term of (a +2a%)!”, 


The required term. =. a)* (208\4 
_17.16.15.14 
elt aoe). 
= 88080a?3 2. 


x 16a 


Example 2. Find the fourteenth term of (3 — a)”. 

The required term =), (3)? (-a)8 
=15¢, x (— 9a") (Art. 145.] 
= — 945438, 

167. The simplest form of the binomial theorem is the ex- 
pansion of (1+z)". This is obtained from the general formula 
of Art. 163, by writing 1 in the place of x, and a in the place 
of a. Thus 

(L+ax)"=1+"C0+"Ca?+ ...4+ °C a+ ..4+°C 2" 
=l+nat = x ; 


the general term being 
my (= 1) (a= 2) anaes (w—r+1)_. 


The expansion of a binomial may always be made to depend 
upon the case in which the first term is unity; thus 


(c+y)"= 2 (2 ak a 
y 


=2"(1+2)", where z= =i 


Example 1. Find the coefficient of x!6 in the expansion of (x? — 22)}®, 
2 10 
We have (a?-2a)=2 (2 - “4 ' 
: 10 
and, since x” multiplies every term in the expansion of (1 - =) , we have in 


this expansion to seek the coefficient of the term which contains m 


Hence the required coefficient =1°C, ( — 2)4 


o1029..8...7 
ee ey Oe 


= 3360. 


16 


In some cases the following method is simpler. 
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Example 2. Find the coefficient of x in the expansion of (e+ a a 
Suppose that x” occurs in the (p +1) term. 
The (p +1)" term = "Cp (aah 2 (a) 
= 
= "Cp e2nr—5p | 


But this term contains 2", and therefore 2n —5p=r, or p= pie r; 


Thus the required coefficient="Cp)="C,,,_» 
if 


ms [n 
E (2n-r) : (38n+7) 


is a positive integer there will be no term containing x” in 


Unless = Ls 


the expansion. 


168. In Art. 163 we deduced the expansion of (x+a)” from 
the product of m factors (+a) (+b)... (+k), and the method 
of proof there given is valuable in consequence of the wide gene- 
rality of the results obtained. But the following shorter proof of 
the Binomial Theorem should be noticed. 


It will be seen in Chap. xv. that a similar method is used 
to obtain the general term of the expansion of 


(a+b+c+...... jigs 


169. To prove the Binomial Theorem. 


The expansion of (#+ a)" is the product of m factors, each 
equal to «+a, and every term in the expansion is of n dimen- 
sions, being a product formed by multiplying together 7 letters, 
one taken from each of the n factors. Thus each term involving 
xz"~"a’ is obtained by taking a out of any r of the factors, and « 
out of the remaining n—r factors. Therefore the number of 
terms which involve z""’a’ must be equal to the number of ways 
in which r things can be selected out of ”; that is, the coefficient 
of x"~"a’ is "C'_, and by giving to r the values 0, 1, 2, 3, ... m in 
succession we obtain the coeftlicients of all the terms. Hence 


(x +a)*=a"+"C a" a+ "Cara? +... 4+ "Cea" +... ta’, 


since "C’, and "C’, are each equal to unity. 
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EXAMPLES. XIIt. a, 


Expand the following binomials: 


1, 
4. 


7. 


10. 


(@ —38)°. 2. (8e+2y)*. 3. (2a-y/. 
(1 —3a?)6, 5, (a?-+2). 6. (l—ay). 


322\4 2\6 at 

(2-9) , 8, (20-3) 9, (145) ; 
2 3\6 1 8 ]\10 
Ge-m) - 11. G+) - 12, (1-5) 


Write down and simplify: 


13. The 4 term of (7-5)8. 14, The 10™ term of (1-22), 
15. The 12" term of (2a—1)%. 16, The 28" term of (54+8y)™, 
10 
17, The 4% term of (5 + 9b) 
b\8 
18. The 5 term of (20 — 3) . 
Age fo \e 
r th , 2 et Se 
19. The 7 term of G e) 
terrae 
a of 
90. The 5 term of (i = 4) ? 
a 2B 
Find the value of 
QL. (@+n/2)*+ (7 — /2)4 22, (22a? +2) — (1/22 a? — x) 
23. (/2+1)®-(/2-1)8 24. (2-1 —2)8+ (24 V/1—2x)6. 


25. 


26. 


27. 
28. 
29. 


30. 


Find the middle term of (¢ + a : 
va 
, ; a 
Find the middle term of (1 _ 5) : 


15 
Find the coefficient of #18 in (024%) : 
£ 
Find the coefficient of «18 in (aat— bx)?, 


Find the coefficients of #32 and #17 in (# ays 


Find the two middle terms of (22 - oe i, 
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. . 9 

31. Find the term independent of « in G 2 zs): 
4 1 18 

32. Find the 13 term of (s»- sa) : 

BW Es 

33, If xz" occurs in the expansion of (e427) , find its coefficient. 
: ; § Tayes 

34, Find the term independent of x in (« - x) : 

: ; 1\2* é 
35. If x? occurs in the expansion of (2+5) » prove that its co- 


; : \Qn 
efficient is = 


5 (4n—p) ; (2n+ p) 


170. In the expansion of (1 + x)" the coefficients of terms equi- 
distant from the beginning and end are equal. 


The coefficient of the (r+1)™ term from the beginning is 
RC ye 


r 


The (r+ 1)* term from the end has n+ 1—(r+1), or n-r 
terms before it; therefore counting from the beginning it is 
the (n—r+1)™ iocu, and its coefficient is "C_, which has been 
shewn to be equal to "C.. (Art. 145.) Hence the proposition 
follows. 


171. Zo find the greatest coefficient in the expansion of 
(i+x)% 


The coefficient of the general term of (1+2)" is"C_; and we 
have only to find for what value of r this is greatest. 


By Art. 154, when m is even, the greatest cocflicient is "C, ; 
and when x is odd, it is"C_,, or "C_,,,; these two éocfiicienta 
2 gee 
being equal. 
172. To find the greatest term in the expansion of (x +a)". 
We have (a+ a)"=2" (2 + *) : 


therefore, since x” multiplies every term in € + “); it will be 


sufficient to find the greatest term in this latter expansion. 
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Let the 7 and (r+1)™ be any two consecutive terms. 
The (r+ 1)" term, is obtained by multiplying the r™ term by 
DE DSA A en Gee nat _1)S. [Art. 166.] 


, ae r x 


The factor oa 


—1 decreases as r increases; hence the 
(r+1)™ term is not always greater than the 7 term, but only 


until CS - 1) - becomes equal to 1, or less than 1. 


Now (*2*-1)$>1, 
r x 
n+l oe 
so long as = -1>-; 
, n+l «2 
that is, Seg 
r a 
or the p SANs del edessestcdeceode(h). 
-+1 
n+1 : : i 
lf be an integer, denote it by p; then if r=p the 


—+1 
a 


multiplying factor becomes 1, and the (p + 1) term is equal to the 
p™; and these are greater than any other term. 


n+l 


Tf 


be not an integer, denote its integral part by q; 
“arn 
a 
then the greatest value of r consistent with (1) is g; hence the 
(q+ 1)™ term is the greatest. 


Since we are only concerned with the numerically greatest 
term, the investigation will be the same for (#— a)"; therefore 
in any numerical example it is unnecessary to consider the sign 
of the second term of the binomial. Also it will be found best 
to work each example independently of the general formula. 
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1 
Example 1. If ms, find the greatest term in the expansion of (1 + 42)8, 


Denote the r™ and (r +1) terms by 7, and T,,, respectively; then 


AD XL 
-r_ 4 
et Ty 
hence Pid Les 
9-r 4 
so long as an: 371i 
that is 36 —4r>3r, 
Or 36>7r. 


The greatest value of r consistent with this is 5; hence the greatest term 
is the sixth, and its value 


4\5 4\° 57344 
=—8 = =8 =— = ——_ 
tee G) vg (5) 243° 
Example 2. Find the greatest term in the expansion of (3-2)? when 


e=1, 
9 
(3 - 2a)9=39 (2 oe 3) ; 


9 
thus it will be sufficient to consider the expansion of ( 1- 3) i 


Here Le poe Be x = x T,., numerically, 
aad aes x = x as 
hence La Slee 
so long as Dl le oe 
r 3 
that is, 20>5r. 


Hence for all values of r up to 3, we have T,,,>T7,; but if r=4, then 
T4,=T,, and these are the greatest terms. Thus the 4 and 5 terms ara 
numerically equal and greater than any other term, and their yalue 


8 
=3°x °C, x G) = 38 x 84 x 8= 489888. 
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173. To find the sum of the coefficients in the expansion 
of (1 +x)" 
In the identity (1+a)"=1+C0 2+ Om'+Cj'+...+ C2", 
put «=1; thus 
2°=14+0,+0,+0,+...+C, 


= sum of the coefficients. 


Cor. C,+C,+0,+...+0,=2°-1; 


that is “the total number of combinations of m things” is 2”— ie 
[Art. 1£3.] 


174. To prove that in the expansion of (1+x)8, the sum of 


the coefficients of the odd terms is equal to the sum of the coefficvents 
of the even terms. 


Tn the identity (1+)"=1+0,0+0,°+C~'°+..+C 2’, 
put «=— 1; thus 
0=1-C,+0,-C,+C,-C,+ 


= 5 (sum of all the coefficients) 
2 


n—1 


175. The Binomial Theorem may also be applied to expand 
expressions which contain more than two terms. 
Example. Find the expansion of (x? + 2a -1)3. 
Regarding 27—1 as a single term, the expansion 
= (2?)8 +8 (a2)? (Qe — 1) + 302 (2x —1)2+ (2e—1)8 
= 05 + 625 + 9x4 — 403 — 92? +62 —1, on reduction. 
176. The following example is instructive. 
Example, If (1+a)"=¢)+¢,%+c,2?+ 


Spasne +C,2%", 
find the value of Cy +26, +3c,+4e3+...... fe (U=tnil iC nnuteepecuece eee (0), 
and €)? + 2¢.? + 3e7+...... “EMCO Tees cecescesine sensi (2). 


The series (1) =(¢y+¢,+Cot+...... + Gn) + (Cy + 265 + 303+ «0.00. +ne,) 
=2" +0 {1s pny a Me. seis +1 
=2"+n(14+1)"-2 
=1947,2"-1, 
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To find the value of the series (2), we proceed thus: 
C2 + 2cgz? + 3c,a5+.,..... +NC_x” 


=n2 {1+ (0-1) e+ pee Ce ES a} 
=nz (1+2)""1; 


hence, by changing x into 2 , we have 


Also Cot GC L+C 2? +...... Cg at) Boe nceceaes cares (4). 


If we multiply togethe~ the two series on the left-hand sides of (3) and (4), 
we see that in the product the term independent of « is the scries (2); hence 


n—-1 
the series (2) =term independent of « in : (1+ a)” (1 +5) 
= term inderendent of # in ee (1+a)?n-1 
x 


=coefficient of x” in n (1+.)??-1 


MeO 


ian-1 


EXAMPLES. XIII. b. 


In the following expansions find which is the greatest terms 
1. (w—y)® when #=11, y=4. 
2. (2a —3y) when #=9, y=4. 
3. (2a+6)4 when a=4, b=5. 
4, 


(3+2x) when #= ; : 
In the following expansions find the value of the greatest term ; 


5. (1+.2)" when a n=6. 


1 1 
6. (a+)" when a=5, 7=3) n=9, 
F H.H.A. 
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7, Shew that the coefficient of the middle term of (1+.2)™ is 
equal to the sum of the coefficients of the two middle terms of 
(1 =f U0) = 1 


8. If A be the sum of the odd terms and B the sum of the 
even terms in the expansion of (#+a)", prove that A?— B?=(x?—a?)”, 


9. The 24, 3", 4% terms in the expansion of (v+y)" are 240, 720, 
1080 respectively ; find a, y, 2 


10, Find the expansion of (1+2x-—.x)*. 
11. Find the expansion of (82?—2ar+ 3a?) 
12. Find the 7 term from the end in (v+a)". 


In+1 
13, Find the (9 +2)" term from the end in (*- 5) : 
14, In the expansion of (1+.)* the coefficients of the (27+1)® and 
the (7 +2) terms are equal; find 7. 


15. Find the relation between 7 and n in order that the coefficients 
of the 37" and (+2) terms of (1+.)*" may be equal. 


16. Shew that the middle term in the expansion of (1 +2)" is 


1.3.5... (Qn—1) 
n 


2h. 


If cy, ¢, Cg) +++ Cn denote the coefficients in the expansion of (1+), 
prove that 


17. ¢,+2e+3¢3+...... +NC,=Nn. 29-1, 
C Ce Cn Be | 
18. ototst sae teal Bae 
19, ot A ety) 
Cy Cy Gye 2 
Og deatas fn 
2D, (6-404) (01-1 0y)eneees (Oy + Gq) een ED 
fn 
Do, Be, 24 Qntig gett, 
CAINE ae) se Ba Nae t O Roel ts Sehr See 
0 D) 3 ++ 4 eee ee L n+1 e 
24 o2b¢,2 ee 
92. 62+ ePrteet..sees Be oe 
: |2n 
23. Cy Cp Oy Cn 4 4H CoCp pat voenee + Cy — Cn = ————_.. 


CHAPTER XIV. 
BINOMIAL THEOREM. ANY INDEX. 


177. In the last chapter we investigated the Binomial 
Theorem when the index was any positive integer ; we shall now 
consider whether the formule there obtained hold in the case 
of negative and fractional values of the index. 

Since, by Art. 167, every binomial may be reduced to one 
common type, it will be sufficient to confine our attention to 
binomials of the form (1 +a)”. 


By actual evolution, we have 


Prat Syl eet: Nae te ime : 
( + 2) = To aes pone” © Thala OC > 
and by actual division, 
1 
i) 2 e reeeee ; 
(1 —«) Ga) 1+ 2a+ 30° + 40° + ; 


[Compare Ex. 1, Art. 60.] 

and in each of these series the number of terms is unlimited. 
In these cases we have by independent processes obtained an 
expansion for each of the expressions (1 + 2)? and (l+a)~*. We 
shall presently prove that they are only particular cases of the 


general formula for the expansion of (1+.)", where nm is any 
rational quantity. 


This formula was discovered by Newton. 


178. Suppose we have two expressions arranged in ascending 
powers of x, such as 


_,m(m—1) ,,m(m—1)(m—-2) , 
1+ mx+——9— PCE TEs bps ees nS eoeererre (1), 
n({n—1) . nm (nm — 1) (n— 2) . 
and l+nz ars es a nme eT. ac Ki ticisieveveseccve (2). 
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The product of these two expressions will be a series in as- 
cending powers of «; denote it by 


1+ Axv+Ba?+ Cx? + Dut +...... 4 
then, it: is clear that A, .B, C, «..... are functions of m and n, 
and therefore the actual values of A, B, C, ...... in any particular 


case will depend upon the values of m and 7 in that case. But 
the way in which the coefficients of the powers of x in (1) and (2) 
combine to give A, B, C,...... is quite independent of m and 1; 
in other words, whatever values m and n may have, A, B, ©,...... 
preserve the same invariable form. If therefore we can determine 
thettorm O14, BaiCcmesace: for any value of m and n, we conclude 
Chat lANeBacC * piss will have the same form jor all values of m 
and n, 


The principle here explained is often referred to as an example 
of “the permanence of equivalent forms ;” in the present case we 
have only to recognise the fact that in any algebraical product the 
form of the result will be the same whether the quantities in- 
volved are whole numbers, or fractions ; positive, or negative. 


We shall make use of this principle in the general proof of 
the Binomial Theorem for any index. The proof which we 
give is due to Euler. 


179. Zo prove the Binomial Theorem when the index is a 
posilive fraction. 


Whatever be the value of m, positive or negative, integral or 
Sractional, let the symbol /(m) stand for the series 


m(m—-1) , m(m-1)(m—-2) , ¢ 
Py china gpg vw Sales wi 
then f(z) will stand for the series 
n(n —1) 2 m (m — 1) (n— 2) 3 
Liat — 3 & ee Ore Pp) Osos 


If we multiply these two series together the product will be 
another series in ascending powers of «, whose coefficients will be 
unaltered in form whatever m and n may be. 


L+4+ma+ 


To determine this invariable form of the product we may give 
to m and any values that are most convenient; for this purpose 
suppose that m and m are positive integers. In this case f(m) 
is the expanded form of (1+ x)", and /(n) is the expanded form of 
(1 +)"; and therefore 
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ST (m) x f (nm) = (1 + x)" x (L +a)" =(1 +02)""", 
but when m and are positive integers the expansion of (1 + )"*” 
(m+n) (m+n—1) , 
19 OF bce. van : 


This then is the form of the product of f(m) x f(n) im all 
cases, whatever the values of m and 7 may be; and in agreement 
with our previous notation it may be denoted by f(m +) ; there- 
fore for all values of m and n 


J (m) x f (2) =f (m+n). 
Also ST (m) xf (n) xf (p) =f (m+n) x f (p) 


=f(m+n+p), similarly. 


is 1l+(m+n)a+ 


Proceeding in this way we may shew that 


SF (m) xf (n) x f(p)..-to k factors =f(m +n +p +...to k terms). 


Let each of these quantities m, n, p, ...... be equal to din 


where /, and & are positive integers ; 


[1-70 


but since h is a positive integer, f/(h) = (1+.a)*; 
ase t rs 
(1+ oy =f(Z)3 


but f (7) stands for the series 


(; 1) 

h  k\E 

L+pa+ FJ | OE 5 
(G7) 

(hamster ee As, 


which proves the Binomial Theorem for any positive fractional 
index. 
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180. To prove the Binomial Theorem when the index is any 
negative quantity. - 
Tt has been proved that 
S(m) xf(n) =f (m+n) 


for all values of m and n. Replacing m by —m (where n is 
positive), we have 


ST (-n) xf (n) =f (-n+n) 
=f (0) 
=A, 
since all terms of the series except the first vanish: 


1 . 
a Fy TED 


but f(n)=(1 +2)", for any positive value of n ; 
1 
(+a) =f (-)s 
or (1+a)"=f(—»). 
But /(—%) stands for the series 


1+ Enya Oe a, ; 


(+a) =1+(-n)or PCB) gy ‘ 


seecee 9 


which proves the Binomial Theorem for any negative index. 
Hence the theorem is completely established. 


181. The proof contained in the two preceding articles may 
not appear wholly satisfactory, and will probably present some dif- 
ficulties to the student. There is only one point to which we 
shall now refer, 


In the expression for f(m) the number of terms is finite when 
m is a positive integer, and unlimited in all other cases. See 
Art. 182. It is therefore necessary to enquire in what sense we 
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are to regard the statement that f(m)xf(n)=f(m+n). It will 
be seen in Chapter xxt., that when x < 1, each of the series f (m), 
f(n), f (m+n) is convergent, and f (m+n) is the true arithmetical 
equivalent of f(m) xf(n). But when w>1, all these series are 
dwvergent, and we can only assert that if we multiply the series 
denoted by /'(m) by the series denoted by f(n), the first r terms 
of the product will agree with the first r terms of f(m+n), 
whatever finite value + may have. [See Art. 308.] 


Example 1, Expand (1-)? to four terms. 


3/3 oe 
3 5-1) 3 (3-2) 
2 


3 
: 535 
(1-a)'=145(—2) +e (3 ) 


Example 2. Expand (2+3a)~ to four terms. 


| 
(2+32)4*=2-4 (2 + 3) 


m}[ast-0 (8) «9659 JEBEL (Yo J 


et 45 , 135 , 
= 7g (1-624 o-att dissiene )- 


182. In finding the general term we must now use the 
formula 


n(n—-—1)(n—2)...... err ky 
a 


written in full; for the symbol "C, can no longer be employed 
when 7 is fractional or negative. 


Also the coefficient of the general term can never vanish unless 
one of the factors of its numerator is zero; the series will there- 
fore stop at the r™ term, when n—r+1 is zero; that is, when 
r=n+1; but since r is a positive integer this equality can never 
hold except when the index n is positive and integral, Thus the 
expansion by the Binomial Theorem extends to n +1 terms when 
n is a positive integer, and to an infinite number of terms in all 
other cases, 
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hoe 


Example 1. Find the general term in the expansion of (1+<)’. 


ih 1 1 1 
5 (5-1) (5-2) SIAC (5 -r+1) 
ae ee ha 
-1(-1)(-3)(-5)...... (~2r+3) 
= mi Ir : 
The number of factors in the numerator is 7, and r—1 of these are nega- 


tive; therefore, by taking —1 out of each of these negative factors, we may 
write the above expression 


The (r +1)" term= 


1 
Example 2. Find the general term in the expansion of (1—nz)". 


ile r\(oayien( tora) 


The (7 +1)" term = = 


1(1—n) (1-2n) ......(L-r—1-n) 
ir ~— 


=(-1)" 


at 


=(-17(-per@=)Cr-) oe. (-1-"-)), 


since (-1" (== (- 415-1. 


eg cample 8. Find the general term in the expansion of (1-x)-%, 


The (7 +1) term= (SE S= Oe See tl) (-2)" 


is 


=i nen : 
fee) iE PSs ene ? 
= +1) (r+2) 

152 : 


by removing like factors from the numerator and denominator, 


Fe 
4, 


EXAMPLES. 
Expand to 4 terms the following expressions: 
1 ; 3 
(1+2)2. 2 (1+). 
Zi 
(14+2)-2, 5. (1-32). 
al a\-3 
(1+22) 2. 8. (1 +5) : 


10. 


13. 
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1 \- 
(1452) . IL @4e)-3, 


2 3 
(84+12a)3. 14. (9-62) 3%, 


Write down and simplify: 


16. 


25. 


183. 
obtain 


2 

The 8 term of (1+2z) 2. 
cB 
The 11" term of (1 — 22%)%. 


16 
The 10 term of (1+ 3a?)5. 
The 5 term of (3a — 2b)-}, 


The (7+1)™ term of (1—x)-% 
The (r+ 1) term of (1—w)~4. 


x 
The (7 + 1)" term of (1+x)%. 

i 
The (r+-1)® term of (1+.)8. 

8 
The 14 term of (210— 27x)?, 


u 
The 7 term of (38 + 64z)4. 
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Gl =p. 


1 
6. (1-32) 8 


8 
Qu? 
9, +3). 
1 
12, (9-+2.)?, 


os 
15. (40-82) 2 


If we expand (1—«)™* by the Binomial Theorem, we 


(1 -a)?=1+4 20+ 30’ + 40? + 


but, by referring to Art. 60, we see that this result is only true 


when « is less than 1. 


This leads us to enquire whether we are 


always justified in assuming the truth of the statement 


ee 


(l+a)*=1l+nau+ 
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and, if not, under what conditions the expansion of (1 + «)" may 
be used as its true equivalent, 
Suppose, for instance, that n=—1,; then we have 
(L—w) 7 = Lt otal + 0 + aft 2.0. eseeee {1}; 
in this equation put «= 2; we then obtain 
(1s 1 2 oO ces : 


This contradictory result is sufficient to shew that we cannot 
take 


L+ ne 2) UE senses 


as the true arithmetical equivalent of (1 +)" in all cases. 


Now from the formula for the sum of a geometrical pro- 
gression, we know that the sum of the first r terms of the 
1-2’ 


series (1) i 


and, when # is numerically less than 1, by taking r sufficiently 


large we can make 


i as small as we please ; that is, by taking 
a sufficient number of terms the sum can be made to differ as 
: 1 : ; 

little as we please from =e But when « is numerically 


= 


r 


greater than 1, the value of c increases with 7, and therefore 


no such approximation to the value of 


1 
va is obtained by taking 
any number of terms of the series 

ee a ode Se 


It will be seen in the chapter on Convergency and Diver- 
gency of Series that the expansion by the Binomial Theorem 
of (1+2)" in ascending powers of x is always arithmetically in- 
telligible when « is less than 1. 


But if ~ is greater than 1, then since the general term of 
the series 


(n-1) 


n 
Ll+ne+ 1.2 H ra ee 
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contains x", it can be made greater than any finite quantity by 
taking r sufficiently large ; im which case there is no limit to the 
value of the above series ; and therefore the expansion of (1 +)” 
as an infinite series in ascending powers of x has no meaning 
arithmetically intelligible when z is greater than 1. 


184. We may remark that we can always expand (7+y)” 
by the Binomial Theorem ; for we may write the expression in 
either of the two following forms: 


ast, (se) 


and we obtain the expansion from the first or second of these 
according as x is greater or less than y. 


185. To find in its simplest form the general term im the 
expansion of (1—x)-*. 
The (7 + 1)™ term 
(- n)(—n—1)(—n—-2)...(-n—r+]1 : 
ee a pte 
ae liagtipegr os rae (—1)at 


apa TLE 1) ae a. (n+7r—1) ve 


_n(n+1) (n+ 2)... (w+r—1) 
= r 

From this it appears that every term in the expansion of 
(1 —«)~” is positive. 

Although the general term in the expansion of any binomial 
may always be found as explained in Art. 182, it will be found 
more expeditious in practice to use the above form of the general 
term in all cases where the index is negative, retaining the 
form 


n(n—1)(n—2)...(m—r+1) af 
ie 


only in the case of positive indices, 
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: 1 
Example, Find the general term in the expansion of Fixe * 


a (+1) (G+2) eet (G+r-1) se 


iL 
If the given expression had been (1+3z) 3 we should have used the same 
formula for the general term, replacing 32 by —3z. 


186. The following expansions should be remembered : 


(L-a)*=l+eta +0 + 3... IBA 25 Sabo 
(1 — x)" = 14+ 20+ 3x? 4 4a° + ...... +(r+1)ar+...... 
(L—a)°=1+4 30+ 6x? + 10x°+...... ees 2) oie 


I. 2 


187. The general investigation of the greatest term in the 
expansion of (1+<)", when » is unrestricted in value, will be 
found in Art. 189; but the student will have no difficulty in 


applying to any numerical example the method explained in 
Art. 172. 


Example. Find the greatest term in the expansion of (1+2)-" when 
pic and n=20. 


3 
We have Pyar -cxT,, numerically, 
19+r 2 
apie Des 
hey eng ou ae 
2(19+7 
so long as ohh Sails 
that is, 38>r. 


Hence for all values of r up to 37, we have T,.,>T7;; but if r=38, then 
T4,=T,, and these are the greatest terms. Thus the 38 and 39* termg 
are equal numerically and greater than any other term. 
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188. Some useful applications of the Binomial Theorem are 
explained in the following examples. 


Example 1. Find the first three terms in the expansion of 


1 
(1+3a)? (1- on)8, 


Hixpanding the two binomials as far as the term containing x?, we have 
S$ 98h ae ete 
(1452-32...) (1+ge+5e +...) 


2 ees di 9 
=l+z +5) +2 (5+5-3-5) Pie tds 


If in this Example r= ‘002, so that «?=-000004, we see that the third 
term is a decimal fraction beginning with 5 ciphers. If therefore we were 
required to find the numerical value of the given expression correct to 5 places 
of decimals it would be sufficient to substitute :002 for 7 in 1 +2 x, neglect- 
ing the term involving 2’. 


Example 2. When « is so small that its square and higher powers may 
be neglected, find the value of 


9 \-5 
(145) +r/44+ 2x 
J(4+2)8 


Since x? and the higher powers may be neglected, it will be sufficient to 
retain the first two terms in the expansion of each binomial. Therefore 
1 


De Nee aw\2 

_ (1452) +2 (1+5) 

COO EE ———— 
a\2 
8 (1+4) 

10 1 

a ae Sa a ual ES 

8(1+5 2) 


a 17 3 


the -spression 


the term involving «? being neglected. 
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Ezample 3, Find the value of ——- sat Ti to four places of decimals. 
1 
1. es oe tai (1-2 F 
aun (7-2) #=5 (1-7) 
=3( tata pat gat 
Tiel pRB lies Seid: 
=7tmt9 “pts art 
To obtain the values of the several terms we proceed as follows: 
yal 1 
ey hn Gate eee =7 
7 ) 020408 1 
PYVROODILE SAH. Le =a 
7) 000416 1 
ROUGE See ettccretens at 
ae 
and we can see that the term : . 2 is a decimal fraction beginning with 
5 ciphers, 
1 
.. —~ ='142857 + 002915 + 000088 
Ti T+ + 


= "14586, 
and this result is correct to at least four places of decimals. 


Example 4. Find the cube root of 126 to 5 places af decimals, 


1 1 
(126)3-= (58-+1)8 


Pie peg es Pm em 
=5(14+5-5-5 567 BL Be ) 
tT Lyi. ft 
=5+3 Bo ps tep a 
2 5 
oy Te oh eT oF 


tie OOM el sie 
04 *00032  -0000128 
* % 


= 5 +°013333 ... —-000035 ...+.,.. 
= 501329, to five places of decimals, 
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EXAMPLES. XIV. b. 
Find the (r+1)™ term in each of the following expansions: 


i 1: 
1. (+2) 2. 2 U-#-§ 3. (14+32)8, 
2 ze 
4, (l+a) 3, 5. (1-+a2)-8, 6. (1-2x) 2, 
7. (at+bm)-1, 8. (2—x)~% 9, (a= 25)?, 
1 1 1 
0. ———— so as 7 ———— 7 ry —=—e 
“ V1+2e WV (1—32) - Vane 


Find the greatest term in each of the following expansions : 


4 
-Tw = 3 
13, (14+2) hen x iB: 


- 2 
14, (1+)? when = 5 
et 1 
15. (1-7) * when =F. 
16. (27+5y)! when «=8 and y=8. 
17. (5-42)-7 when a=5. 
18. (827+ 4y3)-" when v=9, y=2, n=15. 


Find to five places of decimals the value of 


19, V98. 20, 998. 21. 4/1003. 922, »/2400. 
1 _2 
wR. cae 24, (1gh5)?. 25. (630) 2. 26. 4/3198, 


If x be so small that its square and higher powers may be neglected, 
find the value of 


on. (1—72)#(1 +20) 4 28. Vi=2.(3-§) 
(8-4+32)8 i ( +30) (4430) 
(2 +32) V4—52 ; a 
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4 = 
J 1-524 (1458) V8430—-Ni—e 
BI Ne ee ee 


——_—. ao 
$—— z 3 5 
v1+2e¢+ yeas (1452) (4+3) 

-} 

33. Prove that the coefficient of 2” in the expansion of (1—4) ? 


aes 
is Cry 


& Hanke 
34, Prove that (+pma fin; 24 2G ) “aif 


1+2 1.2 1+2 


35, Find the first three terms in the expansion of 


1 


36. Find the first three terms in the expansion of 


2 
(l+a)f+V1+5e | 
(l-«)? 


37. Shew that the x** coefficient in the expansion of (1—.)— is 
double of the (n— 1), 


189. To find the numerically greatest term in the expansion 
of (1+ x)", for any rational value of n. 


Since we are only concerned with the numerical value of the 
greatest term, we shall consider « throughout as positive. 


Case I, Let n be a positive integer. 

The (r+ 1)" term is obtained by multiplying the 7” term 
n—r+ 1 , n+1 

— .«x; that is, by ( - 1) x; and therefore the 


by 


terms continue to increase so long as 


that is, 
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n+l1)a , : é 

If ee be an integer, denote it by p; then if r=p, the 

multiplying factor is 1, and the (p+ 1) term is equal to the 
p™, and these are greater than any other term. 


It (n+1)a 
lia 


then the greatest value of r is g, and the (g+1)™ term is the 
greatest. 


be not an integer, denote its integral part by ¢; 


Case II. Let 7 be a positive fraction. 
As before, the (r+1)™" term is obtained by multiplying the 


> term by = -1)« 


(1) If x be greater than unity, by increasing 7 the above 
multiplier can be made as near as we please to — x; so that after 
a certain term each term is nearly x times the preceding term 
numerically, and thus the terms increase continually, and there 
is no greatest term. 

(2) If « be less than unity we see that the multiplying 
factor continues positive, and decreases until r>2+1, and from 
this point it becomes negative but always remains less than 1 
numerically ; therefore there will be a greatest term. 

As before, the multiplying factor will be greater than 1 

+1 
so long as data W) % >T, 
l+a 


(n+1)a 
ms l+a 


the (p +1) term is equal to the p™, and these are greater than 
any other term. 


be an integer, denote it by p; then, as in Case I., 


(n+1)x 
=: lta 


the (¢ + 1)™ term is the greatest. 


be not an integer, let ¢g be its integral part ; then 


Case III. Let n be negative. 


Let n=—m, so that m is positive; then the numerical 
are - -1 : 
value of the multiplying factor is —_ .«; that is 


( : + 1) He 
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(1) If « be greater than unity we may shew, as in Case IL, 
that there is no greatest term. 


(2) Ifx be less than unity, the multiplying factor will be 
greater than 1, so long as 


("= +1)e>1; 
hie 


that is, —— >1l-—-a, 
e aU ead 
l-«x 
If Uses be a positive integer, denote it by p; then the 


(p + 1) term is equal to the p™ term, and these are greater than 
any other term. 
Tf (awe be positive but not an integer, let ¢g be its inte- 
1-2 i 
gral part; then the (¢ + 1)™ term is the greatest. 


Tf — be negative, then m is less than unity; and by 


writing the multiplying factor in the form @ 0 =") x, we 
r 

see that it is always less than 1: hence each term is less than 

the preceding, and consequently the first term is the greatest, 


190. To find the number of homogeneous products of r dimen- 
sions that can be formed out of the n letters a, b, c, ...... and their 
powers. 


By division, or by the Binomial Theorem, we have 


7 1 + ae + a7 00" + HP + ceeseey 


1 
r=" 1 + bx + Ba? + Bar + cee g 


<=—— ml+ CHE oa? P seccce 
leas an + Ow ® 
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Hence, by multiplication, 
1 i 1 


12 Tie Aa aes 
=(l+axta’a’+...)(1+b04b'x+...)(l+cn+ca+...).., 


=liav(atb+ct+...)+a°(@t+abt+ac+b?t+bere +...) +... 


=14+8,24+8,0° + 8.2? +...... suppose ; 
more 85 Si Seder are the swms of the homogeneous pro- 
ducts of one, two, three, ...... dimensions that can be formed of 
AMO Crys Seeds “ad their powers. 

To obtain the nwmber of these products, put a, 8, ¢, ...... each 
equal to 1; each term in S,, S,, S,,~...... now becomes 1, and the 
Weer Of 8,, So, Bes snesss so obtained give the number of the 
homogeneous products of one, two, three, ...... dimensions. 

1 1 1 
Al a ee eee 
- Tan ° 1—be* 1—ce 
becomes La (l—x)™. 
(7 


Hence SS, =coefficient of x” in the expansion of (1 —)~* 
_n(n+1) (+2)... (n+7—-1) 
. iE 
Jeter — 1 


wai gr*) 


191. Zo find the number of terms in the expansion of any 
multinomial when the index is a positive integer. 
In the expansion of 
(G, +A, +O, + .c000 +a,)", 


every term is of » dimensions ; therefore the number of terms is 
the same as the number of homogeneous products of m dimensions 
that can be formed out of the r quantities a,, a,, ...4,, and their 
powers ; and therefore by the preceding article is equal to 


ae ed 
aa 
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192. From the result of Art. 190 we may deduce a theorem 
relating to the number of combinations of things. 


Consider 7 letters a, 6, c, d,.-.... ; then if we were to write 
down all the homogeneous products of r dimensions which can be 
formed of these letters and their powers, every such product 
would represent one of the combinations, r at a time, of the 
letters, when any one of the letters might occur once, twice, 
thrice, .. ... up to 7 times. 


Therefore the number of combinations of ~ things 7 at a time 
when repetitions are allowed is equal to the number of homo- 
geneous products of 7 dimensions which can be formed out of 2 


n+r—1 ie by 
T? or raf 


jr jet 


That is, the number of combinations of ~ things r at a time 
when repetitions are allowed is equal to the number of com- 
binations of nm+r—1 things 7 at a time when repetitions are 
excluded. 


letters, and therefore equal to * 


193. We shall conclude this chapter with a few miscel- 
laneous examples. 


(1-22)? 
(L+a)?° 


The expression = (1 — 4a +42) (1+p,0+p.0+...+p,2" +...) suppose. 


Example 1. Yind the coefficient of 2” in the expansion of 


The coefficient of 2” will be obtained by multiplying p,, p,— 9 by 1 
-4, 4 respectively, and adding the results; hence 0 Ee le 
the required coefficient =p, — 4p,_,+4p,_9. 
r+1)(r+2 
But Py=(-1)" oe . [Ex. 8, Art. 182.] 


Hence the required coefficient 


ae ie eee a rvia prea yr-at=1)t a 


r+) (r-+2)+ 47 +1) +47 (r-1)] 


= i (9r24+3r +2). 
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Example 2. Find the value of the series 
5 i 5.7. 557.9 
[2.3 © |8.37° [4.38 
: S4a7-i1 3 eles VORB oO 87 <9) 
The expression =2-4+—— 
P + oat | - gate 


EA es 


2+ 


Example 3. If n is any positive integer, shew that the integral part of 
(3+,/7)” is an odd number, 


Suppose I to denote the integral and f the fractional part of (8+,/7)™ 
Then [+ f=3%+ C3" 1/74 0,3". 74033" 3 (/7)B+ oo. .eceeee (1). 


Now 3-,/7 is positive and less than 1, therefore (3-,/7)” is a proper 
fraction; denote it by f’; 


fo" > Oy Oe ATC, Bae ii a Ba Ni clea saenncnazenes (2). 
Add together (1) and (2); the irrational terms disappear, and we have 
I+f+f'=2 (3"+C,3"7.7+...) 
=an even integer, 

But since f and f’ are proper fractions their sum must be 1; 
.. [=an odd integer. 


EXAMPLES. XIV. c. 


Find the coefficient of 

3-52 

(l-«)° 

44%a—a? 
(hae 


: : 30? — 2 
3. «” in the expansion of or ee 


1. «1 in the expansion of 


2. a? in the expansion of 
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Q2+a4- a 
(l+2)% * 


> 


. Find the coefficient of x” in the expansion of 


ou 


. Prove that 


6. Prove that 


| 


. Prove that 
2n 4 Be (2m+2) Qn (20+ 2) (2n+4) £ 
aye 6 ae 6 : 9 eeceoe 


alti fs nm n(n+1). n(n+1)(m+2) 
safe emis) aelobea ies) S., 


It+3 


ie) 


. Prove that 


‘ nm, n(n—1) , n(n—1) (n—2) \ 
u {+5 + Yel ainl Ueuleeeiae a a 


” n n(n+1) m(m+1)(m+2) | 
=4 {i+5+ oe + ha eh amelie 5 


7°) 


. Prove that approximately, when « is very small, 
1 1 


4\2 Bee 
3(#+5) (1-32) 307 
oe SS ee jee ee 


io SG 
a(1+752) 


10. Shew that the integral part of (5+2./6)" is odd, if nm be a 
positive integer, 


11. Shew that the integral part of (8+3./7)" is odd, if nm be a 
positive integer. 


12. Find the coefficient of x” in the expansion of 
(1 — 2a + 3a? - 408+ .0....)-7, 
4n 
13. Shew that the middle term of ( x+ 7) is equal to the coefficient 


of x” in the expansion of (1- 4x) ("+2), 


14. Prove that the expansion of (1 — 23)" may be put into the form 


(1 -2)3"+3na(1- — zona Un 9) x2(1 —a)8®-4 4 000... 
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15, Prove that the coefficient of 2 in the expansion ———. ig 
1+2-+ 2 


1, 0, —1 according as is of the form 3m, 3m—1, or 3m+1. 


16. In the expansion of (w+6+c)8 find (1) the number of terms, 
(2) the sum of the coetiicients of the terms. 


17. Prove that if m be an even integer, 
1 él sh 1 Qn- 1 


Le—1* B-3*pm—o* ieee “e-1]~ |n 
18. If co, ey 9, -2-02 c, are the coefficients in the expansion of 


(1+.)", when x is a positive “integer, prove that 
: Py ie 
(1) ey—e, +eg—03 +...0.. +(-1) ¢,=(-1) Pe eTeG 


(2) ¢)—2¢,+3e, — 403, +...... +(-1)"(n+1)e,=0. 
(3) eg? —¢2 +052 — Cy? +.....- +(—1)"¢,?=0, or (- 1am 
according as is odd or even. 
19. If s, denote the sum of the first ” natural numbers, prove that 
(1) (1—#)~*=8,+ 890+ 8,0? +...... +4,0"-14.., 


|\Q2n+4 
(2) ery 284 Bonga Sa Sonia x2 oan + 8n8n41) = Biwi" 
LYS PReS. eet 
20, ind ae ele ee 

1 
(1) Gon+1+ 1920+ YoJon—1t +--+ + Yn~19n+2F QnIn+1= 5 
(2) 2 {Gon —~ %1You—-1 + Y2Yon—a +--+ Sheeler Ci. eats 
= 9nt(— 1)" 19, 


21. Find the sum of the products, two at a time, of the coefficients 
in the expansion of (1+.)", when 1 is a positive integer. 


22. If (7+4./3)"=p+8, where n and ‘ee are positive integers, and 8 
a proper fraction, shew that (1-8) (p+ 8)= 


23. If coy Cy, Coy veeess c, are the coefficients in the expansion of 
(1+.2)", where n is a positive integer, shew that 


est Opes (= 17% yy tl A 
Cy g+3 + Fe + yi aeeect Ree 
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MULTINOMIAL THEOREM. 


194. We have already seen in Art. 175, how we may 
apply the Binomial Theorem to obtain the expansion of a multi- 
nomial expression. In the present chapter our object is not 
so much to obtain the complete expansion of a multinomial as 
to find the coefficient of any assigned term. 


Example. Find the coefficient of a4b?c3d®° in the expansion of 
(a+b+ce+d)¥. 


The expansion is the product of 14 factors each equal to a+ b+c+d, and 
every term in the expansion is of 14 dimensions, being a product formed by 
taking one letter out of each of these factors. Thus to form the term a4b?c3d>, 
we take a out of any four of the fourteen factors, b out of any two of the re- 
maining ten, c out of any three of the remaining eight. But the number of 
ways in which this can be done is clearly equal to the number of ways of ar- 
ranging 14 letters when four of them must be a, two 6, three c, and five d; 
that is, equal to 

[14 


[42/315 


[Art. 151.] 


This is therefore the number of times in which the term a4b?c3d° appears 
in the final product, and consequently the coefficient required is 2522520. 


195. To find the coefficient of any assigned term in the ea- 
pansion of (at+b+e+d+ ...)?, where p is a positive integer. 


The expansion is the product of p factors each equal to 
a+b+c+d+..., and every term in the expansion is formed by 
taking one letter out of each of these p factors; and therefore 
the number of ways in which any term a*d&crdé ... will appear 
in the final product is equal to the number of ways of arranging 
p letters when «a of them must be a, 8 must be b, y must be ¢; 
and soon. ‘That is, 


the coefficient of  a%b&cyd® ... is <TR owt & 
[2 |8 |y [8--. 


where a+Bt+y+d+..=p. 
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Cor. In the expansion of 
(a + ba + cx? + da? + ...)’, 


the term involving a%b8erd® ... is 
P 
See Oe ee ae. 


P 
een. 


where a+B+y+68+...=p. 


or arbPcrdd .., ah +27+88+... , 


This may be called the general term of the expansion. 


Example. Find the coefficient of x in the expansion of (a+ ba +cx?)®, 


The general term of the expansion is 
9 


where a+B+7y=9. 


We have to obtain by trial all the positive integral values of B and y 
which satisfy the equation 8+ 2y=5; the values of a can then be found from 
the equation a+B+7=9. 

Putting y=2, we have @=1, and a=6; 
putting y=1, we have B=3, and a=5; 
putting y=0, we have B=5, and a=4, 

The required coefficient will be the sum of the corresponding values of the 
expression (1). 

Therefore the coefficient required 

6b ie | 9 53, |? 4p5 
Saag e [5|3 or 456 a 


= 252a%bc? + 504a5b?c + 126a4b°. 


196. To find the general term in the expansion of 
(a + bx + ex? + dx? + ...)%, 
where n is any rational quantity. 
By the Binomial Theorem, the general term is 
n (n—1)(n—2)... (n-p+l) 
IP 
where p is a positive integer. 


a"? (bx + cu? + dau? +...) 
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And, by Art. 195, the general term of the expansion of 


(bar + ca® + dae +...) 


? |p 

is | __ BBeyd8 ,,, ght 2y+88+... , 
ae 

where f, y, 5 ... are positive integers whose sum is p. 


Hence the general term in the expansion of the given ex- 
pression is 


nm (m—1)(n—2) ... (n—ptl]) ,_y Ne 
(CEE a"? bBerd8 ... wB+27+88+..., 


where Bry+d+...=p. 
197. Since (a+ bx + cw +da*+ ..)" may be written in the 
form 
d a 
a (1 len heen. * 
a a a 


it will be sufficient to consider the case in which the first term 
of the multinomial is unity. 


Thus the general term of 


(1 + bx + cu? + dx? + ...)" 


ts n(n— 1) iyi +1) bBord® ... aB+2y+88+..., 


where B+yt+8+...=p. 


Example. Find the coefficient of x3 in the expansion of 


2 
(1-82 — 2a? + 62%)3, 


The general term is 


si) = oe) ise) (— 3)? (— 2)" (6) oO 


We have to obtain by trial all the positive integral values of 8, y, 6 which 
satisfy the equation B+2y+36=3; and then p is found from the equation 
p=B+y+6. The required coefficient will be the sum of the corresponding 
values of the expression (1). 
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In finding 8, y, 5, ... it will be best to commence by giving to 5 successive 
integral values beginning with the greatest admissible. In the present case 
the values are found to be 


d=1, y=0, B=0, p=1; 
5=0, y=1, B=1, p=2; 
8=0, y=0, B=3, p=3 


Substituting these values in (1) the required coefficient 


= (5) @+ WS) (cs 3) (-8)(- p AC), 


4 4 
198. Sometimes it is more expeditious to use the Binomial 


Theorem. 


Example. Find the coefficient of x4 in the expansion of (1 — 2%+322)-8, 


The required coefficient is found by picking out the coefficient of «+ from 


the first few terms of the expansion of (1-2x-—3a?)-* by the Binomial 
Theorem; that is, from 


1+3 (2x — 3x?) + 6 (2a — 327)? +10 (2a — 3x7)? + 15 (2a — 3x°)4; 


we stop at this term for all the other terms involve powers of « higher 
than x4. 


The required coefficient=6 . 9+10. 3 (2)? (—3) +15 (2)4 
= — 66. 


EXAMPLES. XV. 


Find the coefficient of 
1. a b3ctd in the expansion of (a-b—e+d), 
2, a?b'd in the expansion of (a+b-—c-d), 
3. 3b3e in the expansion of (24+6+43c)’. 

4, «73 in the expansion of (aa —by+cz)’. 

5. 23 in the expansion of (1+3x— 2.27), 

6. .«* in the expansion of (1+2¢+ 3x7)", 

x® in the expansion of (1+ 2 — x*)5, 

z® in the expansion of (1 —2%+3x— 4a°)43 


oN 
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Find the coefficient of 
9, «x in the expansion of (1 —2v+3.?—«*— 2°), 


Eat 
10. ® in the expansion of (1—2x”+3.?) *. 


a 
11, 2? in the expansion of (1 —24+3x?— 42%)’, 


2 [PydN =e 
12. 28 in the expansion of ¢ -5 ok 3) ‘ 


13. «* in the expansion of (2 —4v7+327)-?, 
=e 
14, «® in the expansion of (1+ 422+ 10x*+ 202%) 4. 
15. «!2 in the expansion of (3—15z°+18%%)-1. 
1 
16. Expand (1—2a—22*)! as far as 2”. 
17. Expand (14 32?— 628) 3 as far as 2°. 


4 
18. Expand (8— 923+ 1824) as far as 2°, 


19, If (lt+a+a%+...... +0?) = Ay +AU + gh + 000... Enp LP, 
prove that 
(1) A+, +Ag+...... +Onp=(pt1)”. 
1 
(2) a,+2a,+38a,+...... FNP + Onp = 5 np (p +1)”. 


20. If a, a, a, a3... are the coefficients in order of the expansion 
of (1+v+.?)", prove that 


1 
Ay? — A? + Ay? — Ag? + 00000. +(- 1)*-14-1= 5% {1—(—1)"a,}. 


21, If the expansion of (1 ++.) 


be Ay + y¥ HA nV oo. FOpa” H o.. + gn”, 
shew that 
Apt Agt Ag + oe =A +AytG7t 0... =Agtastagt ... = 3"), 


CHAPTER XVI. 


LOGARITHMS. 


199. Derinition. The logarithm of any number to a given 
base is the index of the power to which the base must be raised 
in order to equal the given number. Thus if a’=J, a is called 
the 1ojarithm of WV to the base a. 


Examples. (1) Since 34=81, the logarithm of 81 to base 8 is 4. 
(2) Since 10'=10, 10?=100, 10?=1000....... 


the natural numbers 1, 2, 3,... are respectively the logarithms of 10, 100, 
1000,...... to base 10. 


200. The logarithm of J to base a is usually written log, Wy, 
so that the same meaning is expressed by the two equations 


as; “a= logh. 
From these equations we deduce 
Ni Geen 
an identity which is sometimes useful. 
Example. Find the logarithm of 32 2/4 to base 2,/2. 


Let « be the required logarithm; then, 
by definition, (2/2)*=32,0/4; 


1 2 
we (2. 22)%= 25. 25; 


hence, by equating the indices, t=} 
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201. When it is understood that a particular system of 
logarithms is in-use, the suffix denoting the base is omitted. 
Thus in arithmetical calculations in which 10 is the base, we 


usually write log 2, log 3,...... instead of log ,2, log,,3,...... 


Any number might be taken as the base of logarithms, and 
corresponding to any such base a system of logarithms of all 
numbers could be found. But before discussing the logarithmic 
systems commonly used, we shall prove some general propositions 
which are true for all logarithms independently of any particular 
base. 


202. The logarithm of 1 is 0. 


For a°=1 for all values of a; therefore log 1=0, whatever 
the base may be. 
203. The logarithm of the base viseif rs 1. 


For a'=a; therefore log,a=1. 


204. To find the logarithm of a product. 


Let ZN be the product ; let a be the base of the system, and 
suppose 


w=log,M, y=log,N; 
so that Gp SN Gee 
Thus the product MN = a* xa? 
=a‘; 
whence, by definition, log, VV =a+y 
=log,M + log WV. 
Similarly, log, MWP = log, M+ log, NV + log, P; 
and so on for any number of factors. 
Example. log 42=log (2x3 x 7) 
=log 2+log3+log 7, 


205. To find the logarithm of a fraction. 
Let 7 be the fraction, and suppose 

x= log, M, y= log NV; 

so that a’ = M, a=, 
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e i q 
Thus the fraction setengee | 
i\ a’ 

= or > 


whence, by definition, log, = =“-Y 


= log M— log, WV. 
Example. log (47) =log - 


=log 30-log 7 
=log (2x 3x 5)-log7 
=log 2+ log 3+ log 5 — log 7, 
206. To find the logarithm of a number rarsed to any power, 
tntegral or fractional. 
Let log,(J/”) be required, and suppose 
x=log, M, so that a”7=M; 
then M’=(a@/ 
=e 
whence, by definition, log,(J/’) = pa; 
that is, log,(/*) = plog,M. 


1 
Similarly, log, (If”) = J log, 


907, It follows from the results we have proved that 

(1) the logarithm of a product is equal to the sum of the 
logarithms of its factors ; 

(2) the logarithm of a fraction is equal to the logarithm of 
the numerator diminished by the logarithm of the denominator ; 

(3) the logarithm of the p™ power of a number is p times the 
logarithm of the number ; 


(4) the logarithm of the 7 root of a number is equal to th 


of the logarithm of the number, 

Also we see that by the use of logarithms the operations of 
multiplication and division may be replaced by those of addition 
and subtraction; and the operations of involution and evolution 
by those of multiplication and division, 
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3 
Example 1, Express the logarithm of se in terms of loga, logb and 
log ¢. : 

3 
NE ec 
0b? =log c2 

3 
=log a? — log (c*b?) 


log 


=$ loga- (log c5 + log 6%) 


=$ log a -5loge - 210g. 


Example 2. Find «x from the equation a* .c°*=)3#*1, 
Taking logarithms of both sides, we have 
«log a — 2x log c=(3%+1) log b;. 
. @ (log a—2 log ¢c — 3 log b) =log b; 


gol log b 
“+ ©=ioga—2loge—3logd” 


EXAMPLES. XVI. a. 


Find the logarithms of 
1. 16 to base ,/2, and 1728 to base 2,/3. 
2. 125 to base 5,/5, and ‘25 to base 4. 


o 


1 . 
256 to base 2/2, and 3 to base 9. 


4, -0625 to base 2, and 1000 to base ‘Ol. 
5. 0001 to base ‘001, and ‘i to base 9,/3. 


Shuts wld So. b/d 
6. CDi triw a 2 to base a. 
a 


7. Find the value of 
1 1 
log, 128, logearg ’ loge 5 » 1oga4,49. 


Express the following seven logarithms in terms of loga, logd, and 
loge. 


8, log(V.a?b5). 9, log (i/a? x 4/68), 10. log(Wa=405), 
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ll. log(Wa~®b x /ab-3). 12, log(a-t, 68-83, /a). 
ab-le-2 ~2\ -3 -1e\5 
13, log ies =. 14. log {( gaa) > Gav) I. 
(a-1b-%¢-4)8 
15. Shew that log pace ae = ; log5 —= = log2 -5 * logs. 
© V18. 4/2 
4 3 4 
16. Simplify ay 729 © oes oie. 
75 
17. Prove that log -2 log +log oF, = log? 
Solve the following equations: 
18. a*=cb*, 10%?" b=, 
as 21. a. b9=mé5 
20, ae a de 
22. If log(xy*)=a, and log =), find logw and logy. 
23, If a®=*..b—=a7" 5, 6%, shew that «log (3)= loga. 
24. Solve the equation 
(at — 2a*b? + b4)#-1=(a—b)**(a+b)-% 
Common LocaritTHMs. 
208. Logarithms to the base 10 are called Common pager 
this system was first introduced, in 1615, by Briggs, 


ithms ; 
contemporary of Napier, the inventor of logarithms. 


From the equation 10°=N, it is evident that common logar- 


ithms will not in general be integral, and that they will not 
always be positive. 


For instance 3154 >10° and< 104; 


-. log 3154=3+a fraction. 


H.H.A. 
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Again, 06> 107? and <107'; 
i. log 06 =-— 2 +a fraction. 


209. Derinition. The integral part of a logarithm is called 
the characteristic, and the decimal part is called the mantissa. 
The characteristic of the logarithm of any number to the 


base 10 can be written down by inspection, as we shall now shew. 


210. To determine the characteristic of the logarithm of any 
number greater than unity. 


Since 104= 10, 
10? = 100, 
10° = 1000, 


it follows that a number with two digits in its integral part lies 
between 10' and 10°; a number with three digits in its integral 
part lies between 10° and 10°; and so on. Hence a number 
with » digits in its integral part lies between 10“7' and 10". 


Let V be a number whose integral part contains 2 digits: 
fo} f=) ’ 
then 


A (w—1) +a fraction , 
N=10 : 


. log VY = (n—1)+a fraction. 
Hence the characteristic is 2 —1; that is, the characteristic of 


the loyurithm of @ number greater than wnity is less by one than 
the number of digits in tts integral part, and is positive. 


211. Yo determine the characteristic of the logarithm of a 
decimal fraction. 


Since Og ale 
1 
in sea 
Gr = 10 ihe 
it 
os eee 
Ike {00 O1, 
1 
10°° = ——. = 001, 
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it follows that a decimal with one cipher immediately after the 
decimal point, such as ‘0324, being greater than ‘01 and less 
than -l, lies between 107° and 107'; a number with two ciphers 
after the decimal point lies between 107~* and 107°; and so on, 
Hence a decimal fraction with n ciphers immediately after the 
decimal point lies between 107*” and 107". 


Let D be a decimal beginning with n ciphers; then 


= 1) fraction , 
a NO (n+1) +a pes 


-. log D=—(n+1) +a fraction. 


Hence the characteristic is — (+1); that is, the characteristic 
of the loyarithm of a decimal fraction is greater by unity than the 
number of ciphers immediately after the decimal point, and is 
negative. 


212. The logarithms to base 10 of all integers from 1 to 
200000 have been found and tabulated ; in most Tables they are 
given to seven places of decimals. This is the system in practical 
use, and it has two great advantages : 


(1) From the results already proved it is evident that the 
characteristics can be written down by inspection, so that only 
the mantisse have to be registered in the Tables. 


(2) The mantisse are the same for the logarithms of all 
numbers which have the same significant digits; so that it is 
sufficient to tabulate the mantisse of the logarithms of tntegers. 


This proposition we proceed to prove. 


213. Let M be any number, then since multiplying or 
dividing by a power of 10 merely alters the position of the 
decimal point without changing the sequence of figures, it follows 
that Vx 10’, and V+10', where p and q are any integers, are 
numbers whose significant digits are the same as those of JV. 


Now log (Vx 10?) =log V + p log 10 


a LORE Vee (rnntnc acne ras 4 trae cetera (1). 
Again, log (V+ 10')=log V—g log 10 
NON Siac. tee eat agitins svarcon ens (2). 


In (1) an integer is added to log W, and in (2) an integer is 
subtracted from log V; that is, the mantissa or decimal portion 
of the logarithm remains unaltered. 
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In this and the three preceding articles the mantisse have 
been supposed positive. In order to secure the advantages of 
Briggs’ system, we arrange our work so as always to keep the 
mantissu positive, so that when the mantissa of any logarithm 
has been taken from the Tables the characteristic is prefixed 
with its appropriate sign according to the rules already given. 


214. In the case of a negative logarithm the minus sign is 
written over the characteristic, and not before it, to indicate that 
the characteristic alone is negative, and not the whole expression. 
Thus 4:30103, the logarithm of -0002, is equivalent to —4 + °30103, 
and must be distinguished from — 4:30103, an expression in which 
both the integer and the decimal are negative. In working with 
negative logarithms an arithmetical artifice will sometimes be 
necessary in order to make the mantissa positive. For instance, 
a result such as — 3°69897, in which the whole expression is 
negative, may be transformed by subtracting 1 from the 
characteristic and adding 1 to the mantissa. Thus 


— 369897 =— 4+ (1 — 69897) = 4:30103. 


Other cases will be noticed in the Examples. 


Example 1. Required the logarithm of :0002432. 


In the Tables we find that 3859636 is the mantissa of log 2432 (the 
decimal point as well as the characteristic being omitted); and, by Art. 211, 
the characteristic of the logarithm of the given number is —4; 


.. log 0002432 = 4-3859636. 


Hxample 2. Find the value of i -00000165, given 
log 165 = 2:2174839, log 697424 = 58434968, 


Let x denote the value required; then 


1 


log a =log (-00000165)> = : log (00000165) 


= : (6-2174839) ; 


the mantissa of log -00000165 being the same as that of log 165, and the 
characteristic being prefixed by the rule. « 


1, ee 
Now Re (6°2174839) = z (10 + 4-2174839) 


= 2°8434968 


LOGARITHMS. 183 


and -8434968 is the mantissa of log 697424 ; hence x is a number consisting 
of these same digits but with one cipher after the decimal point. [Art. 211.] 


Thus x=-0697424. 


215. The method of calculating logarithms will be explained 
in the next chapter, and it will thére be seen that they are first 
found to another base, and then transformed into common loga- 
rithms to base 10. 


It will therefore be necessary to investigate a method for 
transforming a system of logarithms having a given base to a 
new system with a different base. 


216. Suppose that the logarithms of all numbers to base a 
are known and tabulated, it is required to find the logarithms 
to base 0. 


Let WV be any number whose logarithm to base 6 is re- 
quired. 


Let y=log,N, so that b"= 1; 
log, (6”) = log, V; 


that is, y log,b = log, NV ; 
i 
ale Or Ae log, 
Oa 
1 
or log, V = ea BEDE SR re ae? Ree RP (1) 


Now since V and 6 are given, log,V and log,6 are known 
from the Tables, and thus log,V may be found. 


Hence it appears that to transform logarithms from base a 


1 oie. 
to base 6 we have only to multiply them all by eet ; this is a 
constant quantity and is given by the Tables; it is known as the 


modulus. 
217. In equation (1) of the preceding article put @ for V; 
thus 
1 ad x log a= als ¥ 
84 Tog be" log b? 


.» — log,a x log.b = 1. 
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This result may also be proved directly as follows: 

Let ‘.  g=log,b, so that a7 =6; 
then by taking logarithms to base 6, we have 

x log,a = log,b 
=e 
.. log,d x loga =1. 

218. The following examples will illustrate the utility of 

logarithms in facilitating arithmetical calculation ; but for in- 


formation as to the use of Logarithmic Tables the reader is 
referred to works on Trigonometry. 


4 5 
Example 1. Given log 3=+4771213, find log {(2*7) x (-81)>-+(90)4}. 
; 27. «4 Sl wird 
The required value =3 log 5 +z log Teer log 90 


=3 (log 3-1) +5 (log 3t—2)—° (log 3?+1) 


16° «6 8 5 
= (9+ 5-3) log8- (8+5 +7) 
=F) log 8 - 54 


= 4-6280766 — 5°85 
=2-7780766. 


The student should notice that the logarithm of 5 and its 
powers can always be obtained from log 2; thus 


log 5 = log =log 10— log 2-1 - log 2. 


Example 2, Find the number of digits in 87516, given 
log 2 =:3010300, log 7 =-8450980. 

log (87516) = 16 log (7 x 125) 
=16 (log 7+ 3 log 5) 
=16 (log 7+3—-8 log 2) 
=16 x 2°9420080 
=47:072128; 

hence the number of digits is 48. 
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Example 3. Given log 2 and log 3, find to two places of decimals the 
value of x from the equation 


68a Ants Se: 
Taking logarithms of both sides, we have 
(3 — 42) log 6 + (« +5) log 4=log 8; 
. (3-42) (log 2+log3) +(e+5) 2log 2=3 log 2; 
*, w(—4 log 2-4 log 3+2 log 2)=3 log 2-3 log 2-3 log 3-10 log 2; 


nal? log 2+3 log 3 
~ 2log 244 log3 
_ 44416639 
~ 2°5105452 
sa iUeiaes 


EXAMPLES. XVI. b. 

1, Find, by inspection, the characteristics of the logarithins of 
21735, 23°8, 350, ‘035, °2, °87, ‘875. 

2. The mantissa of log 7623 is °8821259; write down the logarithms 
of 7°623, 762°3, ‘U07623, 762300, ‘000007623, 

3. How many digits are there in the integral part of the numbers 
whose logarithms are respectively 

4:30103, 1°4771213, 3°69897, °56515! 

4, Give the position of the first significant figure in the numbers 

whose logarithms are 
2°7781513, °6910815, 54871384. 


Given log 2=°3010300, log 3=°4771213, log 7 =°8450980, find the 
value of 


5. log 64. 6. log 84. 7. log +128. 
8. log 0125. 9. log 14-4. 10. log 42. 
ae 35 ype 
ll. log/12. 12. log a ° 13, log/-0105. 


14, Find the seventh root of 00324, having given that 
log 44092388 = 7°6443636. 


15, Given log 194-8445 = 2'2896883, find the eleventh root of (39°2)4, 
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16, Find the a of 37-203, 3°7203, 0037208, 372030, having 
given that 


log 37 203 =1°57057 80, and log 1915631 = 6°2823120. 


3 3254 
17. Given log 2 and log 3, find log wwe rai) : 
yo 


18. Given log 2 and log 8, find log («/48 x 108-+¥6), 
19. Calculate to six decimal places the value of 
42x32 }” 

given log 2, log 3, log 7; also log 9076226 =3:9579053. 

20. Calculate to six places of decimals the value of 

(330+ 49)!-+- 4/22 x 70; 
given log 2, log 3, log 7; also 
log 11 =1:0413927, and log17814:1516 =4'2507651. 


21, Find the number of digits in 3! x 28, 
Q1\100 | 
22, Shew that ee is greater than 100. 


23, Determine how many ciphers there are between the decimal 


1000 
point and the first significant digit in 6) : 


Solve the following equations, having given log 2, log 3, and log 7. 


CAN ot me =F Yas), PSs WO, Oo gee ace 
Dal fe Qe Q2e+1, 5x 28. Qe 6% — 2m 2 1 -x, 
PAS), Ok Va) 30 Sistas 

3% =3, Q7t1 Q2e—-1 — 23y—a| * 


31. Given log,)2=°30103, find log,, 200. 


32. Given log,.2='30108, log,)7 =°84509, find log,,/2 and logy27. 


CHAPTER XVII. 
EXPONENTIAL AND LOGARITHMIC SERIES. 


219. In Chap. xvi. it was stated that the logarithms in 
common use were not found directly, but that logarithms are 
first found to another base, and then transformed to base 10. 


In the present chapter we shall prove certain formule known 
as the Exponential and Logarithmic Series, and give a brief ex- 
planation of the way in which they are used in constructing a 
table of logarithms. 

220. To expand a* in ascending powers of x. 


By the Binomial Theorem, ifn is greater than 1, 
eo) 
n 


=linag. 


1 ma(ne—1) 1 , ne(ne-1)(ne-2) 1 
i Pe ae 3 a 


eeeeee 


me (Hd) of 
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hence the series (1) is the a® power of the series (2); that is, 


3) ew), 


l+ma+ Se a eters 


feguilsaitcs) Uae 


a Nit errs ee ees Sere (5 


and this is true however great ~ may be. If therefore n be 
indefinitely increased we have 


1+ ra ne adobe (i+1+5+5+4+ ). 
x 2 [3 4 @eeccee 2 3 4 eeceee . 
: 1 
The series I+1+, hig og si slat 


is usually denoted by e; hence 


faleee Sag tae eats : 
(2 (= 
Write cv for x, then 
é Lie See See ake 
2 |3 


Now let e'=a, so that c=loga; by substituting for ¢ we 
obtain 


a* (log.a)* 2° (loga) 
2 


r= 1 +a] 
a x log.a + 3 


This is the Zaponential Theorem. 


Gone Whertiis infinite, che lomo (1 e Je, 
nr 


[See Art. 266.] 
Also as in the preceding investigation, it may be shewn that 
when 7 is indefinitely increased, 
a rea a Dt seeeee 3 


B* BE 


(14 ah =l+rt+— 
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that is, when » is infinite, the limit of € +2) =6". 
n 
Popetine wae h 
utting —=——,we Vi 
yp g = t ave 


ay) ane) Alera lin 


Now m is infinite when v is infinite; 


Pits WHS ke GE (2 id =)" ene, 
Vi) 


Hence the limit of (2 = *)= Cut 
1) 


13y 


221. In the preceding article no restriction is placed upon 


the value of x; also since — is less than unity, the expansions we 
n 


have used give results arithmetically intelligible. [{Art. 183.] 


But there is another point in the foregoing proof which 
deserves notice. We have assumed that when 7m is infinite 


Ho} (eB (), 


Ph x” 
the limit of G ir 
for all values of r. 

Let us denote the value of 

2 r—1 
o(w- =) (w-=)...( : ) 
re by u,. 
Then oe = 2 (o-") -2- 24S. 
r ” rn wr 


rT 


Since 7 is infinite, we have 


ay a ; x 
*=-; that is, u=—w,_ 
r ? 


u 
x 
2 


" 
71 


It is clear that the limit of uw, is =; hence the limit of wu, is 


| ? 
4 ry 
=f ; and generally that of w, is ie 


x 2 
EE that of w, is ia 
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222. The series 


1 1 it oy aes 
ar bee (2 a B + if Hh scccce 3 
which we have denoted by e, is very important as it is the base 
to which logarithms are first calculated. Logarithms to this 
base are known as the Napierian system, so named after Napier 
their inventor. They are also called natwra/ logarithms from the 
fact that they are the first logarithms which naturally come into 
consideration in algebraical investigations. 


When logarithms are used in theoretical work it is to be 
remembered that the base e is always understood, just as in 
arithmetical work the base 10 is invariably employed. 


From the series the approximate value of ¢ can be determined 
to any required degree of accuracy ; to 10 places of decimals it is 
found to be 2°7182818284. 


Example 1. Find the sum of the infinite series 


We have e=141+ 


and by putting «= —1 in the series for e*, 
1 1 


Bo BYE 
Bone te 2 (1+ at at rn sS96e0 A 


hence the sum of the series is 5 1 eter), 


ioe a ea 


Example 2. Find the coefficient of 2” in the expansion of wis Basil 


ex 
pe Sal Sg te eave 
é 
ie a (-1)"a" 
(1 — ax — x?) {1- ota pret + eines hs 
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(-1)" a (=1)"4 q (=1)r-3 

|r |r =1 r—2 
ae 223 


223. To expand log, (1 +2) wm ascending powers of x. 
From Art. 220, 


The coefficient required = 


{l+ar-r(r-1)}. 


y’ (log. a)? _ y? (log. a)” 
ws + 


a#=1+ylog,a+ 


In this series write 1 + for a; thus 


(1 +a)” 
= » ¥ 2 a 3 
=1l+ylog,(1+a)+ E flog, (1 + a)? + (3 {log, (1 + a)\*+ ...(1). 
Also by the Binomial Theorem, when x <1 we have 
—1 —l)(y-2 
(L+ayal eyes Ys ) 2 VY ale on Beas (2). 


Now in (2) the coefficient of y is 


Fl) 2 CYC?) 6 CY)E%)-3) 
ia Ae 1.2.3 [gt 39 4 He veinses 3 
we ae 
that is, a Ft eat eee 


hoe 
log. (1+2)=«a->+a- 7+ eeeeee . 
This is known as the Logarithmic Series. 
Example. If «<1, expand {log, (1+.)}? in ascending powers of «. 


By equating the coefficients of y? in the series (1) and (2), we see that the 
required expansion is double the coefficient of y? in 


(y-1) 2. ¥Y-1)Yy-2) eZ ae 2) (y - 3) A 
ye ae a, _ “Fd WA weds 


that is, double the coefficient of y in 
y-1 6-1) Y=) 5, Y-) Y- 2) Y-8) 
|S DOR PA TOY RT 


Thus {log, (1+«)}?=2 {52-3 (1+ +5) 045 (145 +5) #- eyne iz 
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224. Except when z is very small the series for log, (1 +2) 
is of little use for numerical calculations. We can, however, 
deduce from it other series by the aid of which Tables of Logar- 
ithms may be constructed. 


neal ; n+1 
By writing — for a we obtain log, —— ; hence 
n n 


Laat 1 
log.(m + 1) —logen=— — 32 t anette (1). 
se 1 ; n—1 ; 
By writing me for x we obtain log, ie hence, by changing 
signs on both sides of the equation, 
1 1 1 
log, — log,(w— 1) = et Ont t Beto (2). 


From (1) and (2) by addition, 


log,(n + 1) — log,(m — 1) = 2 (- na : + a) mae ea (3). 


+ ——— 
n 3n® 5n'é 


From this formula by putting n=3 we obtain log,4 — log,2, 
that is log,2; and by effecting the calculation we find that the 
value of log, 2 = °69314718...; whence log,8 is known. 


Again by putting »=9 we obtain log,10—log,8; whence we 
find log, 10 = 2°30258509.... 
To convert Napierian logarithms into logarithms to base 10 
: 1 iy: 
we multiply by foo 0? which is the modulus [Art. 216] of the 
oe 


i 


2°30258509... 
we shall denote this modulus by p. 


common system, and its value is 


, or °43429448...; 


In the Proceedings of the Royal Society of London, Vol. xxvu. 
page 88, Professor J. C. Adams has given the values of e, p, 
log, 2, log, 3, log,5 to more than 260 places of decimals. 


225. If we multiply the above series throughout by pu, we 
obtain formule adapted to the calculation of conmunon logarithms, 


Thus from (1), » log,(z + 1) — » log,n = . - me fs eith wih 
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that is, 
Bm | op 
log, (% ia 1) = log ,7 a % _ Ine + 3 Pet ncaa aleva\ayareine COE 
Similarly from (2), 
log, 2 —log,,(m—1)= an ae ee ee (2) 


From either of the above results we see that if the logarithm 
of one of two consecutive numbers be known, the logarithm of 
the other may be found, and thus a table of logarithms can be 
constructed. 


It should be remarked that the above formule are only needed 
to calculate the logarithms of prime numbers, for the logarithm 
of a coniposite number may be obtained by adding together the 
logarithms of its component factors. 


In order to calculate the logarithm of any one of the smaller 
prime numbers, we do not usually substitute the number in either 
of the formul (1) or (2), but we endeavour to find some value 
of 2 by which division may be easily performed, and such that 
either 2+ 1 or n—1 contains the given number as a factor. We 
then find log(m+1) or log(m—1) and deduce the logarithm of 
the given number. 


Example, Calculate log 2 and log 3, given 4=*43429448. 
By putting n=10 in (2), we have the value of log 10—log 9; thus 
1—2 log 38 = -043429448 + -002171472 + -000144765 + -000010857 
+ 000000868 + -000000072 + -000000006 ; 
1-2 log 8=-045757488, 
log 3=°477121256. 


Putting n=80 in (1), we obtain log 81—log 80; thus 
4 log 3 — 3 log 2 — 1 =-005428681 — -000033929 + -000000283 — -000000008 ; 
3 log 2 = -908485024 — -005395032, 
log 2=*301029997. 


In the next article we shall give another series for 
log, (7 +1) —log,2 which is often useful in the construction of 
Logarithmic Tables. For further information on the subject the 
reader is referred to Mr Glaisher’s article on Logarithms in the 
Encyclopedia Britannica. 
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226. In Art. 223 we have proved that 


+ . 
log, (1 + x)= BZ t+ yo ow 5 
eLanging « into — a, we have 
2 3 
Seow 
log,(1-«)=—a—3 — oie ecoe 


By subtraction, 


L+a_n+l , so that a= ; we thus obtain 


Ry = 
Pu l—-2 n In+1? 


1 1 i 
ms resem ft 2a any f Wie 
log. (+1) —logsn = 25-5 + seca * san eip tf 


Norz. This series converges very rapidly, but in practice is not always 
so convenient as the series in Art. 224. 


227. The following examples illustrate the subject of the 
chapter. 


Example 1. If a, B are the roots of the equation az?+bxs+c=0, shew 

a? + B? a? +B 
that —_log (a - bx + ca) =log a+ (a+8)"-—p— 2+ a, 
c 
a 


: b 
Since a+B=-—, a8=—, we have 


a—be+ca®=a {1+(a+f) e+ a8x7} 
=a (1l+az) (1+ 2). 
«. log (a — bx +cx*) =log a + log (1+ ax) + log (1+ Bx) 


atx? gia Ba?  BP28 
=loga+aa— ety rT Oe ig a a 
24 Q2 34 3 
Sinaia a tik x 


Example 2. Prove that the coefficient of «” in the expansion of 


Nee oor ee A c . : 
log (l+2+.2°) is - poe according as 7 is or is not a multiple of 3. 


at} 
tog (1+2+2%)=log ;—* =log (1 - 2%) — log (1 — x) 
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If n is a multipie of 3, denote it by 3r; then the coefficient of x* is—2 
from the first series, together with z from the second series; that is, the 
eoefficient is cay or wee 
n n n 


If n is not a multiple of 3, x” does not occur in the first series, therefore 


the required coefficient is —. 
n 


228. To prove that e is incommensurable. 


‘ m res 
For if not, let e=—, where m and n are positive integers ; 
n 


m alge! 1 1 
then ene Be eats poe 
multiply both sides by |n; 
*. m\n— 1 =integ . : + , aE 
os M\N = Integer + a fe (n+1)(n+2) (n+1)(n+2)(n+3) 


1 1 1 


ee Glan? eal ee) 


; aed 1 
is a proper fraction, for it is greater than —— and less than the 
n+1 


geometrical progression 
1 A 1 x 1 Bs 
n+l (n+1)’ (n+1)* 


1 
that is, less than —; hence an integer is equal to an integer plus 
n? 


a fraction, which is absurd; therefore e is incommensurable. 


EXAMPLES. XVII. 
1. Find the value of 


A gel (gn ag) ee 
Agta — 7ir5 gto 
2. Find the value of 
1 1 1 1 1 
j-amtep- ite 
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3, Shew that 


3 5 
A hes a 
log,(n+a)—log.(n-—a)=2(-+-.+.-.+...}. 
de\ ) g.( ) 373 5n® 


gait es Nae oh) 
shew that ney a a. a ae 


5. Shew that 
= ~b\2 —b\8 
a-b Pi 1 (>) Eo 1 & =~) +...=log,a—log,b. 


a g a 3 
me Sate j 1001 5 
6. Find the Napierian logarithm of 99 correct to sixteen places 
cf decimals. 
2 
7%. Provethat e1t=2( ~-+=+ =4....). 
3.5 7 


8. Prove that 
2 +t 6 
pite(] — x)= 9 ae Ay i eile 
log. (1 + «)!*#(1 — 2) (fetsateet): 


9, Find the value of 


1 
Canaan iat Glace 2: Sa , (eZ) taeee 


10. Find the numerical values of the common logarithms of 7, 11 
and 13; given »="43429448, log 2=-30103000. 


11. Shew that if az? and <, are each less than unity 


Sail a? 1 CRs Al a 
a (2 +3) as (45) ty (#4+3)- nag tayey ( taat+a?+S). 


12. Prove that 
522 98 1724 


log.(1 +32 + 22°) =32—- 5 + Si dharma 


and find the general term of the series. 


13, Prove that 
er 1+3v Aeris 52? 4 Boat 654 
So aie a a eas 7 
and find the general term of the series. 


Gal e® § ; , 
14, Expand gz in a series of ascending powers of x, 
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oe Fs ; a 
15. Express 5 (e*+e-*) in ascending powers of x, where i=/—], 
16. Shew that 


h2 ht js 
We Pet) =O oie ieee 
pe + 2h) ~ 2h.) shee aire ose 


17. Ifaand 8 be the roots of x? -pxr+q=0, shew that 


eevee 


24 g2 34.98 
log,(1 +patgo!)=(a+p)x- 248 ga SFE os 
18. If#<1, find the sum of the series 

Deus Pago Bie uA he 

get gut yet te C niang 
19. Shew that 


Des ak eee a ee 
Se nj) Q(n+1) 2.3(n+1)? 8.4(m+1)8 °° 


20. 


1 ; ; ‘ 
If log, (ear pee be expanded in a series of ascending 
powers of x, shew that the coefficient of 2” is -2 if n be odd, or of 


the form 4+ 2, and = if n be of the form 47m. 


21. Shew that 


2 oF. A 
ae te ee = be 
22. Prove that 
1 1 1 
2 log. n — log, (m +1) — log, (m—1)=53 + sat get owe 
23. Shew that : 4 t ae l ae 
m+1° 2(m+1)? 3(m+1)? 
ee 1 


~n In®* Bnd °°" 
9 24 81 
24, If log, Oo log, reales b, log, 507% shew that 


log, 2=7a—2b+ 3c, log, 3=1lla—3b+ 5c, log, 5b=16a—4b+7e;3 
and calculate log, 2, log, 3, log,5 to 8 places of decimals, 


CHAPTER XVIII. 


INTEREST AND ANNUITIS. 


229. In this chapter we shall explain how the solution of 
questions connected with Interest and Discount may be simplified 
by the use of algebraical formule. 


We shall use the terms /nterest, Discount, Present Value in 
their ordinary arithmetical sense; but instead of taking as the 
rate of interest the interest on £100 for one year, we shall find it 
more convenient to take the interest on £1 for one year. 


230. To jind the interest and amount of a given sum in a 
given time at simple interest. 


Let P be the principal in pounds, r the interest of £1 for one 
year, the number of ycars, / the intercst, and J the amount. 


The interest of P for one year is Pr, and therefore for n years 
is Pnr; that is, 


BL ye Ei ous dn max gh o ess yaa oS (1) 
Also M=P+T; 
that is, EMM ae LM NEL 909") 325.0 0's as vn in ain argee ome (2). 


From (1) and (2) we see that if of the quantities P, n, 7, J, 
or P, n, r, M, any three be given the fourth may be found. 


231. To find the present value and discount of a given sum 
due in a given time, allowing simple interest. 


Let P be the given sum, V the present valuc, D the discount, 
r the interest of £1 for one year, 2 the number of years, 
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Since V is the sum which put out to interest at the present 
time will in 2 years amount to P, we have 


P=V(1l+nr); 
2 eee 
Ww ileenns 
D=P—V=P— f . 
l+nr 
Pur 


len’ 


Nots. The value of D given by this equation is called the true discount. 
But in practice when a sum of money is paid before it is due, it is customary 
to deduct the interest on the debt instead of the true discount, and the 
money so deducted is called the banker’s discount; so that 


Banker’s Discount = Pnr. 


True Discount= a? 


Example. The difference between the true discount and the banker’s 
discount on £1900 paid 4 months before it is due is 6s. 8d.; find the rate 
per cent., simple interest being allowed. 


Let 7 denote the interest on £1 for one year; then the banker’s discount 
1900r 
is i , and the true discount is os 
l+or 
1900r 
100r 445% “olaily 
e 1 + r 2 
whence 19007? =3 +7; 
_1+,/1+22800 _ 14151 
ee 800 8800 
Rejecting th tive value, we have r= aa Me 
jecting the negative value, = 5550 = 95} 
. rate per cent.=100r=4, 
232. 


To find the interest and amount of a given sum in a 
given time at compound interest. 


Let P denote the principal, # the amount of £1 in one year, 
m the number of years, / the interest, and J/ the amount. 
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The amount of P at the end of the first year is PR; and, since 
this is the principal for the second year, the amount at the end of 
the second year is PR x Ror Pk*, Similarly the amount at the 
end of the third year is P#*, and so on; hence the amount in 
n years is PR" ; that is, 


M= PR’; 
Lo ARI. 


Norr. If 7 denote the interest on £1 for one year, we have 
R=1+r. 


233. In business transactions when the time contains a 
fraction of a year it is usual to allow simple interest for the 
fraction of the year. Thus the amount of £1 in } year is 


reckoned 1 a ; and the amount of P in 43 years at compound 


9 
interest is PH* (1 +5). Similarly the amount of P in 


eee is PR" ¢ +7). 
m m 


If the interest is payable more than once a year there isa 
distinction between the nominal annual rate of interest and that 
actually received, which may be called the trwe annual rate; thus 
if the interest is payable twice a year, and if r is the nominal 


annual rate of interest, the amount of £1 in half a year is 1 +5 ; 


a 


2 
and therefore in the whole year the amount of £1 is ¢ +t) ; 
2 
or 1+ ret so that the ¢rue annual rate of interest is 
ge 
t+. 


4 


234. If the interest is payable g times a year, and if r is 
the nominal annual rate, the interest on £1 for each interval is 


P and therefore the amount of P in m years, or gn intervals, is 


P(1 +7" ; 
qd 


In this case the interest is said to be ‘‘converted into principal” 
g times a year. 
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If the interest is convertible into principal every moment, 
then g becomes infinitely great. To find the value of the amount, 


1 
put As 37 80 that g=ra; thus 


the amount = ? € - s) = ae + =) = Vie {( + =) 
q a a) J 
= Pe”, [Art. 220, Cor.,] 
since « is infinite when q is infinite. 
235. To find the present value and discount of a given sum 


due in a given tume, allowing compound interest. 


Let P be the given sum, V the present value, D the discount, 
F& the amount of £1 for one year, m the number of years. 


Since V is the sum which, put out to interest at the present 
time, will in years amount to P, we have 


P=VR'; 
P 
Vest aieP R-* 
re" state 
and Dea Pl — ih). 


Example. The present value of £672 due in a certain time is £126; if 
compound interest at 44 per cent. be allowed, find the time; having given 


log 2=-30103, log 3= 47712. 


Here rab ao, and R=3) 
Let n be the number of years; then 
25\* 
672 =126 G) ; 
25 672 
*, nlog 54198 i906” 
100 16 
or n log 96 =log =; 
o*. 7 (log 100 — log 96) = log 16 — log 3, 
4 log 2-log3 
i 5 Blog oalogt 
n= a =41, very nearly; 


thus the time is very nearly 41 years. 
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EXAMPLES. XVIII. a. 


When required the following logarithms may be used. 
log 2= 3010300, log 3=°-4771213, 
log 7 ="8450980, log11=1-0413927. 


J. Find the amount of £100 in 50 years, at 5 per cent. compound 
interest; given log114°674= 20594650. 


2. At simple interest the interest on a certain sum of money is 
£90, and the discount on the same sum for the same time and at the 
same rate is £80; find the sum. 


3. In how many years will a sum of money double itself at 5 per 
cent. compound interest ? 


4, Find, correct to a farthing, the present value of £10000 due 
8 years hence at 5 per cent. compound interest; given 


log 67683'94 = 4'8304856. 


5. In how many years will £1000 become £2500 at 10 per cent. 
compound interest ? 


6. Shew that at simple interest the discount is half the harmonic 
mean between the sum due and the interest on it. 


7. Shew that money will increase more than a hundredfold in 
a century at 5 per cent. compound interest. 


8. What sum of money at 6 per cent. compound interest will 
amount to £1000 in 12 years! Given 


log 106 =2°0253059, log 49697 = 46963299. 


9, A man borrows £600 from a money-lender, and the bill is 
renewed every half-year at an increase of 18 per cent.: what time will 
elapse before it reaches £6000? Given log118=2-071882. 


10. What is the amount of a farthing in 200 years at 6 per cent. 
compound interest ? Given log 106 = 2°0253059, log 1151270 =2°0611800. 


ANNUITIES. 


236. An annuity is a fixed sum paid periodically under 
certain stated conditions; the payment may be made either once 
a year or at more frequent intervals. Unless it is otherwise 
stated we shall suppose the payments annual. 


An annuity certain is an annuity payable for a fixed term of 
years independent of any contingency; a life annuity is an 
annuity which is payable during the lifetime of a person, or of 
the survivor of a number of persons. 
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A deferred annuity, or reversion, is an annuity which does 
not begin until after the lapse of a certain number of years; and 
when the annuity is deferred for m years, it is said to commence 
after n years, and the first payment is made at the end of »+1 
years. 


If the annuity is to continue for ever it is called a perpetuity ; 
if it does not commence at once it is called a deferred perpetuity. 


An annuity left unpaid for a certain number of years is said 
to be forborne for that number of years. 


237. To find the amount of an annuity left unpaid for a given 
number of years, allowing simple interest. 


Let A be the annuity, r the interest of £1 for one year, the 
number of years, .J/ the amount. 


At the end of the first year A is due, and the amount of this 
sum in the remaining n—1 years is d+(n—1)r4; at the end of 
the second year another A is due, and the amount of this sum in 
the remaining (~—2) years is A+(m—2)r4; and so on. Now 
M is the sum of all these amounts ; 


wv. M={A+(n—-1)rA}+ {44+ (n-2)rdA}be...... +(4+7rA)+A,_ 
the series consisting of m terms ; 
“. M=nA+(14+24+3+...... +n—1)rd 


nA Sp pes 


“a 


238. To find the amount of an annuity left unpuid for a 
given number of years, allowing compound interest. 


Let A be the annuity, 2 the amount of £1 for one year, n 
the number of years, J/ the amount. 


At the end of the first year A is due, and the amount of this 
sum in the remaining n—1 years is AR"'; at the end of the 
second year another A is due, and the amount of this sum in the 
remaining n — 2 years is A&"”’; and so on, 


ee DL A ATS ae Sto eA Aly A. 
AG ae) ae) eee ae to m terms) 
Vig! 


a VR 


204 HIGHER ALGEBRA. 


239. In finding the present value of annuities it is always 
customary to reckon compound interest; the results obtained 
when simple interest is reckoned being contradictory and un- 
trustworthy. On this point and for further information on the 
subject of annuities the reader may consult the ‘lext-books of the 
Institute of Actuaries, Parts I. and IIL., and the article Annuzties 
in the Encyclopedia Britannica, 


240. To find the present value of an annuity to continue for 
a given number of years, allowing compound interest. 


Let A be the annuity, & the amount of £1 in one year, n 
the number of years, V the required present value. 


The present value of A due in 1 yearis AR"; 
the present value of A due in 2 years is AR™*; 
the present value of A due in 3 years is AR; 
and so on. [Art. 235.] 


Now JV is the sum of the present values of the different 
payments ; 


Virdee A ae tA one ee to » terms 
l= R™ 
= =) 
SE ak 
ee 
ae et a 


Nors, This result may also be obtained by dividing the value of M, 
given in Art. 238, by R™. [Art. 232.] 


Cor. If we make n infinite we obtain for the present value 
of a perpetuity 
A A 
Ac Rei! 


241. If mA is the present value of an annuity 4, the annuity 
is said to be worth m years’ purchase. 


In the case of a perpetual annuity mA = ; hence 
r 


100 


i 
n= = = —————_ 
r rate per cent,” 
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that is, the number of years’ purchase of a perpetual annuity is 
obtained by dividing 100 by the rate per cent. 


As instances of perpetual annuities we may mention the 
income arising from investments in irredeemable Stocks such as 
many Government Securities, Corporation Stocks, and Railway 
Debentures. A good test of the credit of a Government is fur- 
nished by the number of years’ purchase of its Stocks; thus the 
23 p. c. Consols at 90 are worth 36 years’ purchase ; ‘Egyptian 
4 p. c, Stock at 96 is worth 24 years’ purchase; while Austrian 
5 p. ¢. Stock at 80 is only worth 16 years’ purchase. 


242. To find the present value of a deferred annuity to 
eommence at the end of p years and to continue for n years, allow- 
ing compound interest. 


Let A be the annuity, # the amount of £1 in one year, V the 
present value. 


The first payment is made at the end of (p+1) years. 
(Art. 236.] 


Hence the present values of the first, second, third... pay- 
ments are respectively 


AR“?, AR“O*?, ARO, 
sa Ra pee aa A ye ce to ~ terms 


1-R- 
a. — (pti) 
ain ce ttkeolst 


Ak” “An 
“R-1> R-1° 
Cor. The present value of a deferred perpetuity to commence 
after p years is given by the formula 
yAk? 
eile 
243. A freehold estate is an estate which yields a perpetual 


annuity called the rent ; and thus the value of the estate is equal 
to the present value of a perpetuity equal to the rent. 


It follows from Art. 241 that if we know the number of years’ 
purchase that a tenant pays in order to buy his farm, we obtain 
the rate per cent. at which interest is reckoned by dividing 100 
by the number of years’ purchase. 
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Example. The reversion after 6 years of a freehold estate is bought for 
£20000; what rent ought the purchaser to receive, reckoning compound 
interest at 5 per cent:? Given log 1:05 =-0211893, log 1-340096 =-1271358. 


The rent is equal to the annual value of the perpetuity, deferred for 6 
years, which may be purchased for £20000. 


Let £4 be the value of the annuity; then since R=1:05, we have 
A x (1:05)~6 
05 4 
«. A x (1:05)-§=1000; 
log A — 6 log 1:05=38, 
log 4 =3-1271358 = log 1340-096. 
.. 4=1340:096, and the rent is £1340. 1s. 11d. 


20000 = 


244. Suppose that a tenant by paying down a certain sum 
has obtained a lease of an estate for »+q years, and that when 
q years have elapsed he wishes to renew the lease for a term 
pt+mn years; the sum that he must pay is called the fine for 
renewing 7 years of the lease. 


Let A be the annual value of the estate; then since the 
tenant has paid for p of the p+ years, the fine must be equal 
to the present value of a deferred annuity A, to commence after 
p years and to continue for m years ; that is, 


Ade? 1 eee 


the fine = yea | = at] . 


[Art. 242.] 


EXAMPLES. XVIII. b. 


The interest is supposed compound unless the contrary is stated. 
th The amount of an annuity of £120 which is left unpaid for 
5 years is £672; find the rate per cent. allowing simple interest. 


2. Find the amount of an annuity of £100 in 20 years, allowing 
compound interest at 44 per cent. Given 
log 1:045=:0191168, log 24:117=1-3823260. 
3. A freehold estate is bought for £2750; at what rent should it 
be let so that the owner may receive 4 per cent. on the purchase money? 


4. A freehold estate worth £120 a year is sold for £4000; find the 
rate of interest. 
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5. How many years’ purchase should be given for a freehold 
estate, interest being calculated at 34 per cent. ? 


6. Ifa perpetual annuity is worth 25 years’ purchase, find the 
amount of an annuity of £625 to continue for 2 years. 


7. Ifa perpetual annuity is worth 20 years’ purchase, find the 
annuity to continue for 3 years which can be purchased for £2522. 


8. When the rate of interest is 4 per cent., find what sum must 
be paid now to receive a freehold estate of £400 a year 10 years hence; 
having given log 104=2:0170333, log 6°75565 = 8296670. 


9, Find what sum will amount to £500 in 50 years at 2 per cent., 
interest being payable every moment; given e-!=-3678. 


10. If 25 years’ purchase must be paid for an annuity to continue 
n years, and 30 years’ purchase for an annuity to continue 2n years, 
find the rate per cent. 


11. A man borrows £5000 at 4 per cent. compound interest; if the 
principal and interest are to be repaid by 10 equal annual instalments, 
find the amount of each instalment; having given 


log 1:04=-0170333 and log 675565 = 5829667. 


12. A man has a capital of £20000 for which he receives interest 
at 5 per ceut.; if he spends £1800 every year, shew that he will be 
ruined before the end of the 17 year; having given 


log 2=-3010300, log 3= 4771213, log 7 ="8450980. 


13. The annual rent of an estate is £500; if it is let on a lease 
of 20 years, calculate the fine to be paid to renew the lease when 7 years 
have elapsed allowing interest at 6 per cent.; having given 


log 106=2°0253059, log4°688385 = °6710233, log3°118042 = 4938820. 


14, If a, b, ¢ years’ purchase must be paid for an annuity to con- 
tinue 7, 2n, 3n years respectively; shew that 


w@—ab+b?=ae. 


15. What is the present worth of a perpetual annuity of £10 
payable at the end of the first year, £20 at the end of the second, 
£30 at the end of the third, and so on, increasing £10 each year; 
interest being taken at 5 per cent, per annum ¢ 


CHAPTER XIX. 
INEQUALITIES. 


245. Any quantity a is said to be greater than another 
quantity b when a—O is positive; thus 2 is greater than — 3, 
because 2—(- 3), or 5 is positive. Also 6 is said to be less 
than a when 6—a is negative; thus —5 is less than —2, because 
—5—(-2), or —3 is negative. 

In accordance with this definition, zero must be regarded as 
greater than any negative quantity. 

In the present chapter we shall suppose (unless the contrary 
is directly stated) that the letters always denote real and positive 
quantities. 

246. Ifa> 6, then it is evident that 

ate>b+c; 
a-c>b-c; 


ac > be; 


> 
cmc 
that is, an imequality will still hold after each side has been 


increased, dumurished, multiplied, or divided by the same positive 
quantity. 


247. If WO Hh 
by adding ¢ to each side, 
a>b+c; 


which shews that i an inequality any term may be transposed 
from one side to the other if its sign be changed. 


If w>b, then evidently 6<a; 


that is, ¢f the sides of an inequality be transposed, the sign of 
inequality must be reversed. 
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If a>, then a—6 is positive, and b—a is negative~ that 
is, — a—(—b) is negative, and therefore 
-a<-b; 
hence, ¥ the signs of all the terms of an inequality be changed, 
the sign of inequality must be reversed. 
Again, if a > b, then —a < —), and therefore 
-ac<—lc; 


that is, ¢f the sides of an inequality be multiplied by the same 
negative quantity, the sign of inequality must be reversed. 


p/n Ea, Se Se a d.> 6 . 1b is clear 
that 
G@,+4,+4,+...+4,>6,+6,4+6,4+...4+6,; 
and 0,0, ... d, > 0.5.5, ... 6. 


og If a>b, and if p, ei jain positive integers, then J/a>,/d, 
or al > g rf ; and therefore at > bi; that is, a" > 6", where x is any 
positive quantity. 
1 1 : —n —n 
Further, —<;,; thatisa "<b". 
a0 
250. The square of every real quantity is positive, and 
therefore greater than zero. Thus (a—b)’ is positive ; 
a’ —2ab+b?>0; 


a+b’ > 2ab. 


whe a+Yy = 
Similarly 5 > Jaxy; 
that is, the arithmetic mean of two positive quantities is greater 
than their geometric mean. 


The inequality becomes an equality when the quantities are 
equal. 


251. The results of the preceding article will be found very 
useful, especially in the case of inequalities in which the letters 


are involved symmetrically. 
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Example 1, Ifa, b, ¢ denote positive quantities, prove that 


a+b?+c?>be+cat+ab; 


and 2 (a3 +03 +.¢3) >be (b+c)+ca(c+a)+ab(a+b). 
For BAEC AS DDC MOS. teat cee aeeeees oes APRS oe (1); 
ce? +a?>2ca; 
a? +b?>2ab; 
whence by addition a+b?+c?>be+ca+ab. 


It may be noticed that this result is true for any real values of a, b, c. 


Again, from (1) UZ "0C 4 G2 UC. Scngda. aghdcccustcheeuaescesnee (2); 
Ala OPE RIES (35 0) Ree ea ein ete Bes RH (3). 


By writing down the two similar inequalities and adding, we obtain 
2 (a3 +b? +c%) >be (b+c)+ca (c+a)+ab (a+b). 


It should be observed that (3) is obtained from (2) by introducing the 
factor b+c, and that if this factor be negative the inequality (3) will no 
longer hold. 


Example 2. If « may have any real value find which is the greater, 
w+1 or x?+2. 
x3 +1—(2°+2)=25- 2? -(«-1) 
=(#?-1) (x-1) 
=(x—-1)? (e«+1). 
Now (#—- 1)? is positive, hence 
w+1> or <2°+2 
according as «+1 is positive or negative; that is, according as x > or <—1. 


If «= —1, the inequality becomes an equality. 


252. Let a and b be two positive quantities, S their sum 
and / their product; then from the identity 


4ab = (w+ b)’ -(a—b)’, 
we have 


4P=S*-(a—6)’, and S’=4P+(a-b)’. 


Hence, if S is given, P is greatest when a=6; and if P is 
given, S is least when 
G0). 


that is, of the swm of two positive quantities is given, their product 
is yreatest when they are equal; and if the product of two positive 
quantities 8 given, ther sum ws least when they are equal. 
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253. To find the greatest value of a product the sum of whose 
factors is constant. 


Let there be x factors a, 6, c, ... k, and suppose that their 
sum is constant and equal to s. 


Consider the product abc... k, and suppose that a and 6 are 
any two unequal factors. If we replace the two unequal factors 


a, b by the two equal factors a : . = the product is increased 


while the sum remains unaltered; hence so long as the product 
contains two unequal factors it can be increased without altering 
the sum of the factors ; therefore the product is greatest when all 
the factors are equal. In this case the value of each of the n 


factors is = , and the greatest value of the product is s\ or 
a g P mg 


(teen hy 


1) 


Cor. If a,b,c, ... & are unequal, 


Cae) salibioe, ile 4 


n 
that is, 


1 
(et a (abe ... hy". 


n 


By an extension of the meaning of the terms arithmetic mean 
and geometric mean this result is usually quoted as follows: 


the urithmetic mean of any number of positive quantities is greater 
than the geometric mean. 


Example. Shew that (17+27+37+...4+n")">n" (\n)"s 
where r is any real quantity. 


r id . 
: BAER ERS Ngcing ag gdeged nr)”; 


Since 


r - r\ rn 
us ee) > 17.2".37......n", that is, >(jn)"s 


whence we obtain the result required. 


H H.H.A. 
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254. To find the greatest value of a™b"c? ... whena+b+e+t... 


tis constant; m, Nl, p,... being positive integers. 
Since m, m, p,... are constants, the expression ab"c?... will 


, m R Pp 
be greatest when (*) (<) (<) ... is greatest. But this last 
Mm 1 P 


expression is the product of m+n+p+... factors whose sum is 


m (<)+n(2)+ (2) +...,0r a+6+c+..., and therefore con- 
1) t/a NPD 


stant. Hence a"b"c’... will be greatest when the factors 
Ch ior Le 
m’ n’ p 
are all equal, that is, when 


Ger Ce a+b+c+... 


mn p " m+nt+pt... 
Thus the greatest value is 


at+b+et+ a). 


mn'p?.,.( ———____— 
M+N+Pt+... 


Example. Find the greatest value of (a+) (a—.2)4 for any real value 
of « numerically less than a. 


3 4 


the sum of the factors of this expression is 3 (5*)+ 4 ( ) , or 2a; 


3 <=, 4 
The given expression is greatest when a ie ) (* a is greatest; but 


hence (a+ z)* (a - x)* is greatest when = JF , Or ee — ; : 


q7 


Thus the greatest value is e a’. 

255. The determination of maximum and minimum values 
may often be more simply effected by the solution of a quad- 
ratic equation than by the foregoing methods. Instances of 
this have already occurred in Chap. 1x.; we add a further 


Example. Divide an odd integer into two integral parts whose product 
is a maximum, 


Denote the integer by 2n+1; the two parts by x and 2n+1-.2; and 
the product by y; then (2n+1)2-2z2=y; whence 


Qe =(2n+1) + a/(2n+1)2—4y; 
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but the quantity under the radical must be positive, and therefore y cannot 
1 I ‘ ars Be : 
be greater than = q nt 1)’, or n?+n+ i? and since y is integral its greatest 


value must be — in which case z=n+1, or n; thus the two parts aren 
andn+1. 


256. Sometimes we may use the following method. 


Example. Find the minimum value of Cre) ae ) , 
Putc+z=y; then 
(a-c+y) (b-e+y) 

y 


= 6-9 0 -¢) 


the expression = 


+yta-c+b-e¢ 


(LEE. Vy) ta-e+d~042 (a—c) (be). 


Hence the expression is a minimum when the square term is zero; that 
is when y=,/(a-c) (b—c). 
Thus the minimum value is 
a-—c+b-—c+2 J/(a-¢) (0-6); 


and the corresponding value of z is ,/(a—c) (b-¢) -—¢, 


EXAMPLES, XIX. a. 


1. Prove that (ab + xy) (axv+ by) > 4abzy. 
2. Trove that (6+c)(c+a)(a+b)>8abe, 


8. Shew that the sum of any real positive quantity and its 
reciprocal is never less than 2. 


4, If a?+0?=1, and 2?+y?=1, shew that av+by<1. 


5. If ?+0?4+c=1, and 2?+7?+2=1, shew that 
az +by+cz <1. 


If a>, shew that a%b> ab4, and log > oe log 1 it. 


6 

7, Shew that (#y+y%z+ 2x) (ay®+y2+ 2x”) > 9ary%2”, 

8. Find which is the greater 3a? or a?+2b*. 
9. Prove that ab+ab?<a*+ d+. 

10. Prove that 6abe < be (b+c¢)+ca(c+a)+ab (a+b). 

11. Shew that 0%c?+ ca?+ a2b? > abe (a+b+c). 
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12. Which is the greater x? or x?+%+2 for positive values of x? 
13. Shew that 234+ 13a27>5ax?+9a’, if x>a. 


14, Find the greatest value of x in order that 72*+11 may be 
greater than 2°+ 172. 


15. Find the minimum value of x?—12%+40, and the maximum 
value of 24% —8 — 92. 


16. Shew that (\n)?>n™, and 2.4.6...2n<(n+1)”. 
17. Shew that (#+y+z)>>27ayz. 
18. Shew that n™>1.3.5...(2n—-1). 


19. If bea positive integer greater than 2, shew that 
29 > 1 +r /2"-1, 


an 
20. Shew that (|n)'<nn (2*)". 


21. Shew that 
(1) (@+y+z2)?>27(yt+z2—x)(z+u-y)(x+y-2z). 
(2) ayz>(y+ze—a)(2+%-y)(e@+y—2). 


22. Find the maximum value of (7 — x)4(2-+2)° when lies between 


7and —2. 
23, Find the minimum value of ©1)@+®) , 


+x 


*257. To prove that of a and b are positive and unequal, 
am+bM™_ /a+b\m 3 
sa aa is eacept when m is a positive proper fraction. 


b a-b\™ b a-b\™ 
We have am + bma(240 4 2-9) (Aiest=2) ; and 
P -b. 
since > is less than aa we may expand each of these 
expressions in ascending powers of = [Art. 184.] 
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(1) If m is a positive integer, or any negative quantity, 
all the terms on the right are positive, and therefore 


ie ST (* + =)" 
a . 


2 2 


“a 


(2) If m is positive and less than 1, all the terms on 
the right after the first are negative, and therefore 


Geb. @ bs” 
p> ° (>) : 


(3) If m>1 and positive, put m=— where n<1; then 


1 1 1 


ae ae a” +b" ee 
sn i 2 ys 


2 
Hence the proposition is established. If m=0, or 1, the 
inequality becomes an equality. 


*258. IPf there are n positive quantities a, b, o,...k, then 


RPA) GNA Gata re cet +5)" 
ES ET A ee a ae a 


n n 


unless 1 18 & positwe proper fraction. 
Suppose m to have any value not lying between 0 and 1. 


Consider the expression a"+b"+c"+...+h", and suppose 
that a and 6 are unequal ; if we replace a and b by the two equal 


Fe Ge OLnOLeD : 
uantities —— , ——, the value of a+b+c¢+...+4 remains un- 
q 9 > P 


2 
altered, but the value of a+ b"+c"+... +” is diminished, since 
a” + b">2 “) : 
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Hence so long as any two of the quantities a, 6, c,...4 are unequal 
the expression a” +6b"+c"+...+" can be diminished without 
altering the value of a+b+ce+...+; and therefore the value 
of a" +b"+0"+...+k" will be least when all the quantities 
a, b, c,...4 are equal. In this case each of the quantities is equal 


a+b+c+...¢k 
to Te igen OM Ss 


and the value of a”+6"+c"+...+”" then becomes 
CA ery 
7 ee 


n 
Hence when a, 4, ¢,...% are unequal, 


ee ee ty 


nm 1 


If m lies between 0 and 1 we may in a similar manner prove 
that the sign of inequality in the above result must be reversed. 


The proposition may be stated verbally as follows: 


The arithmetic mean of the m* powers of n positive quantities 
is greater than the m* power of their arithmetic mean in all cases 
except when m lies between 0 and 1. 


*259. Ifa and b are positive integers, and a>b, and if x be a 


a d 
positive quantity, (a + =) > ( + *) : 


(i +o)'=1+e4(1 ai (1 -01 3) pt 


the series consisting of a + 1 terms; and 


x\> l\ 1 2 x* 
1 5) - = ENE, 3y( Hebe ie Says 
( an L+a+(1 5) Bt (2 3) (1 5) pt 
the series consisting of b+ 1 terms. 


After the second term, each term of (1) is greater than the 
corresponding term of (2); moreover the number of terms in (1) 


is greater than the number of terms in (2) ; hence the propositio 
is established. Oy t) en: 
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loos 
*260. To prove that J eA aS 
eng? -y 


¥f x and y are proper fractions and positive, and x > y: 


For , Mp toad Ra Feiss ® 
1—@ l-y 


; 1 l+o 1 l+y 
according as x 18 joa eae 
But Slog EON ae Art. 226]; 
sleq—,* ( + gigi del rt. 226]; 
Loja tlateY eae Hh 5 Hee 
and ye age @ +3 +¥ 4...) "5 
1 l+a 1 l+y 


and thus the proposition is proved. 


*261. To prove that (1+x)**(1—x)'*>1, ff x<1, and to 


atb 
deduce that a*b? > (* s =) 


Denote (1 +a)'** (1—a)'"* by P; then 
log P = (1+) log (1 +z) + (1 —a) log (1 — a) 
= « {log (1 tate rag Pt SFE — a) 


Hence log P is positive, and therefore P>1; 
that is, (1 +a)'**(1—a@)'*>1. 
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In this result deni = -, where w>2z; then 


? 


z 
wu 
(0+ 2)*(-8) a 
(“SY (Sy er, or 1; 
uw uw 


(wt aye? (u—2)* *>u a 


+b 

Now put w+z2=a, w—z=5), so that ua; 
a+b 
ari (“5) : 


* EXAMPLES. XIX. b. 
1. Shew that 27 (a*+bt+c*) > (a+b+e)*. 
2. Shew that »(n+1)? <8 (13+ 23+33+...+°). 


3. Shew that the sum of the m powers of the first 2 even num- 
bers is greater than » (7+1)™, if m> 1. 


4. If aand 8B are positive quantities, and.a > 8, shew that 


1\¢ PAS, 
La 1 ‘ 
( +) aa +) 
n 
Hence shew that if n>1 the value of (1+7) lies between 2 and 
OPES 
5. If a, b, ¢ are in descending order of magnitude, shew that 
ate\4 (=) 
=i (ees I 
a-c b—c 


wees 


g. shew that (‘ ¢ < atbbet: Je 


1 I 
7. Prove that i log (l+a™) < ie log (1 +a”), if m>n. 


8. If nis a positive integer and z < 1, shew that 
Tp Senet wiles 
<= 


n+1 N 
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9. If a, b,c are in H. P. and n>1, shew that a®+c"> 26". 
10. Find the maximum value of x3 (4a —.r)® if » is positive and less 
1 1 


than 4a; and the maximum value of #?(1—.2)3 when 2 is a proper 
fraction. 


1l. If 2 is positive, shew that log (1+) <w and > =e é 
12. If «+y+z=1, shew that the least value of +5 + hha 
and that (1~«#) (1—y) (1-2)>82ryz. 
13. Shew that (a+6+c+d) (a? +6344?) > (a?+62+¢?+ ad?) 
14. Shew that the expressions 
a (a—b)(a—c)+6 (b-c) (b—a) +e (c—a) (c—b) 
and a? (a —b)(a—c)+b?(b-c) (b-a) +c? (c—a) (c—b) 
are both positive. 
15. Shew that (a™+y™)" <(a2"+y")™, if m>n. 
a+b 
16. Shew that a?b*< (“) F 
17. Ifa, 6, c denote the sides of a triangle, shew that 
(1) @(p-—g)(p-1r)+¥ (9-1) (g—p) +2 (r-p)r-g) 
cannot be negative; p, g, r being any real quantities ; 


(2) a@yz+b%2x+cxy cannot be positive, if r+y+2=0. 


18, Shew that (1 |3 [5 ..-.-seee |22—-1 > (|n)" 
TOMO LE GROP CR, Ae... are p positive integers, whose sum is equal 
to n, shew that the least value of 
[a |B old we is ([g)?~-"(\g+ 


where q is the quotient and 7 the remainder when 7 is divided by p. 


CHAPTER XX. 


LIMITING VALUES AND VANISHING FRACTIONS. 


262. Ir a be a constant finite quantity, the fraction < can 
be made as small as we please by sufiiciently increasing a; that 
; a , 
is, we can make 2 approximate to zero as nearly as we please 
by taking « large enough ; this is usually abbreviated by saying, 


Bahds : a a. 
‘when a is infinite the limit of — is zero.” 
x 


Again, the fraction “ increases as x decreases, and by making 
x as small as we please we can make . as large as we please; 
thus when # is zero < has no finite limit; this is usually ex- 
pressed by saying, “when « is zero the limit of is infinite.” 


263. When we say that a quantity increases without limit 
or ts infinite, we mean that we can suppose the quantity to become 
greater than any quantity we can name. 


Similarly when we say that a quantity decreases without 
limit, we mean that we can suppose the quantity to become 
smaller than any quantity we can name. 


The symbol o is used to denote the value of any quantity 
which is indefinitely increased, and the symbol 0 is used to 
denote the value of any quantity which is indefinitely dimi- 
nished. 
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264. The two statements of Art. 262 may now be written 
symbolically as follows : 


: ; a. 
if 2 is oo, then — is 0; 
x 


. : a, 
if w is 0, then — is o. 
% 


But in making use of such concise modes of expression, it 
must be remembered that they are only convenient abbreviations 
of fuller verbal statements. 


265. The student will have had no difficulty in understanding 
the use of the word limit, wherever we have already employed it; 
but as a clear conception of the ideas conveyed by the words 
limit and limiting value is necessary in the higher branches of 
Mathematics we proceed to explair more precisely their use and 
meaning. 


266. Derinition. If y=/f(«), and if when x approaches a 
value a, the function f(a) can be made to differ by as little as 
we please from a fixed quantity 6, then 6 is called the limit of 
y when «=a. 


For instance, if S denote the sum of n terms of the series 


J bial Ba dal | 1 
(ie 5 + oe gts then S= 2 - sa. [Art. 56.] 


1 
Here S is a function of n, and gi can be made as small] 
as we please by increasing 1; that is, the limit of S is 2 when 
m is infinite. 


267. We shall often have occasion to deal with expressions 
consisting of a series of terms arranged according to powers of 
some common letter, such as 


Oy + O,0+ 4,09 + 0,07 + ...... 


where the coefficients a,, a,, a, @,,... are finite quantities 
independent of «, and the number of terms may be limited or 
unlimited 

It will therefore be convenient to discuss some propositions 
connected with the limiting values of such expressions under 
certain conditions. 
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268. The limit of the series 
a, +a,x+a,x?+ Bo Ss sees 
when x is indefinitely diminished is a,. 
Suppose that the series consists of an infinite number of terms. 


Let 6 be the greatest of the coefficients a,, a,,@,, ...; and 
let us denote the given series by a,+ S; then 


S< ba + ba? + ba? + ...5 


and if «<1, we have S<—. 


Thus when 2 is indefinitely diminished, S can be made as 
small as we please ; hence the limit of the given series is a,. 


If the series consists of a finite number of terms, S is less 
than in the case we have considered, hence a fortiori the pro- 
position is true. 


269. In the series 
a, +axX+a,x'+ax°+..., 
by taking x small enough we may make any term as large as we 
please compared with the sum of all that follow i ; and by taking 


x large enough we may make any term as large as we please 
compared with the sum of all that precede %. 


The ratio of the term a,2” to the sum of all that follow 
it is 


axe" a, 
—_— 0 2 ——— 
nt) N+2 > . 
G2 Oa BEA, S Gy 0+ Oy, +... 


When « is indefinitely small the denominator can be made 
as small as we please ; that is, the fraction can be made as large 
as we please. 


Again, the ratio of the term aa" to the sum of all that 
precede it is 
aa" a 


+ or 
m1 n—2 > 
a, +a, +... 


n 


Pyke ; > 
G,_Yt+a,_y? +. 


where y= - : 
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When z is indefinitely large, y is indefinitely small; hence, 
as in the previous case, the fraction can be made as ‘large as 
we please. 


270. The following particular form of tke foregoing pro- 
position is very useful. 


In the expression 
OO te senses + 4,04), 
consisting of a finite number of terms in descending powers of a, 
by taking x small enough the last term a, can be made as large 
as we please compared with the sum of all the terms that precede 
it, and by taking x large enough the first term a,x" can be made 
as large as we please compared with the sum of all that follow it. 


Example 1. By taking n large enough we can make the first term of 

—5n?-—7n+9 as large as we please compared with the sum of all the other 
terms; that is, we may take the first term n* as the equivalent of the whole 
expression, with an error as small as we please provided n be taken large 
enough. 


3a3 - 2a? -4 


Ly eee y when (1) # is infinite; (2) x is 


Example 2. Find the limit of 
zero. 
(1) In the numerator and denominator we may disregard all terms but 


the first; hence the limit is ae , or 


bat 5 


(2) When - is indefinitely small the limit ae ,or - : ; 


; Lees ll+a : 
Example 3. Find the limit of jis when x is zero, 


Let P denote the value of the given expression ; by taking logarithms we 
have 


log P=. {log (1 +a) —log(1 -2)} 


==) ( sorb). [Art. 226.] 


Hence the limit of log P is 2, and therefore the value of the limit 
required is ¢?. 
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VANISHING FRACTIONS. 


271. Suppose it is required to find the limit of 
x + ae — 2a* 
+ % -a@ 
when w=a. 


If we put w=a+h, then / will approach the value zero as @ 
approaches the value a. 


Substituting a +h for a, 


x +ac—2a? 3aht+h’? 3ath. 


iu © ee PEAY 


and when A is indefinitely small the limit of this expression 


3 
{ae 
8 5° 


There is however another way of regarding the question; for 


a*+ae—2a? (n—-a)(a+2a)_ a+ 2a 
a—a@  (a-a)(e+a) x+a’ 


and if we now put w=a the value of the expression is 
as before. 


: ‘ . & +axn— 2a? 
If in the given expression af Wea wee before 


REPT 5 Ae . 0 
simplification it will be found that it assumes the form —, the 


value of which is indeterminate; also we see that it has this 
form in consequence of the factor «—a@ appearing in both 
numerator and denominator. Now we cannot divide by a zero 
factor, but as long as # is not absolutely equal to a@ the factor 
x—a may be removed, and we then find that the nearer aw 
approaches to the value a, the nearer does the value of the 


: : 3 ; . are 
fraction approximate to 5, or in accordance with the definition of 


Art. 266, 


2 2 
Sod x +an~-2a°, 3 
when # =a, the limit of —_,~—,—_ is 5° 
x" = a 
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272. If f(a) and ¢ (x) are two functions of a, each of which 
becomes equal to zero for some particular value a of a, the 


fraction ae takes the form o and is called a Vanishing 


Fraction. 


Example 1. If «=3, find the limit of 
x8 —52°+ 72-3 
w—27?-5r-3 ° 
When x=38, the expression reduces to the indeterminate form o but by 
remoying the factor «—3 from numerator and denominator, the fraction 


Tate's oe When x=8 this reduces to ay which is therefore the 
a? +2a+1 4 
required limit. 


becomes 


Example 2. The fraction V 22> 4- Jata 


0 
becomes — when z=a. 
“Z2-a 0 


To find its limit, multiply numerator and denominator by the surd con- 
jugate to ,/32-a- Jz +a; the fraction then becomes 
(3a — a) -—(“#+a) 2 
———— poet gl OEE ——— 2} 
(2-4) (,/32—a+,/x+a) J/8a-at+/a+a 
1 


ea 
1-W/z 


: 0 
Example 8. The fraction Ta29 becomes 0 when c=1. 


whence by putting z=a we find that the limit is 


To find its limit, put z=1+h and expand by the Binomial Theorem. 
Thus the fraction 


1- (1454-5 +...) 


_1-(4ayt_ on OS 4 
1-(14+%)* 1-(142n-2 net... 
5 25 
poet 
ff ait 5 Y weeeee 
wel GP, da ba, 
wz tog he vecese 


Now h=0 when z=1; hence the required limit is z 


273. Sometimes the roots of an equation assume an in- 
determinate form in consequence of some relation subsisting 


between the coefficients of the equation. 
3 
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For example, if ax+b=cx+d, 
(a-—c)u=d—b, 

d—b 

o= ; 

a—c 


0 
a simple equation is indefinitely great if the coefficient of « is 
indefinitely small. 


But if c=a, then « becomes , or 0; that is, the root of 


9274. The solution of the equations 


axt+by+c=0, awau+by+e'=0, 


Zs .. be’ — be a ca’ — ca 
a ~ ab ab?” ab'—abs 
If ab’—a’b=0, then « and y are both infinite. In this case 
, / 
it 3% =m Suppose ; by substituting for a’, 6, the second 
a 


, 
‘ c 
equation becomes aa + by + — = 0. 
m 


If ~ is not equal to c, the two equations ax+by+c=0 and 
n 
/ 
aa + by + < = 0 differ only in their absolute terms, and being 


tnconsistent cannot be satisfied by any finite values of x and y. 


U ; t b’ / 
if iz equal to c, we have Sat ee , and the two equations 
m Geminids VC 
are now identical. 


Here, since be’ —6’c = 0 and ca’—c'a=0 the values of ~ and y 
0 eg 
each assume the form 0° and the solution is indeterminate. In 
fact, in the present case we have really only one equation 
involving two unknowns, and such an equation may be satistied 
by an unlimited number of values. 


The reader who is acquainted with Analytical Geometry will 
have no difficulty in interpreting these results in connection with 
the geometry of the straight line. 
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275. We shall now discuss some peculiarities which may 
arise in the solution of a quadratic equation. 


Let the equation be 
ax? +ba+c=0. 
If c=0, then 
ax’ + ba = 0; 


whence x=0, or——; 
a 


that is, one of the roots is zero and the other is finite. 

If 6=0, the roots are equal in magnitude and opposite in 
sign. [Art. 118.] 

If a=0, the equation reduces to bu+c=0; and it appears 
that in this case the quadratic furnishes only one root, 


° But every quadratic equation has two roots, and in 
order to discuss the value of the other root we proceed as follows. 


namely — 


me | ; “a ; : 
Write , for x in the original equation and clear of fractions ; 


thus 
cy’ +by+a=0. 


Now put a=0, and we have 


cy’ + by =0; 
the solution of which is y = 0, or vs that is, « = 00, or 5. 


Hence, in any quadratic equation one root will become infinite 
of the coefficient of x’ becomes zero, 


This is the form in which the result will be most frequently 
met with in other branches of higher Mathematics, but the 
student should notice that it is merely a convenient abbreviation 
of the following fuller statement : 


In the equation ax’ + ba+¢=0, if ais very small one root is 
very large, and as @ is indefinitely diminished this root becomes 
indefinitely great. In this case the finite root approximates 
to -; as its limit. 

The cases in which more than one of the coefficients vanish 
may be discussed in a similar manner. 
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EXAMPLES. XX. 


Find the limits of the following expressions, 


(1) when s=o, (2) when x=0. 
1 (2a — 3) (8-52) 2 (3x? — 1)? 
 7a®-6a+4 ~ *  gF+9 


(3+22%) (@ - 5) (2-3) (2-52) (82+1) 


(403-9) (1+) ° * (2x —1) 
5 ine ise g, (82 #)(e+6)(2—72) 
DH Jesh WNIT : (7@—1)(x+1)8 
Find the limits of 
ys eo 
fe ae , when #=—1, 8. winds , when x=0. 
et —e7-z eme _ gma 
9, log (1+) ’ when e=0) 10. i —@ > when v=, 
«2 —/% = 
ala. y eae =e when #=2a, 
—4a 
log (1+a?+.24 
BOX, SES ae when #=0. 
1-x2+log a 
18) einai when r=1. 
1 8 
2_ 42)2 SES 
14, ae has tha when L=a, 
(a? —28)8+ (a—2)? 
2 2 —/ a? — ae +22 
15. a “=O, 
a+a2—-Na-x 
Le lies 
16. \(7=) sl , When n=. 
17. nilog — when n=. 


oo 
n 


18. Ay gtd when «=0, 


CHAPTER XXI. 
CONVERGENCY AND DIVERGENCY OF SERIES. 


276. AN expression in which the successive terms are formed 
by some regular law is called a series; if the series terminate at 
some assigned term it is called a finite series; if the number of 
terms is unlimited, it is called an infinite series. 


In the present chapter we shall usually denote a series by 
an expression of the form 


Uy + Ug + Uy + revere HU + veeeee 


277. Suppose that we have a series consisting of n terms. 
The sum of the series will be a function of »; if m increases 
indefinitely, the sum either tends to become equal to a certain 
finite limit, or else it becomes infinitely great. 


An infinite series is said to be convergent when the sum 
of the first » terms cannot numerically exceed some finite 
quantity however great n may be. 

An infinite series is said to be divergent when the sum of 


the first terms can be made numerically greater than any finite 
quantity by taking sufficiently great. 


278. If we can find the sum of the first m terms of a given 
series, we may ascertain whether it is convergent or divergent 
by examining whether the series remains finite, or becomes in- 
finite, when 7 is made indefinitely great. 

For example, the sum of the first » terms of the series 

1-2" 


l-« 


le+avtait+a’+ ... is - 
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Tf « is numerically less than 1, the sum approaches to the 


finite limit I , and the series is therefore convergent. 
—2 


If « is numerically greater than 1, the sum of the first 
xe" — 

*%—1? 

be made greater than any finite quantity; thus the series is 

divergent. 


m terms is and by taking n sufficiently great, this can 


If «=1, the sum of the first m terms is m, and therefore the 
series is divergent. 


If «=-—1, the series becomes 


geo ea ee en Ee ee 


The sum of an even number of terms is 0, while the sum 
of an odd number of terms is 1; and thus the sum oscillates 
between the values 0 and 1. This series belongs to a class 
which may be called oscillating or periodic convergent series. 


279. There are many cases in which we have no method 
of finding the sum of the first m terms of a series. We proceed 
therefore to investigate rules by which we can test the con- 
vergency or divergency of a given series without effecting its 
summation. 


280. An infinite series in which the terms are alternately 
positive and negative is convergent if each term is numerically 
less than the preceding term and of the terms decrease indefinitely. 


Let the series be denoted by 
U,—-U,+tU,— UU, + UW. — he eeeeee 


where U, > U,>U, > U,> U, 


sees 


The given series may be written in each of the following 
forms : 


Ste) SOE FE (ee, S40 OE eee (1), 
U, — (U, — U,) — (U, — U,) — (tg — Uy) — ee reeeceees (2). 


From (1) we see that the sum of any number of terms is 
a positive quantity ; and from (2) that the sum of any number 
of terms is less than w, ; hence the sum of the series is finite. 
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Also as U,=8,—S,_, and the limiting values of s, and s,_, 
are the same when » (and therefore n—1)+o, it follows that 
Uy, =0 when 7 is infinite. 

Care must be taken not to regard this theorem as always 
showing convergency. Its converse is not necessarily true as is 
shown in Art. 290 (II). 


281. For example, the series 


is convergent. By putting s=1 in Art. 223, we see that its 
sum is log, 2. 
Again, in the series 
3.4, 3.4.5.,,3.4.5.6, 
Sera | oo i Gk 

the numerical part of each term is greater than in the preceding 
term, but the increase becomes less rapid as more and more terms 
are taken. If 0<x<1, the powers of x decrease, and though the 
values of the terms may increase at first, a stage will be reached 
when the increase in the numerical coefficients is offset by the 
decrease in the powers of x. Hence afterwards the values of the 
terms continue to decrease indefinitely and the series is convergent. 

282. An infinite series in which all the terms are of the same 
sign is diwergent rf each term is greater than some fimte quantity 
however small. 

For if each term is greater than some finite quantity a, the 
sum of the first m terms is greater than na; and this, by taking 
sufficiently great, can be made to exceed any finite quantity. 

283. Before proceeding to investigate further tests of con- 
vergency and divergency, we shall lay down two important 
principles, which may almost be regarded as axioms. 

I. Ifa series is convergent it will remain convergent, and if 
divergent it will remain divergent, when we add or remove any finite 
number of its terms; for the sum of these terms is a finite quantity. 

II. If a series in which all the terms are positive is con- 
vergent, then the series is convergent when some or all of the 
terms are negative; for the sum is clearly greatest when all the 
terms have the same sign. 

We shall suppose that all the terms are positive, unless the 
contrary is stated. 
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284. An infinite series is convergent if from and after some 
fixed term the ratio of each term to the preceding term is numerically 
less than some quantity which is itself numerically less than unity. 


Let the series beginning from the fixed term be denoted by 


Uy + Uy + Uy + Uy tH veeeveeee 3 
uw uw u 
and let bal) ES Ee FT y 
Lb uw 
1 2 8 
where r < I. 
Then U,+U,+U,+U +... 


Age (ch Sop oto eee ee 
1 FL" a, Pai) 


<u, (l+rtr+rt...... )3 


that is, < , since r< 1. 


us 
l-r 
Hence the given series is convergent. 


285. In the enunciation of the preceding article the student 
should notice the significance of the words “from and after a 
fixed term.” 


Consider the series 


1 + Qa + Sa? + 4aF + 00... + na + 0. 
w, moe 1 : 
Here an ena € ae 1) #3 


and by taking m sufficiently large we can make this ratio ap- 
proximate to x as nearly as we please, and the ratio of each term 
to the preceding term will ultimately be a Hence if «<1 the 
series is convergent. 


UU 
2 


But the ratio Fs Biel: 


n—1 


will not be less than 1, until 


<1; 


n-l 

that is, until »> a 
Here we have a case of a convergent series in which the terms 
may increase up to a certain point and then begin to decrease. 
For example, if = 755) then 7 _ 100, and the terms do not 
begin to decrease until after the 100% term. 
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286. <An injinite series in which all the terms are of the sume 
sign is divergent f from and after some fixed term the ratio of each 
term to the preceding term is greater than unity, or equal to unity. 


Let the fixed term be denoted by w,. If the ratio is equal to 
unity, each of the succeeding terms is equal to w,, and the sum 
of nm terms is equal to nw, ; hence the series is divergent. 


If the ratio is greater than unity, each of the terms after the 
fixed term is greater than w,, and the sum of n terms is greater 
than nw, ; hence the series is divergent. 


287. In the practical application of these tests, to avoid 
having to ascertain the particular term after which each term is 
greater or less than the preceding term, it is convenient to find 


the limit of “* when m is indefinitely increased ; let this limit 


ed 
be denoted by A. 
If X<1, the series is convergent. [Art. 284.] 
If \>1, the series is divergent. [Art. 286.] 


If X=1, the series may be either convergent or divergent, 
and a further test will be required; for it may happen that 


Mn <1 but continually approaching to 1 as its limit when n is 


indefinitely increased, In this case we cannot name any finite 
quantity r which is itself less than | and yet greater than A. 


Hence the test of Art. 284 fails. If, however, — >1 but con- 


tinually approaching to | as its limit, the series is divergent by 
Art. 286. 


We shall use ‘Lem PD as an abbreviation of the words 


N=O “al 
‘¢the limit of —* when 7 is infinite.” 
U 
aml 
; yar 
Example 1, Find whether the series whose n‘* term is oe is con- 


vergent or divergent. 


ty, _(nt+1)2" ne? (nt+1)(n-1) 
Fae. siting dig co BG AEN SoTae lave 


i? 
“. Lim—=2; 
nao ni 
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hence if <1 the series is convergent ; 
if x>1 the series is divergent. 


If z=1, then Lim —“” =1, and a further test is required. 


n=a0 Un—1 


Example 2. Is the series 


1? + 224 + 372% +4723 +....., 
convergent or divergent? 
Ms 5 mice 
Here Lim —*=Lim Se =e 
n=0 Un-1 n=w (m—1)*a 
Hence if <1 the series is convergent ; 


if x>1 the series is divergent. 
If x =1 the series becomes 1? + 2? + 3? + 42 +... , and is obviously divergent, 


Example 3. In the series 
a+(at+d)r+(a+2d)r2+...4(a+n—-1l.d)r™14+..., 
eee th . at+(n—1)d 
Lim —> = Lim ————— .r=r; 
n=0Un-1 n=aoat(n—2)d 


thus if r<1 the series is convergent, and the sum is finite. [See Art. 50, Cor.] 


288. If there are two infinite series in each of which all the 
terms are positive, and rf the ratio of the corresponding terms in 
the two series is always finite, the two series are both convergent, 
or both divergent. 


Let the two infinite series be denoted by 
Uy + Ug + Ug + Ug t veeveeee es 
and Uy + Vat Ug t Ugt cereceeee 
The value of the fraction 
Uy + Ug + Ug t .oeeeeeee +Uy 
WP Vo taUgit scceneses Takers 
lies between the greatest and least of the fractions 
= i be: ne [Art. 14] 
and is therefore a fimite quantity, D say ; 
og Uy t Ug t Ug t ooo + Un =L (01 + Vg + Vg +002 +U,): 
Hence if one series is finite in value, so is the other; if one 


series is infinite in value, so is the other; which proves the 
proposition. 
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289. The application of this principle is very important, for 
by means of it we can compare a given series with an auxiliary 
series whose convergency or divergency has been already estab- 
lished. The series discussed in the next article will frequently 
be found useful as an auxiliary series. 


290. The infinite series 
a | 
Pipe yt e 


ts always divergent except when p is positive and greater than 1. 


thiee 


Case I. Let p>1. 
The first term is 1; the next two terms together are less than 


the following four terms together are less ives, the fol- 


2 . 
FF? qr? 


: : 8 
lowing eight terms together are less than ae and so on, Hence 
hae! 2 
the series is less than 1+ get gt gets 
that is, less than a geometrical progression whose common ratio 


a, : wad, 
57 is less than 1, since p>1; hence the series is convergent. 


CasE II. Let p=1. 
tS Beate | 


. 1 
The series now becomes 1 + 3 + 3 + ys 5t ade 


The third and fourth terms together are greater than 5 or Ly 


the following four terms together are greater than or si the 


coe es 8 
following eight terms together are greater than 76 or ; ; and so 


on. Hence the series is greater than 


ee 
oe oe 


and is therefore divergent. [Art. 286. ] 


Case III. Let p<], or negative. 

Each term is now greater than the corresponding term in 
Case II., therefore the series is divergent. 

Hence the series is always divergent except in the case when 
p is positive and greater than unity. 
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Example. Prove that the series 


2 3 on es 
7a gang “> 
is divergent. 
1 


1 1 
les wy Ghee SOS 
3 n 


Compare the given series with 1+ 5 


Thus if w, and v, denote the n* terms of the given series and the 
auxiliary series respectively, we have 


hence Lim Ye 21, and therefore the two series are both convergent or both 


n= 0 
divergent. But the auxiliary series is divergent, therefore also the given 
series is divergent. 


This completes the solution of Example 1. Art. 287. 


291. In the application of Art. 288 it is necessary that the 
limit of =! should be finite; this will be the case if we find our 
auxiliary ‘series in the following way : 


Take w,, the n™ term of the given series and retain only the 
highest powers of ». Denote the result by v,; then the limit of 


a is finite by Art. 270, and v, may be taken as the n** term of 


the auxiliary series. 


2 
Example 1. Shew that the series whose n‘* term is winf@t 1 is 
ae 


divergent, 
As n increases, u,, approximates to the value 
A208 82 1 
Mans? OF 3" eS 


4 1 
Hence, if v,=—, we have Lim “* = ile which is a finite quantity; 


ni2 n=@® Un V3 


therefore the series whose n‘* term is ae may be taken as the auxiliary 


ni 
series, But this series is divergent [Art. 290]; therefore the given series is 
divergent. 
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Example 2. Find whether the series in which 


u,=/n+1-n 
is convergent or divergent. 


Here man(,/14 5-1) 


1 
Bn) Ont 
If we take p,=W5, we have 
i RL AAT 
a 
n 3 / 
ed! 
Lim * ==. 
Ae 28 
But the auxiliary series 


u 1 a il 
pt ot grt soo Fah ow 


is convergent, therefore the given series is convergent. 


292. To shew that the expansion of (1+x) by the Binomial 


Theorem ts convergent when x <1. 


Let u,, u,,, represent the r* and (r+1) terms of the ex- 
pansion ; then 
uw,, m-7r+1 mR 


uU, hie 


When r>n+1, this ratio is negative; that is, from this 
point the terms are alternately positive and negative when o 
is positive, and always of the same sign when 2 is negative. 


Now when r is infinite, Zim —** =a numerically; therefore 
n=-@ 


since 2 <1 the series is convergent if all the terms are of the 
same sign; and therefore a@ fortiori it is convergent when some of 
the terms are positive and some negative. [Art. 283.] 


293. To shew that the expansion of a* in ascending powers 
of x 1s convergent for every value of x. 


Here =" sen Bee and therefore Lim 
n—-1 N= Un _y 


n—1 
the value of 7; hence the series is converzent. 


in <1 whatever ba 


238 HIGHER ALGEBRA. 


294. To shew that the expansion of log (1+) im ascending 
powers of x is convergent when x is numerically less than 1. 


PS atiacary oe th nb my ssh tek 

is equal to ; hence the series is Saved ane when z is less than 1. 

If w=1, the series becomes 1 ee + Se = ..., and is con- 
vergent. [Art. 280.] 

If w=-—1, the series becomes —1 3 - 2s i. and Gs 


divergent. eae 290. ] This shews that the logarithm of zero is 
infinite and negative, as is otherwise evident TON the equation 
e ~=0. 


295. The results of the two following examples are important, 
and will be required in the course of the present chapter. 


enareial. od the aut ot = when w is eeiea! 
Put c=e"; then 


loge = ¥ _ y 
gbiarenr Tp ys 
ie A ac 
an 


tpt et +. 


also when z is infinite y is infinite; hence the value of the fraction is zero. 
Example 2. Shew that when n is infinite the limit of na”=0, when «<1, 
Let emi so that y>1; 


also let y"=z, so that nlogy=log z; then 
wu Tologez 7 log z 


R— 
“yz logy logy’ z 
Now when n is infinite z is infinite, and —-— os 


therefore Lim na"™=0, 


=0; also logy is finite; 


296. It is sometimes necessary to determine whether the 
product of an infinite number of factors is finite or not. 


Suppose the product to consist of eariors and to be denoted by 


then if as m increases indefinitely w,< zt the product will ulti- 
mately be zero, and if w,>1 the product will be infinite ; hence in 
order that the ‘product may be finite, wu, must tend to the limit L 
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Writing 1+, for u,, the product becomes 
(1+) (14) (1+) ...... (1+¥,). 
Denote the product by P and take logarithms ; then 
log P=log(1+%,) +log(1+0,)+...+log(1+v,) ...... (1), 


and in order that the product may be finite this series must be 
convergent. 


Choose as an auxiliary series 


Oy Ug Fg + 60.005 Uh seed dad Speen Reece (2). 


Un-aVnt. 
Now Lim ea) in| a ee 


since the limit of v,, is 0 when the limit of w, is 1. 


Hence if (2) is convergent, (1) is convergent, and the given 
product finite. 


Example. Shew that the limit, when 7 is infinite, of 
TASS 
224 


is finite. 
The product consists of 2” factors: denoting the successive pairs by 
Uy, Uo, Ug, -.. and the product by P, we have 


PEW Waltgirciecee Uns 
where u 2m -1 2ntd _ <i 
een 2n 4n2’ 
but log P=log u, +log u.+log ug+... tlog Uy .....0s (ii), 
and we have to shew that this series is finite. 
Now log 4, =log (1-75) =- ga-ga 


therefore as in Ex. 2, Art. 291, the series is convergent, and the given product 
is finite. 


297. In mathematical investigations infinite series occur so 
frequently that the necessity of determining their convergency or 
divergency is very important ; and unless we take care that the 


series we use are convergent, we may be led to absurd conclusions. 
[See Art. 183.] 
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For example, if we expand (1—«)~* by the Binomial Theorem, 
we find 


(l—#)°=1+2e+ Sat Aor ee 


But if we obtain the sum of m terms of this series as ex- 
plained in Art. 60, it appears that 


1 SORT Se ar iis eyes ek = ; 


whence 


: a x mac” 
=1+4+ 204+ 3a°+ ...4+-22" +5 


eb As 
(1—a)' 


By making ~ infinite, we see that can only be re- 


1 
(1-2) 


garded as the true equivalent of the infinite series 


+ 2a soa + 4a? 


h es + as vanishes 
eo (l-2) l-a@ : 
If n is infinite, this quantity becomes infinite when a= 1, 
or «>1, and diminishes indefinitely when #<1, [Art. 295], so 
that it is only when «<1 that we can assert that 


7 ark ¢ = 14+ 2a4+ 327+ 4a°+ 2.2... to inf. 
Meee: (1 — 2)’ 
and we should be led to erroneous conclusions if we were to use 
the expansion of (1 —«)~* by the Binomial Theorem as if it were 
true for all values of 2 In other words, we can introduce the 
infinite series 1 + 2%+ 3”’°+... into our reasoning without error 
if the series is convergent, but we cannot do so when the series 
is divergent. 


The difficulties of divergent series have compelled a distinction 
to be made between a series and its algebraical equivalent. For 
example, if we divide 1 by (1-<)’, we can always obtain as 
many terms as we please of the series 


1 +20 + 327+ 40°. 20... 


whatever x may be, and so in a certain sense os, may be 
called its algebraical equivalent ; yet, as we ee! seen, the equi- 
valence does not really exist except when the series is con. 
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vergent. It is therefore more appropriate to speak of ani 
as the generating function of the series 

Bap 2a Sa 2k 
being that function which when developed by ordinary alge- 
braical rules will give the series in question. 


The use of the term generating function will be more fully 
explained in the chapter on Recurring Series. 


EXAMPLES. XXI. a. 


Find whether the following series are convergent or divergent: 
1 gt ae Pe 1 
x tvta w+2a 4+3a 
xz and a being positive quantities. 
1 1 1 1 
1.2 “te 2.3 sir 3.4 Sie i 5 + eee 
1 1 1 1 
ay (@+1)(y+l) | @+2)\(y+2) @+8)yra) 
z and y being positive quantities. 


x x Ei Es 


2. 


3. 


SeMiog tos. 0: fae 
Sue 5 ge eee Pe sane é 
V2 3 4b. Oe JENS 
DAE BE ae 
6. Denar es weeuits 


einige 
. me 3t 4 Br sere 


8. 1432+ 5x? + Ta? + 9a + ..c00e 


y Desi Be AO 
° 12 190732 +g sevees 
DI tgs at 
10. dete pte nl oe 
2_] 
si Upp teint AP ag pt Fong ly: 


5 10 17 n?+1 
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Bea G Sold megeens D2) 4 § 
14, l+5a+9% tig ® ra i “Eeidese 
1S eel by SP all 
13. 12 1305p at carcass 
3x2 4x8 (n+1)a™ 
14. ar aS Ta i a Seater 
22 ats 'e Se 44 ve 
HIBS. Ga + ra) + 31 3 + scseos 
ha 22) 333) <4 é 
16. l+stastgtpet wesc. 


17. Test the series whose general terms are 
(1) Nn?+1-n. (2) Nnt+1—-Nnt-L 


18. Test the series 
1 1 1 1 


(1) 2 eal 242 27008 | 3 
1 1 1 1 1 
(2) egal is iG ase arate 
x being a positive fraction. 
19. Shew that the series 
a Apert ating 
Doras 


is convergent for all values of p. 


20. Shew that the infinite series 
aA We atin eh esses 
is convergent or divergent according as Lim x/u, is <1, or >1. 


21. Shew that the product 
2244 6 2n-2 2n-2 mn 


15353 5:45 oew DB Wixi Bp= 1 
is finite when n is infinite. 


22. Shew that when 2=1, no term in the expansion of (1+2)” is 
infinite, except when n is negative and numerically greater than unity. 
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*298. The tests of convergency and divergency we have 
given in Arts. 287, 291 are usually sufficient. The theorem 
proved in the next article enables us by means of the auxiliary 
series 


new ieee | 


Be he et ans ee 
132 TD 33 


nw 
to deduce additional tests which will sometimes be found con- 
venient. 


*299. If uy, Vn wre the general terms of two infinite series 
in which all the terms are positive, then the u-series will be con- 
vergent when the v-series 1s convergent if after some particular term 


Uy 


< — ; and the u-series will be divergent when the v-series is 


iV 


Uy_ n-1 


° -p U vi 
divergent if —*- > —* 
u 


n-i Voaa 


Let us suppose that wu, and v, are the particular terms. 
v v 


UW 

Case lL Let’ = 
U 

1 L 2 2 


. U, 
that is, Se (v, +U,+%, +.) 
) 


Hence, if the v-series is convergent the w-series is also con- 
vergent. 


v 
Case IL Let > Be a anda ds ; then 
U, hs 2 2 


I H.H.A. 
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. uU, 
that is, mi (v, +0,4+¥, + «..). 
‘ 1 
Hence, if the v-series is divergent the u-series is also di- 


vergent. 


*300. We have seen in Art. 287 that a series is convergent 
or divergent according as the limit of the ratio of the x term 
to the preceding term is less than 1, or greater than 1. In the 
remainder of the chapter we shall find it more convenient to use 
this test in the equivalent form : 

A series is convergent or divergent according as the limit of 
the ratio of the x™ term to the succeediny term is greater than 1, 


i 5 er 
or less than 1 ; that is, according as Lim —" > 1, or <1. 


n+l 
Similarly the theorem of the preceding article may be 
enunciated : 
The v-series will be convergent when the v-series is convergent 


' emery ike ; : : 
provided that Lim —* > Lim—*; and the w-series will be di- 
Une 


n 
vergent when the v-series is divergent provided that 


a ay 
aT, oe an, 


Coat 1 One 1 


*301. The series whose general term is u, ts convergent or di- 


: ; u 
veryent according as Lim { ( — — 1) >1, or <1. 
u 
a+) = 


Let us compare the given series with the auxiliary series 


whose general term v, is —. 
a nm 


When p>1 the auxiliary series is convergent, and in this 
case the given series is convergent if 


1y? 
ae aes , or (2 + =) 


Uney ne 2 

that is, if Ma is pre a AC eae 
as n 2n* 2 

; u P(p—1) 

o1 ele ae AE tw : 
alee 1)=p+ on ap oo F 

that is, if Lim i" ( ag 1)} >p. 

nt) ) 
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But the auxiliary series is convergent if p is greater than 1 
by a finite quantity however small; hence the first part of the 
proposition is established. 


When p<1 the auxiliary series is Civergent, and by proceed- 
ing as before we may prove the second part of the proposition. 
Example. Find whether the series 
eS A ct Be 
ita Ge AIS SPO 


is convergent or divergent. 


= eee ol ‘ at ae 
Here Lim —® = 2 hence if «<1 the series is convergent, and if «>1 
Unt 
the series is divergent. 


If x=1, Lim ae me a this case 
Unt 


1S 2 On ieete (2n-3) 1 
Bip DiaAen Gictnes (2n-2)°2n—=1’ 
Uy, — _2n(2n+1) 
Unt,  (2n—-1) (2n-1)’ 
(=e 


Unt (2n-1)?’ 


*. Lam n see 1) Pa 
Unty 2 


hence when x=1 the series is convergent. 


and 


*302. The series whose general term is u, is convergent or di- 


j ; u 
vergent, according as Lim (a log ~) > ly of—< I. 
n+l 


Let us compare the given series with the series whose general 
term is —. 
m 


When p>1 the auxiliary series is convergent, and in this 
case the given series is convergent if 


pani (1 : “y [Art. 300.] 
Uti uw 
! u 1 
that is, if log —* >yp log (2 be =) F 
: U, Pp P - 
or if Mer A ne 
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: U 
that is, if Lim (n log —” ) > Dp. 
. n+) 


Hence the first part of the proposition is established. 
When p<1 we proceed in a similar manner ; in this case the 
auxiliary series is divergent. 
Example. Find whether the series 
22g le Sega aA er” 
SL TTT aN 


is convergent or divergent. 


Ryn N+1 »nrt1 n 
err Un ne = (n+1) eS o = aa. - oe 
Uns |r n+ (n+1)"a (147) “ 
so Obs 1 
-. Lim —™=—_. [Art. 220 Cor.]. 
Unty e& 


; 1 — : 1 me. Fe 
Hence if a the series is convergent, if 2>-— the series is divergent. 
e 


If 2=¢, then ares 


Tae ATE 
n 
r 


rT uf 
. log ™=loge-—nlo (145) 
© Unt F = n 
1 
a 


1 1 
=n G- Qn2 


™ 


. 20f ——— 
Uni, 2 3n 


-. Lim (n log =| = 53 


i oe Rateee 
hence when ae the series is divergent. 


*303. If Lim “*=1, and also Lim { cS PB 1)} Si is 


+1 


te.ts given in Arts. "300, 301 are not applicable. 
To discover a further test we shall make use of the auxiliary 


series whose general term is —_———. In order to establish 
n (log 2)? 


the convergency or divergency of this series we need the theorem 
proved in the next article. 
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*304. If $(n) is positive for all positive integral values of n 
and continually diminishes as n increases, and of a be any positive 
integer, then the two infinite series 


b(1) + $(2) + 6(3) +...+ ¢(m)+..., 
and ad (a) + a°d(a*) + a®h(a’) +... +a*h(a*)t..., 
are both convergent, or both divergent. 


In the first series let us consider the terms 


p(a*+1), d(a* +2), P(a*+3), .....- PLE?) a2) tease (1) 
beginning with the term which follows $(a*). 


The number of these terms is a**'—a', or a‘(a—1), and each 


of them is greater than ¢(a‘*’); hence their sum is greater than 


a‘(a—1)¢(a**'); that is, greater than ond xa  (ak*), 
a 


By giving to & in succession the values 0, 1, 2, 3,... we have 


(2) + $(3) + p(4) + 0 +o(a)>*— x ap(a); 


aay 
x a (a’) 5 


TTT eee eee eee eee ee ee eee ee eee eee eee ee ey 


therefore, by addition, S,~¢(1)> tt hy 


where S,, S, denote the sums of the first and second series respec- 
tively; therefore if the second series is divergent so also is Ue 
first. 


Again, each term of (1) is less than ¢(a*), and therefore the 
sum of the series is less than (a— 1) x a‘(a’). 


By giving to / in succession the values 0, 1, 2, 3... we have 
(2) +$(3) + (4) +...... + $(a) < (a— 1) x i 
o(at+1)+¢(a+2)+(a4+3)+...... + $(a’) <(a—1) x adp(a); 


therefore, by addition 
S,-— $(1) < (a- 1) {S,+ 4(1)}; 
hence if the second series is convergent so also is the first. 


Norse. To obtain the general term of the second series we take @(n) the 
general term of the first series, write a” instead of n and multiply by a”. 
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‘ 1 1 1 
* 305, The serves 1+ 3 (log Syp * 3 (log 3yp t ne ‘diosa if 


is convergent if p>1, and divergent if p=1, or p<l1. 


By the preceding article the series will be convergent or 
divergent for the same values of p as the series whose general 
term is 


1 it 1 i! 


a 


* a" (log a*)”? °" (wloga)?? °" (logay? ~ x” 


n 


a 


The constant factor is common to every term; there- 


1 
(log a)? 
fore the given series will be convergent or divergent for the same 

; ae 
values of p as the series whose general term is ne Hence the 


required result follows. [Art. 290.] 


*306. The series whose general term is u, is convergent or di- 


vergent according as Lim {= (= — 1) - 1} log n| >1, or <i 


n+] 


Let us compare the given series with the series 
1+-_——_ + : + : + 
2 (log 2)? 3(log3? 7" aos (log n)jP °°" * 
When p>1 the auxiliary series is convergent, and in this 
case the given series is convergent by Art. 299, if 
u, — (n+1) {log (m+ 1)}” 
gt eRe C2 cs 


tes n (log n)* 


Now when 7 is very large, 
log (x + 1) = log n + log (1 = -) =logn+ » nearly ; 


Hence the condition (1) becomes 


w 1 1 P 
w >(1+; (+ ao) 
ae ” n log n 


that is, En (1 + | (i »ils ; 
tre n nlogn/]’ 

: w, 1 Pe wx 

that is, eae Mp 
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or n (vs -1)>1+ P ; 
ee) log m 
Or ” as Ss 1) = I log n> p. 


Hence the first part of the proposition is established. The 
second part may be proved in the manner indicated in Art. 301. 


Example. Is the series 
2? 2 tee OF 
527 3 32 52.77 


1 “a 
eae 


convergent or divergent? 


Dig, AGW EAY og ee 


Here Se a ee ag 
wae Qn are 7 (1). 


e. Lim —® x 1, and we proceed to the next test. 


Unt 
u 1 

1 fad ae as pe 2). 

From (1), n (= ) l+7 Ie aslaictemaneasasieduaceanvhess (2) 
oo. Lim Ves ( OH ie 1)} =1, and we pass to the next test. 
| Unt 
From (2), 44 (“= - 1) - if log n= toga’ 
Unty 4n 


. Lim [4 (2 - 1) - 1| log n eo 
Unt j 


Jeg, ==0 [Art. 295]; hence the given series is divergent. 
n 


since Lim 


*307. We have shewn in Art. 183 that the use of divergent 
series in mathematical reasoning may lead to erroneous results. 
But even when the infinite series are convergent it is necessary to 


exercise caution in using them. 


For instance, the series 


1 a oe? ao! w 9 
ONE TB ro Aid ie HD Bere 
is convergent when w=1. [Art. 280.] But if we multiply the 
series by itself, the coefficient of #” in the product is 


1 1 1 1 
fin f2n—1 inet arag we Si ie 
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Denote this by a,,; then since 


caf al ] 1 
> or >—— 
———s ANG iy: 
ae. {[2n—r (Yn) Jn 
2n+ 1) ; Be aS Sopa 
a, > ae , and is therefore infinite when 7 is infinite. 
nn n 


If w=1, the product becomes 


Vy IO vee al Ogu Wa ae Deters 


and since the terms Ay, 
no arithmetical meaning. 


a are infinite, the series has 


2Qnt+1? Bn+e ee 


This leads us to enquire under what conditions the product 
of two infinite convergent series is also convergent. 


*308. Let us denote the two infinite series 


2 
es es a ie ee 


6, + 0,0 + bo" +60 +... +6, 0" + 
by 4 and B respectively. 


If we multiply these series together we obtain a result of 
the forin 


ab, + (a,b, + @,b,) @ + (a,b, + a,b, + a,b) 2° + 


Suppose this series to be continued to infinity and let us 
denote it by ('; then we have to examine under what conditions 
C may be regarded as the true arithmetical equivalent of the 
product AS. 


First suppose that all the terms in A and B are positive. 


Let A,,, B,,, C,, denote the series formed by taking the first 
2n +1 terms of A, B, C' respectively. 


If we multiply together the two series A, , B,,, the coefficient 
of each power of « in their product is equal to the coefficient of 
the like power of x in C as far as the term #”"; but in 4, B,, 
there are terms containing powers of x higher than a", whilst 
x" is the highest power of « in C,,; hence 


A oe F Cx 


If we form the product 4,2, the last term is aba"; but 
C,, includes all the terms in the product and some other terms 
besides ; hence 


C,, Age. 


au 
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Thus C,,, is intermediate in value between A,B, and A,, Bon; 
whatever be the value of n. 


Let A and B be convergent series ; put 
A,=A=4,; B,=8 = Y, 


where X and Y are the remainders after n +1 terms of the series 
have been taken; then when is infinite X and Y are both 
indefinitely small. 


AB =(A-2X)(B-Y)=AB-BX-AV+XY; 
therefore the limit of 4B, is AB, since A and B are both finite. 
Similarly, the limit of A, B, is AB. 


Therefore C’ which is the limit of C’,, must be equal to AB 
since it lies between the limits of 4B, and A,B 


2n° 2n° 
Next suppose the terms in A and # are not all of the same 
‘sign. 
In this case the inequalities A,B, >C, > A,B, are not 


Qn Qn 


necessarily true, and we cannot reason as in the former case, 


Let us denote the aggregates of the positive terms in the 
two series by P, P’ respectively, and the aggregates of the 
negative terms by WN, WN’; so that 


A == ND ae — Nig 


Then if each of the expressions P, P’, V, V’ represents a con 
vergent series, the equation 


AB=PP’— NP'—PN’'+ NN, 


has a meaning perfectly intelligivle, for each of the expressions 
PP’, NI, PN', NN’ is a convergent series, by the former part 
of the proposition ; and thus the product of the two series A and 
B is a convergent series. 


Hence the product of two series will be convergent provided 
that the sum of all the terms of the same sign in each is a cor- 
vergent serves, 


But if each of the expressions P, VV, P’, N’ represents a 
divergent series (as in the preceding article, where also P’ =P 
and V’=), then all the expressions Peleg NP PN’, NN’ are 
divergent series. When this is the case, a pauper investiga- 
tion is necessary in each particular example in order to ascertain 
whether the product is convergent or not. 
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*EXAMPLES. XXI. b. 


Find whether the following series are convergent or divergent: 


1 


ge Seo ata lek ted, oe 


Lool+ 5 * ato dae oe bp eoreres en 
Bae ab pn sae Oe oe Ce LE pte 
LOR NF TGS TO 1S. tee a 
2 92 # 22, 42, 62 
3. + sats 5 6" +3.4.5.6.7.87 to 
Qe 3272 4873 BAA 
4 1+ 7) + ae oy =H cn sicne 
12 4 
iy apse Pe 45 4 akg aa 
Rg a alice Pa 
* 92 92, 42 22 42. 62 eeneee 
eu=—~@ l+a)a(1— 2 
Me ] + ch =f) + ( +2) c y ( a) 
12 2 
, Gta) +a) a(1-a) 2- a) (3- a) 


1?, 92 .32 seece 


a being a proper fraction. 


a+u 
a 
a 
9 1+ 1. 
10. wx? (log 
ll. l+a+ 
12. ike Up 


Ts 
integer, shew 


(a+20)? | (a+32)? 


ie 3 


seeeee 


TEE RAT CE REN 
1.2.3.yy+)DGy+2) 


-B,,a(a+1) 6 (8+1) 


+ 


2)? + 2° (log 3)?+ 2° (log 4)?+...... 
a(a+1) a(a+1) (a+2) 
ei e— sets Cl. 


mt Ant t+ Bak? + Onto +.. 
n+ an®* + bn + on ep) 
that the series +U,+Us+...... is convergent if 


, where & is a positive 


A-—a-1 is positive, and divergent if A -—@—1 is negative or zero. 


CHAPTER XXII. 
UNDETERMINED COEFFICIENTS. 


309. In Art. 230 of the Elementary Algebra, it was proved 
that if any rational integral function of « vanishes when z=a, 
it is divisible by x—a. [See also Art. 514. Cor.] 


n—1 n—-2 


Let Po + p20" + pt ~* + w.ceee +P, 


be a rational integral function of x of n dimensions, which 
vanishes when is equal to each of the unequal quantities 


@1a,, Gy 2s: a. 


Denote the function by f(x); then since f(x) is divisible 
by x-a,, we have 


S (@) = (@—4,) (py + oe eee iy 


the quotient being of 2-1 dimensions. 


Similarly, since f(x) is divisible by w—a,, we have 


pee iata = (2 — ag) (pet? + eevee )y 
the quotient being of m — 2 dimensions ; and 
Poe Pac (EOD ot ss csee ). 


Teer eee eee eee eee eee ee ee eee ee ee ee eer) 


Proceeding in this way, we shall finally obtain after » di- 
visions 
f(t)=p, (aa) (a) (#—a,) ...... (ea) 
310. Ifa rational integral function of n dimensions vanishes 


for more than n values of the variable, the coefficient of each power 
of the variable must be zero. 


Let the function be denoted by f(x), where 


F (a) = pe" + po + pa"? & 000. +),3 
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and suppuse that f(x) vanishes when x is equal to each of the 
unequal values yy Ogg Wy verre a,; then 


S(@) =p, (e— 4) (@=4,) (wa) «..... (@— a) 
Let c be another value of « which makes /(«#) vanish ; then 
since f (c) = 0, we have 
p, (¢— &,) (¢—a,) (¢—4a,) ..... (c—a,)=0; 


and therefore p,=0, since, by hypothesis, none of the other 
factors is equal to zero. Hence J (x) reduces to 


hae 


By hypothesis this expression vanishes for more than 7 values 
of x, and therefore p, = 0. 


n—1 -3 


ph a * + ge ate ae ses +p. . 


In a similar manner we may shew that each of the coefficients 
(One Whey 010008 p, must be equal to zero. 


This result may also be enunciated as follows: 


If a rational integral function of n dimensions vanishes for 
more than n values of the variable, it must vanish for every value 
of the variable. 


Cor. If the function f(x) vanishes for more than 7 values 
of x, the equation f (x) = 0 has more than n roots. 


Hence also, if an equation of n dimensions has more than n 
roots it is an identity. 


Example. Prove that 


(e—b)(e—c)  (e-c)(w-a) | (w—a)(x—b) 
(a) (a—e) * (be) (b—a) " (e~a) (¢-d)— 
This equation is of two dimensions, and it is evidently satisfied by each 
of the three values a, b, c; hence it is an identity. 


311. Jf two rational integral functions of n dimensions are 
equal for more than n values of the variable, they are equal for 
every value of the variable, 


Suppose that the two functions 
peep te ea © A +7, 
7 Pi SC FRc 0) id ons a ee +9, 
are equal for more than m values of «; then the expression 


(P= Gere Hg) eo FE Peg, ee nae +\ p= ¥,) 
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vanishes for more than m values of «; and therefore, by the 
preceding article, 
Po- % = 9, P,-9,=9, P,-%,=9, pes, Pigg Ho3 
that is, 
Po= QV Py Sop P2=s> eS I Pens 
Hence the two expressions are identical, and therefore are 
equal for every value of the variable. Thus 


uf two rational integral functions are identically equal, we may 
equate the coefficients of the like powers of the variable. 


This is the principle we assumed in the Elementary Algebra, 
Art. 227. 


Cor. This proposition still holds if one of the functions is 
of lower dimensions than the other. For instance, if 
Dh + pe pT pr... +p, 
ct) i ae ee +9, 
we have only to suppose that in the above investigation g,=0, 
g,= 0, and then we obtain 


P,=9, BD Bed hls Ign) bee Pa = Ue 


312. The theorem of the preceding article is usually referred 
to as the Principle of Undetermined Coefficeents. ‘The application 
of this principle is illustrated in the following examples. 


Example1, Find the sum of the series 
1.242.343 .44......00000 +n(n+1). 


Assume that 
1.242.343.44+...4n(n+1)=4A+Bn+4 Cn?+ Dn? + Ent+..., 
where A, B, C, D, £,... are quantities independent of n, whose values have 
to be determined. 
Change n into n+1; then 
1.242.34+...+n(n+1)+(n+1) (n+2) 
=A+B (nt+1)4+C (n+1)?+D (n+1)3+H (n+1)4+.... 
By subtraction, 
{n+1) (n+2)=B+C (2n+1)+ D (3n?+3n+1)+H (An? + 6n?+4n+1)+.... 
This equation being true for all integral values of n, the coefficients of the 
respective powers of n on each side must be equal; thus # and all succeeding 
coetticients must be equal to zero, and 
8D=1; 38D+2C=3; D+C+B=2; 


id 2 
whence =a) C=i; B=3- 
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1 
Hence the sum =A oe n+ 3" 


To find A, put ne 1; the series then reduces to its first term, and 


2=A+2, or A=0. 


if 
Hence 1.24+2.34+38.4+...¢n(nt1)=3 0 (n+1) (n+2). 


Nore. It will be seen from this example that when the n™ term is a 
rational integral function of nm, it is sutticient to assume for the sum a 
function of n which is of one dimension higher than the n“ term of the 
series. 


Example 2. Find the conditions that «+ pa? +qa+7r may be divisible by 


zw +an+b. 


Assume + pa +qe+r=(x+k) (22*+ar+). 
Equating the coefficients of the like powers of x, we have 


From the last equation k= 


kt+a=p, ak+b=q, kb=r. 
o 


53 hence by substitution we obtain 


r ar 
pto=P and 5 +b=q; 


that is, r=b (p—a), and ar=b(q-b); 


which are the conditions required. 


EXAMPLES. XXII.a, 


Find by the method of Undetermined Coefficients the sum of 


1, 12+37+52+'72+...to n terms, 

2 1.2.342.3.44+3.4.5+4+...to n terms. 

3. 1.2?+2.3?+3.4?+4.5?+...t0 m terms. 

4, 184+33+53+73+...to m terms. 

5, 14+2'+34+44+,.,to m terms. 

6. Find the condition that «°-—3p2+2g may be divisible by a 


factor of the form 2?+ 2ax + a2. 


7. Find the conditions that aa + ba*+cx +d may be a perfect cube, 
8. Find the conditions that a’x++bx34+ca®+dr+/f? may be a 


perfect square. 


9. Prove that axv?+2bay+cy?+2du+2ey+f is a perfect square, 


if Pmac, d?=af, &mey 
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10. Ifaz*+bx?+cx+d is divisible by 2?+h?, prove that ad=be. 
ll. If«*-5qx+4r is divisible by (x —c)?, shew that q*=r'. 
12. Prove the identities : 
a*(x—b)(x-c) 6?(x—-c)(x—a) c(z—a)(z—b)_ 
(a-b)(a-c) © (b-c)(—a) *(e—a)(e-b) ~ 
(2) (v-6)(e—e)(e=d) | (@-e)(x~d)(x~a) 
(a—6)(a-—c)(a-d) (b-—c)(b—d)(b-a) 
4, (22 D(z -4)(x = 6) (z—a)(x—b)(x—c) _ 
(e-—d)(c —a)(c —b) (d—a)(d—b)(d—c) — 


13. Find the condition that 
ax* + 2hay + by? + 2gx+2fyte 
may be the product of two factors of the form 
pergy+r, parqy+r. 


14. If é=le+my+nz, n=nat+ly+mz, C=mx+ny+lz, and if the 
same equations are true for all values of x, y, z when &, 7, ¢ are inter- 
changed with z, y, z respectively, shew that 


?+2mn=1, m?+2in=0, n?+2lm=0. 


15. Shew that the sum of the products n—r together of the n 
quantities a, a*, a’, ... a” is 
(a"t1 —1)(a"t?—1)...(a"—1) ah n—rin—r42), 
(a —1)(a?-1)...(a"-” -1) 


313. If the infinite serves ag +a,X + aX? + agx°+...... as equal 
to zero for every finite value of x for which the series 1s convergent, 
then each coefficient must be equal to zero identically. 


Let the series be denoted by S, and let S, stand for the ex- 
pression 4, +dyf+ gf" +...... ; then S=a)+zS,, and therefore, 
by hypothesis, a) +aS,=0 for all finite values of z. But since S 
is convergent, S, cannot exceed some finite limit; therefore by 
taking z small enough wS, may be made as small as we please. 
In this case the limit of S is ag; but S is always zero, therefore 
dy must be equal to zero identically. 


Removing the term ag, we have zS,=0 for all finite values of 
xz; that is, a, +a.¢+agr*+...... vanishes for all finite values of a. 


Similarly, we may prove in succession that each of the 
coefficients a1, A, 4g, ..-..- is equal to zero identically. 
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314. If two infinite series are equal to one another for every 
finite value of the variable for which both series are convergent, the 
coefficients of like powers of the variable in the two series are equal. 


Suppose that the two series are denoted by 
A, + A,0 + 0,0" + 0,0 + ...... 
and A,+Ayo+ Aya? +A o?t...... ; 
then the expression 
a,—A,+ (a,—A,) 2+ (a,—A,) 2° +(a,—A,) @*+...... 


vanishes for all values of « within the assigned limits; therefore 
by the last article 


a,-A,=0, a,—A,=0, a,—A,=0, a, —A,=0,...... 


2 


that is, a,=A,, a,=A,, a,=A 


a . 
2? 3 grttee “3 


which proves the proposition. 


9 


x ° ° . 
q2 iD & series of ascending powers of x as far 


2 
Example 1. Expand as 


as the term involving 2°. 


2+ 2? 
Let Teg age tht tage tage + ..., 
where a), @,, d), @j,... are constants whose values are to be determined; then 


2+4a?=(1+e- 27) (agta,e+ayx?+a,23+...). 


In this equation we may equate the coefficients of like powers of « on 
each side. On the right- hand side the coeftticient of a” is a,+a,_,—dy_o; 
and therefore, since x” is the highest power of « on the left, for all values of 
n>2 we have 


Ay t+ yn) — Ang = 93 


this will suffice to find the successive coefficients after the first three have 
been obtained. ‘To determine these we have the equations 


Q=2, a; +a)=0, agt+a,-—a,=1; 
whence do =2),.0)—!—2,.d,==5. 
Also a3+d,—a,=0, whence a,= —7; 
a4+43—a,=0, whence a,=12; 
and a,+a,—a,=0, whence a,= —19; 
242 


peg Re tel Natta Loe 


thus 
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Example 2. Prove that if n and r are positive integers 


nt —n (n—1)+ aes) (n—gyr— Bat n=?) (n—8)"-4.., 
2 : 


is equal to 0 if r be less than n, and to |n if r=n, 


2 3 4 n 
We haye {eX — 1) 8 = Ene ra ae 
eB S 
=<" + terms containing higher powers of z...(1). 
Again, by the Binomial Theorem, 


(e® — 1)" em — nem 4.” Denne be ae ee (2). 


By expanding each of the terms e™, e™—)*,_.. we find that the coefficient 
of x” in (2) is 
nt (n-1)" | n(n—1) (n-2)" _n(m-1)(n—-2) (n-3)" 
Ex irae earn Sarsian WF 


and by equating the coefficients of 27 in (1) and (2) the result follows. 


Example 3. If y=ant+bz*+ca8+...... ; 
express # in ascending powers of y as far as the term involving y*. 
Assume c=pytqy’?+rye+...... ; 
and substitute in the given series; thus 
y=a(py+qy?+ryet...)+0(pytqy?+...)? +e (py ty? + .)B+ scsome 


Equating coefficients of like powers of y, we have 


1 
ap=1; whence P=: 


b 
aq+bp*=0; whence g= si 


2b? ¢ 


ar + 2bpq +cp®=0; whence r=—; — 74. 


2 (2p2_ 8 
_¥ _ by eal ae) Fs 


8 zx = 
Thu a ae a 


This is an example of Reversion of Series. 


Cor. If the series for y be given in the form 
y=k+axrt+ba?+cax>+.:. 
put y—k=z; 
then zg=ar+bae?+c2+...; 


from which « may be expanded in ascending powers of z, that is of y —k. 
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EXAMPLES. XXII. b. 


Expand the following expressions in ascending powers of # as far 
as x ; 


1 1+2¢ 2 1-8% 3 l+z 
* l-g-2* * l-2-62"" ° 94e4+a2 
84+24 if 
eras ie a 
at+bz 


6. Find a and 6 so that the n™ term in the expansion of 
may be (387 —2)2"—1. 
7, Find a, 6, ¢ so that the coefficient of 2" in the expansion of 
a+ be+ cx? 
es may be n?+1. 
8, Ify?+2y=a(y+1), shew that one value of y is 
set da? —syatt...... 
9, Ifcx?+ax—y=0, shew that one value of z is 
Be tS7o) Woctyt 
aa a a 
Hence shew that «=°00999999 is an approximate solution of the 
equation #°+100¢—1=0. To how many places of decimals is the 
result correct ? 
10. In the expansion of (1+.2) (1+az) (1+a%x) (l+a%z)...... , the 
number of factors being infinite, and a < 1, shew that the coetiicient of 


(2) 


weeeee 


at is : fae 
(1 —a@) (1—-a@?) (1-a@)...... (l-a@) 4 
11. When a <1, find the coefficient of #” in the expansion of 
1 
(1 -— aw) (1—a@r) (1—air)...... to inf. * 
12. Ifnis a positive integer, shew that 
-l 
(1) n®tl-n(n— ate ne (U2 ere a =n jut]; 
(2) n*—(n+1) eas sya tater kag OB Sy sees =, 
2 > 
the series in each case being extended to m terms; and 
n(r—I 
(3) n— nang RY gu eceiee =(—1)" [5 
n(n—1) 
(4) ae 2 arm aes da) err (n+p —2)"—...... = Ins 


the series in the last two cases being extended to n+1 terms, 


CHAP RE Re SOL 
PARTIAL FRACTIONS. 


315. In elementary Algebra, a group of fractions connected 
by the signs of addition and subtraction is reduced to a more 
simple form by being collected into one single fraction whose 
denominator is the lowest common denominator of the given 
fractions. But the converse process of separating a fraction into 
a group of simpler, or partial, fractions is often required. For 
example, if we wish to expand nee in a series of ascend- 

ee = be + Be 

ing powers of «, we might use the method of Art. 314, Ex. 1, and 
so obtain as many terms as we please. But if we wish to find the 
general term of the series this method is inapplicable, and it is 
simpler to express the given fraction in the equivalent form 
— a7. Each of the expressions (1—a)~' and (1 — 3x) 
can now be expanded by the Binomial Theorem, and the general 
term obtained. 


316. In the present chapter we shall give some examples 
illustrating the decomposition of a rational fraction into partial 
fractions. For a fuller discussion of the subject the reader is 
referred to Serret’s Cours d’ Algébre Supérieure, or to treatises on 
the Integral Calculus. In these works it is proved that any 
rational fraction may be resolved into a series of partial fractions; 
and that to any linear factor «—a in the denominator there cor- 


4 : A j 
responds a partial fraction of the form Pert to any linear 


factor «—6 occurring twice in the denominator there correspond 


ah and aoa If «—6 occurs three 


times, there is an additional fraction aap and so on. To 


a —b)?* ’ 


two partial fractions, 
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any quadratic factor 2*+pa+q there corresponds a partial 
Px+Q 


fraction of the form — 


; if the factor «*+ px +q occurs 
x“e+per+g 


Px+Q, 


twice, there is a second partial fraction far: ; and so on. 


xz +q)°’ 
Here the quantities A,, B, B,, B,...... P, Q, P,, Q, are all 
independent of «. 


We shall make use of these results in the examples that 
follow. 


Example 1. Separate mo into partial fractions. 
Since the denominator 2x2?+2-—6=(x+2) (22-3), we assume 
5a—11 A B 
tg ta-6 2421 Oe—3’ 

where A and B are quantities independent of x whose values have to be 
determined. 

Clearing of fractions, 

5a -11=A (2x -3)+B (x+2). 
Since this equation is identically true, we may equate coeftlicients of like 


powers of z; thus 
24+B=5, —3442B=-11; 


whence A=3, b= —le 
Sa-11 8 1 
Qe%*+2-6 2+2 Qe-3' 
me+n : : 
E le 2. Resolve ————_—. i 
azample esolve (@—a) (+8) into partial fractions, 
Assume Loe oer oF <s 
(c-a)(v+b) x-a‘ xz+b° 
me+nN=A (%+b)+B(e—a)........cceccceees (1). 


We might now equate coefficients and find the values of A and B, but it 
is simpler to proceed in the following manner. 


Since A and B are independent of x, we may give to z any value we please. 
In (1) put x-a=0, or e=a; then 
_matn. 
~ a+b’ 
mb —n 
a+b 
ig a Eg ey ee N 
“* (@-a)(a+b) at+b\ c-a ~ x+b)° 


putting #+b=0, orz=—-b, B= 
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%z—11z* 
Ezempl: 3. Resolve Gay (gz mio Partial fraction 
- 22-11 A oa 
@z-1) @+2)@—-2) %-1° 342°3-2°°°"7 (1); 


. M2-1lG=A (56 +2) (2-2) +B (22-1) (8-2) + C (22-1) (342). 


By putting in succession 2x—-1=0, 3+2=0, 3—2x=0, we find that 
A=1, B=4, C=-1. 


., Me-lls Reco 1 
(2z-1) (9-2) %-1° 34+z 3-2° 


327+ 2-2 
(z-2)° (1-22) 


Pat bet Le Pe = Oe 
(2-2)? (1-22) 1-22 ° z-2° (4 -2)?’ 
. 32°+2-2=A (4—-2)+B (1— 2x) (x-2)4+C (1-22), 


Ezample 4. Besolve into partial fractions, 


Ageume 


Let 1-22=0, then i= — 
let  -2=0, then C= -4, 
To find B, equate the coefficients of z?; thus 


3=A-—2B; whence B= -- 


ool Or 


aA +e-2 1 5 4 
(c-2)(1-2z) 3(1-2z) 3(¢-2) (x-2)3° 


: 42-192 
Example 5. Fesolve @+)@-4 into partial fractions, 


42-192 _Ac+B. C 


peonese (@+i)(e-4) #41 *7-4' 
42 -192=(Ax+B) (2-4) +C (2241). 
Let «=4, then C= -2; 


equating coefficients of z’, 0=A+C, and A=2; 
equating the absolute terms, 42= —-4B+C,and B= —-11 


ropete ig teeil 2~ 
°* (@+1)(2-4)” w?4+1 4-4" 


317. The artifice employed in the following example 
sometimes be found useful. 


will 
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Fs, 2 
POS AMERGIA” inte wartinl trectdamal 


Example. a e=3)"e+1) 
A gemety eee A 
a ere (a-2)8 (+1) er1" (@—2)8’ 


where A is some constant, and f (x) a function of « whose value remains to 
be determinea. 
9a? — 24224 48~= A (w-2)4+ (w+1) f(a). 
Let «= —1, then A=W 
Substituting for A and transposing, 
(w +1) f (x) =(«— 2)4+ 9a — 2407 + 48x =a4+03+160+16; 


we f (a) =a3 +16. 
, : : : +16 
To determine the partial fractions corresponding to e-2)” put 7-2=2; 
h 416  (2+2)84+16 284 62?+122+424 
agen (c—2)4 — z4 a 2 
a co 24 
= tatgta 
Ne 6 - 12 a 24 
~e—2 (c—2)? “ (c-2)8 * @—2)8° 
, 908-2424 48 1 § 6 3. 12 ys 24 
°° “(a@—2)4(@+1)  wt+1° w-2 ° (w- 2)?" (a@-2)8 © (e—2)8° 


318. In all the preceding examples the numerator has been 
of lower dimensions than the denominator ; if this is not the case, 
we divide the numerator by the denominator until a remainder is 
obtained which is of lower dimensions than the denominator. 

6aS+ 502-7 . E : 
Example. Resolve a aeae into partial fractions. 
By division, 

623 + 5a? — 7 8a -4 

Salatond "Bato oe 1," 

re Li 

3a°— 92-1 Sa41 + 2-1? 

603 + 5a? — 7 5 il 
“Gel Sty 1 ee RIS eT” 


319. We shall now explain how resolution into partial 
fractions may be used to facilitate the expansion of a rational 
fraction in ascending powers of x. 


and 
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Example1. Find the general term of eee 
yee 
series of ascending powers of z. 


By Ex. 4, Art. 316, we have 


when expanded in a 


Bx%+r-2 1 5 4 
(w-2)?(1-2z) ~ B(1-22) 3(z-2) (x—-2)? 
1 5 4 


a2 (fl —97) 
1 wa 85 \a LONeS 
=—, (1-22) aa (1-5) - (1 -§) 4 


Hence the general term of the expansion is 
( 454 Tort) ) z 
—-st+a-en- a)". 


316° ar oF 


Example 2. Expand aay ias in ascending powers of # and find 


the general term. 


Assume RS aaee | ee Ee Pas. 
(l+z)(1+27) l+a2 1+2 
7+a=A (1+a*)+(Be+C)(1+2). 
Let 1+z=0, then A=3; 
7=A+C, whence C=4; 


equating the absolute terms, 
equating the coefficients of z?7, 0=A+B, 
T+2 3 4- 3a 
(42) (140%) 1+2 ite 
=3 (1+ 2)-1+ (4-32) (1+2°)74 
=3 {l-z+a?-....., +(-1)P2P+...} 
+ (4-82) {l-ax?+a4-...... +(-1)P2?P+...}, 


whence B= —8, 


To find the coefficient of x”: 
je 
2. 


(1) If ris even, the coefficient of z* in the second series is 4 (~—1)?; 
fi 
therefore in the expansion the coefficient of x” is 3+4(-1)?. 


r—1 


(2) If ris odd, the coefficient of «in the second series is —3(-1) an 
r+ 


and the required coefficient is 3(-1) 7 —3. 
EXAMPLES. XXIII. 


Resolve into partial fractions : 


1 74-1 2 4641327 3 Lee 2a? 
* 1-590-+ 6a?" * 120-112-165" * (1-22) (1-2) 
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4 t= l0r+18 5 tw 0-3 
" (@—1) (a —5x+6) * w(a@—1) (2e+3)° 
: 9 - a* — 323 — 3x? +10 
G1) (ero ' “G+ (@_3) 
Ne 26x? + 2082 9 2x7 —lle+5 
" (@2-41) (@+5)° * @—8) (@+ 2a 5)" 
3a — Bx? : a+5ban 
pee Ser a eal ap 
(@—1) (w?—1) (w@+1) 


Find the general term of the following expressions when expanded 
in ascending powers of x. 


1+32 52+6 +77 +3 
aie lla +2822" be (2+.2) (l—2)’ ES 2+72+10° 
Qa —4 4+ 324+ 22° 
a (1 = w*) (1— 22)" a (1-2) (1+a— 222)’ 
34+ %r—x? 447% 
UE (1+.z) (1—42)?" a8. (2+32) (1+.)?° 
Qe+1 11-4422? 
‘a (@—1) (#+41)° tt (1-2) 
1 3 — 2.22 
aa (1 —azx) (1—bx) (1 — ex)" - (2—32+.27)2° 
23. Find the sum of » terms of the series 
(ages il es @ dint a 
(1-2) (1+2%) * (1a) (+28) * (Ta) tat) to 
x (1-av) ax (1 — a2) 
(2) (1+.2) (1+az) (1+ az) a (1+az) (1+a2z) (1 Fain) see 
24. When «x <1, find the sum of the infinite series 


1 


4 


(i-2) d-a)* 


aa) 7=a5 + 


25. Sum to » terms the series whose p* term is 
xP (1+ P41) 
(1=a®) (1—aP *1) (1a 2) 


xv 
@ — 2°) al apy 


_ 26, Prove that the sum of the homogeneous products of » dimen- 
sions which can be formed of the letters a, b, ¢ and their powers is 


an*?(b—o) + b"+2(¢—a) +0%*2 (ab) 
a? (b- c) +82 (c—a) +e (a— bles 


CHAPTER XXIV. 


RECURRING SERIES. 


320. Aseries U,+U,+U,+U,+...... 


in which from and after a certain term each term is equal to the 
sum of a fixed number of the preceding terms multiplied respec- 
tively by certain constants is called a recurring series. 


321. In the series 
14+ 2%+ 3a? + 40° + Batt ...... ; 


each term after the second is equal to the sum of the two 
preceding terms multiplied respectively by the constants 2a, and 
—a’; these quantities being called constants because they are 
the same for all values of n, Thus 


5a = 2a, 40° + (— a). 3x? ; 
that is, 
U, = 20u, — xu, ; 
and generally when 7 is greater than 1, each term is connected 
with the two that immediately precede it by the equation 


Wi, NU Ue 
n n—-2 


n—-1 
or ,—2eu + x'u =. 
In this equation the coefficients of u,, vu, ,, and w,_,, taken 
with their proper signs, form what is called the scale of relation. 
Thus the series 
1+ 2a + 32° + 40° + 5a*+...... 
is a recurring series in which the scale of relation is 


jie Brpictewriges 


322. If the scale of relation of a recurring series is given, 
any term can be found when a sufficient number of the preceding 
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terms are known. As the method of procedure is the same 
however many terms the scale of relation may consist of, the 
following illustration will be sufficient. 


If 1 — pu — qa’? — ra* 
is the scale of relation of the series 


2 3 
A, + 6,0 4+0,0° + O09 + 0.2... 
we have 


Ajeee a ptt 2 
Ge =pe.d @ +qe .d Go. hs 


+ ga + 7a 


x2 n—3) 


or x = Pa) 


thus any coeflicient can be found when the coefticients of the 
three preceding terms are known. 


323. Conversely, if a sufficient number of the terms of a 
series be given, the scale of relation may be found. 


Example. Find the scale of relation of the recurring series 
24524 182?+4 3525+ ...... 
Let the scale of relation be 1-px-—qzx?; then to obtain p and q we have 
the equations 13 —5p —2q=0, and 35 -13p —-5q=0; 
whence p=5, and g= — 6, thus the scale of relation is 
1-—52+ 62". 


324. If the scale of relation consists of 3 terms it involves 
2 constants, p and q; and we must have 2 equations to de- 
termine » and g. To obtain the first of these we must know 
at least 3 terms of the series, and to obtain the second we 
must have one more term given. ‘Thus to obtain a scale of 
relation involving two constants we must have at least 4 terms 
given. 


If the scale of relation be 1 —pa—qa’— rx’, to find the 
3 constants we must have 3 equations. To obtain the first of 
these we must know at least 4 terms of the series, and to obtain 
the other two we must have two more terms given; hence to find 
a scale of relation involving 3 constants, at least 6 terms of the 
series must be given. 


Generally, to find a scale of relation involving m constants, 
we must know at least 2m consecutive terms. 


Conversely, if 2 consecutive terms are given, we may assume 
for the scale of relation 


1 —p,x — pa? — py —...... — pa”. 
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325. To sind the sum of n terms of a recurring serves. 


The method of finding the sum is the same whatever be the 
scale of relation; for simplicity we shall suppose it to contain 
only two constants, 


Let the series be 


Dy H.C Oye! te OM? eos eee eee esenntnseene (1) 


and let the sum be S; let the scale of relation be 1 — px —gqu’; 
so that for every value of » greater than 1, we have 


G, — pa, _,—qa,_,= 9. 
n-l 


Now S=a,+ a+ a,a?+...4+ a2", 


me ps a iS n—) at 
—pe S= —papo—pa,e'—...—pa,_@'—pa_ x", 


— qa? S= — ga —...—ga,_""'—qa,_a"—ga,_,a"*?, 
w. (l—pu — ga’) S=a,+(a,—pa,) x —(pa,_,+qa,_,) & —qa,_,2"", 
for the coefficient of every other power of «x is zero in consequence 
of the relation 
bes SE ED =i 0. 
i Ss a a, aa (a, — pa,) x pee (pa,_, is qt,_») x” ay qa,_ 0" 
; 1 — pa qa’ 1 — px — qa’ 

Thus the sum of a recurring series is a fraction whose de- 

nominator is the scale of relation. 


326. If the second fraction in the result of the last article 
decreases indefinitely as increases indefinitely, the sum of an 


infinite number of terms reduces to Ba By 0%) 
l-pu-qu 


If we develop this fraction in ascending powers of « as 


explained in Art. 314, we shall obtain as many terms of the 
original series as we please ; for this reason the expression 


a, + (a, = Pty) & 
1 — px - qa’ 
is called the generating function of the series. 


327. From the result of Art. 325, we obtain 
a, + (a, — pa,) # 
1 — pa — ga? 


2 n—1 
FSA +AL+ ae +... +d, _ 2% 


i (pa,_, +qa,_,)@"+ga,_0"*) 
1 — pu — ga’ ? 
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from which we see that although the generating function 
a, + (a, — pa,) # 
1 — pa — ga’ 
may be used to obtain as many terms of the series as we please, 
it can be regarded as the true equivalent of the infinite series 
a, +0,0+ G27 + ...... 
only if the remainder 
(pa,,_, a qa, _.) x” ais q@,,_,% 
1 — pa — gx’ 


n+l 


vanishes when 7 is indefinitely increased; in other words only 
when the series is convergent. 


328. When the generating function can be expressed as a 
group of partial fractions the general term of a recurring series 
may be easily found. Thus, suppose the generating function 
can be decomposed into the partial fractions 


A in B C 
l—ax” 1+bx” (1 —ca)?* 
Then the general term is 
{Aa’ + (— 1)’ Bb" + (r +1) Cota’. 


In this case the sum of m terms may be found without using 
the method of Art. 325. 


Example. Find the generating function, the general term, and the sum 
to n terms of the recurring series 


1-—Tx-2#?— 4823 -...... 
Let the scale of relation be 1- px-—qa?; then 
-1+7p-—q=0, -43+p+7q=0; 
whence p=1, g=6; and the scale of relation is 


1-2 —6z?. 


Let S denote the sum of the series; then 


S=1-Te— a?-4823_...... 
-a@S= - #+7a?+ 23+....., 
- 62°S= > 622 + 42034 12. 
(1-a#- 62?) S=1-8z, 
1-82 
peer 1 


which is the generating function. 
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i into partial fractions, we obtain a - a= ; 
whence the (r+ 1) or general term is 
{(- 1) 2741-39) ar, 

Putting r=0, 1,2). 50 —1; 
the sum to n terms 

= {2 — 27a + 23a? — ... 4+ (— 1)" 12" a" 1} — (14 3a + 82x? +... 4.3% 1 gr) 

mee (eo ee a ae 

1+ 2 1-32 


If we separate 


329. To find the general term and sum of n terms of the 
recurring series @,+@,+4,+ ...... , we have only to find the 
general term and sum of the series a,+a,"+a,@°+...... , and put 
x= 1 in the results. 


Example. Find the general term and sum of nm terms of the series 


1+6+4+24+84+...... 


The scale of relation of the series 1+ 6x + 24a?+84a3+... is 1-5x2+ 622, 
l+z 


and the generating function is i-5eiba’ 


This expression is equivalent to the partial fractions 


KS ae 
1-3” 1-22" 
If these expressions be expanded in ascending powers of « the general 
term is (4.38°-3. 2") a", 
Hence the general term of the given series is 4.3"—3. 2"; and the sum 
of n terms is 2 (3"-—1)-3 (2-1). 


330. We may remind the student that in the preceding 
article the generating function cannot be taken as the sum of 
the series 

1+ 6a + 240° + 840°+...... 
except when « has such a value as to make the series convergent, 
Hence when #=1 (in which case the series is obviously divergent) 
the generating function is not a true equivalent of the series. 
But the general term of 
1+64+244+84+4...... 


ts independent of x, and whatever value x may have it will always 
be the coefficient of x” in 
1+ 6x + 240° + 84u° + ....... 


We therefore treat this as a convergent series and find its 
general term in the usual way, and then put x=1. 
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EXAMPLES. XXIV. 


Find the generating function and the general term of the following 
series: 


1. 14504 9a? +13a°+....... 2, 2-#4+52?—7a34+....... 
8. 24+-37+52°+9234+....... 4, 7-674+927?4+27a*+....... 
5, 346274 1422+ 3623+ 9821+ 2762°+....... 


Find the z™ term and the sum to z terms of the following series: 
6. 2+54134-35-4....4.. Tra crad 484° 4.3028 4.2589 
8. 2+ 7e+25n?4+91as+....... 

9, 1420+ 622+ 2023 + 6624+ 212254 ....... 


3 
10. —gt2t0t+8+ Rae 
1]. Shew that the series 
124-274-324 474 000... +3, 


14284394484 ...... +n, 
are recurring series, and find their scales of relation. 


12. Shew how to deduce the sum of the first » terms of the re- 
curring series 
Ay tae + Ax? + agt3 + .0.... 
from the sum to infinity. 


13. Find the sum of 2x+1 terms of the series 
8-14+138-9+41-—53+4+....... 
14, The scales of the recurring series 
Ay Faye + Ayx? + Ag0F +000... : 
by +b, e+ box? + bowF +o... . 


are 1+pa+ga", 1+ra+sx*, respectively; shew that the series whose 
general term is (a,+0,) 2” is a recurring series whose scale is 


l+(p+r)et(g+stpr) x? + (gr+ps) 2+ ¢sx', 

15. Ifa series be formed having for its n** term the sum of 2 terms 
of a given recurring series, shew that it will also form a recurring 
series whose scale of relation will consist of one more term than that 
of the given series. 


CHAPTER XXvV. 


CONTINUED FRACTIONS, 


b 
331. An expression of the form a+ 7 is called a 
Gi 
e+... 
continued fraction; here the letters a, d, ¢,...... may denote any 
quantities whatever, but for the present we shall only consider 
; 1 ae 
the simpler form a, + i , where a,, @,, a,,... are positive 
a,+— 
cl Unde g 
integers. This will be usually written in the more ¢eompact form 
Fee 2 
Oe ees 
a, + Ay + 


332. When the number of quotients a,, a,, a,,... is finite the 
continued fraction is said to be terminating ; if the number of 
quotients is unlimited the fraction is called an infinite continued 
Jraction. 

It is possible to reduce every terminating continued fraction 
to an ordinary fraction by simplifying the fractions in succession 
beginning from the lowest. 


333. Lo convert a given fraction into a continued fraction. 
v : : a, 
Let “” be the given fraction; divide m by n, let a, be the 


n 
quotient and p the remainder ; thus 
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divide n by p, let a, be the quotient and g the remainder ; thus 


Lea a ts gies 
Be ea oP 
q 


divide p by q, let a, be the quotient and r the remainder ; and so 
on. Thus 
m . 1 1 1 
Lele 
i toed 1 1 a, + G,+ 
a, +—— 
a,+ 


Tf m is less than n, the first quotient is zero, and we put 
m 1 


m 2 


m 
and proceed as before. 


It will be observed that the above process is the same as that 
of finding the greatest common measure of m and 7; hence if m 
and m are commenswrable we shall at length arrive at a stage 
where the division is exact and the process terminates, Thus 
every fraction whose numerator and denominator are positive 
integers can be converted into a terminating continued fraction. 


251 
Example, Reduce : 


302 to a continued fraction. 


Finding the greatest common measure of 251 and 802 by the usual 
process, we have 


5 | 251 | 802 | 3 
6 6| 49] 8 
iL 


and the successive quotients are 3, 5, 8, 6; hence 


251 spew Pers Oy 
Tipe Bas Fes SER 


334. The fractions obtained by stopping at the first, second, 
iGhind enees quotients of a continued fraction are called the first, 
second, third,...... convergents, because, as will be shewn in 
Art. 339, each successive convergent is a nearer approximation 
to the true value of the continued fraction than any of the 
preceding convergents. 
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335. To shew that the convergents are alternately less and 
greater than the continued fraction. 


Let the continued fraction be a, + —— ——...... 
a 
2 


The first convergent is a,, and is too small because the part 


1 


a, + a, 
too et. because the denominator a, is too small. The third 


. is omitted. The second convergent is a, +—, and is 
a 


1 1 
convergent is a, + —, and is too small because a,+— is too 
a 


2 3 a, 
great ; and so on, 


When the given fraction is a proper fraction a, =0 ; if in this 
case we agree to consider zero as the first convergent, we may 
enunciate ihe above results as follows: 


The convergents of an odd order are all less, and the convergents 
of an even order are all greater, than the continued fraction. 


336. To establish the law of formation of the successive con- 
vergents. 


Let the continued fraction be denoted by 
1 1 1 


then the first three convergents are 
a, a,a,+1 a, (a,a,+1)+4, | 
thas a) a,.a,+1 ? 


and we see that the numerator of the third convergent may be 
formed by multiplying the numerator of the second convergent 
by the third quotient, and adding the numerator of the first con- 
vergent ; also that the denominator may be formed in a similar 


manner. 

Suppose that the successive convergents are formed, in a 
similar way ; let the numerators be denoted by PPP. Par---) and 
the denominators by q¢,, 9.) Yg)-- 


Assume that the law of formation holds for the m™ convergent ; 
that is, suppose 


P, = CNP, =i + Piss qn = a, Gn-1 a7 
K H.H.A. 
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The (n+ 1)™ convergent ditiers from the z® only in having 


the quotient a, + in the place of a,; hence the (x + 1)™ con- 


atl 
vergent 


1 
(«, bo) Pans uy ee a 


= ut a ED (Ca Py—1 ad PY, ne La 


(«, ig —) Gert @,4G, Tent * Wea) 4 Tyas 


an—-2 


atl 


+ ae 
= Sus Pa F Pam , by supposition. 
Qa VW a LESS 


If therefore we put 


Pas) = A+) Pr epee Vari = O41 qT, a Gna) 


we see that the numerator and denominator of the (x + 1)™ con- 
vergent follow the law which was supposed to hold in the case of 
the 2". But the law does hold in the case of the third con- 
vergent, hence it holds for the fourth, and so on; therefore it 
holds universally. 


337. It will be convenient to call a, the n™ partial quotient; 


the complete quotient at this stage being a, + : 


atl +2 Gate sue 


We shall usually denote the complete quotient at any stage by &. 
We have seen that 
Pa = Ge P= + Pras . 
Gag adi ag 
let the continued fraction be denoted by «; then « differs from 


i only in taking the complete quotient & instead of the partial 


quotient a,; thus 


one hte Pag: 
A: ae 


Ea ba Po be the nt convergent to a continued fraction, then 


Pa Go—1 — Po-14n = (- 1)". 
Let the continued fraction be denoted by 


a, + —— 
A,+ Agr a+ 
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then 


PEO NOS, FPL) e, PRN, G2 PT) 
ia (+ 1) 5 ty as di.) 
= (- 1)? (p,- Deed eas Gana) similarly, 
=(-1)"" (2,4 -F %)- 
But Poh — Pr I= (4, 4,+1)-a,.a,=1=(-1)*; 
hence CE PS OY fe Hm Wn 


When the continued fraction is less than unity, this result will 
still hold if we suppose that a,=0, and that the first convergent 
is zero. 


Nore. When we are calculating the numerical value of the successive 
convergents, the above theorem furnishes an easy test of the accuracy of the 
work. 


Cor. 1. Each convergent is in its lowest terms ; for if p, and 
g, had a common divisor it would divide p, ¢,_,—p,_1 9) Or unity ; 
which is impossible. 


Cor. 2. The difference between two successive convergents is 
a fraction whose numerator is unity ; for 
Vy ae Le Pee OAL 


Vn OP Tn Vn—1 Qn Vn=1 


EXAMPLES, XXV. a. 


Calculate the successive convergents to 


NN Eee Laden? 
oe eh gr a bE 


ES) One a any em salir & 


1 1 1 1 Led 


Foi? TiS asl tied and eh ete Oe 


Express the following quantities as continued fractions and find the 
fourth convergent to each. 


4 253 5, 822 1189 7, 729 
Te ee * 3927° * 316" 
$a, 237: 9, 1139. 10, 3029. 11, 4:316. 
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12. A metre is 39°37079 inches, shew by the theory of continued 
fractions that 32 metres is nearly equal to 35 yards. 


13. Find a series of fractions converging to ‘24226, the excess in 
days of the true tropical year over 365 days. 


14. A kilometre is very nearly equal to 62138 miles; shew that 

th Rackoulen oe = = 

ashame ee eee ae 11 
ratio of a kilometre to a mile. 


are successive approximations to the 


15. Two scales of equal length are divided into 162 and 209 equal 
parts respectively; if their zero points be coincident shew that the 
31° division of one nearly coincides with the 40 division of the other. 


n+n?—1 
Co V+n+n+1 


that the quotients are »—1 and n+1 alternately, and find the suc- 
cessive convergents. 


17. Shew that 


is converted into a continued fraction, shew 


(1) ins pene 
Qn+1—Gn-1 Yn 


(2) (* nba 1) (2 —Pn=1) = (%9— 1) ( ~fn=1) 
Pn Pn+u Yn In+1 
18, If P* is the n™ convergent to a continued fraction, and a, the 


corresponding quotient, shew that 


Pr+2dn-2 ~ Pn-29nt+2= %nr42* %nr41+ UF On¢gFAy- 


339. Hach convergent is nearer to the continued fraction than 
any of the preceding convergents. 


Let « denote the continued fraction, and Pr Put Piss 
q, Gna) Ore 


three consecutive convergents; then x differs from Pua only in 


taking the complete (n + 2) quotient in the place of a. denote 
this by &; thus pee ae Pp 
Ce ae Br q. 
. a _ vs = k Pra Ge m Pde) me ~ k Been 
qn UE. nas a q,) GF (A941 a qn) ; 
and Pati = ge wnt In Pn Gn fabs 1 


. 


Vat Vat AG ns + q,) von hd, oF q,) 
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Now & is greater than unity, and q, is less than ¢ 


both accounts the difference between Putt and « is less than the 


n+l 


n¢,)3 hence on 


difference between ?* and « ; that is, every convergent is nearer 


to the continued fraction than the next preceding convergent, 
and therefore a fortiori than any preceding convergent. 


Combining the result of this article with that of Art. 335, it 
follows that 


the convergents of an odd order continually increase, but are 
always less than the continued fraction ; 


the convergents of an even order continually decrease, but are 
always greater than the continued fraction. 


340. To find limits to the error made in taking any convergent 
Sor the continued fraction, 


p A 
Let 2 3 Prt ; P.+2 ye three consecutive convergents, and let 


q, Tay Vite o 
k denote the complete (n + 2)" quotient; 


k 
then “= Pasi Pn 
kai + Vn 
iiton, k 1 
Oe: Od, bth ah 
(hue + 4s) q, eeaaasg, 


Now £ is greater than 1, therefore the difference between a and 


Pn is less than u , and greater than —_—_—_... 
q. RS In (Guar t Ia) 


>q,, the error in taking Pn instead of a is 


n 


Again, since q,,, 


1 
less than BY and greater than Pk 


n nt+1L 


341. From the last article it appears that the error in 


AME? i| 
taking Pn instead of the continued fraction is less than Ade : 
n ntnt+1 
1 


or —___——_——_ ; that is, less than : 3; hence the larger 
q, (Q.41 q,, + Yn—1) BiTn 


a,,,, 18, the nearer does Pn approximate to the continued fraction ; 
ie : a, 
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therefore, any convergent which immediately precedes a large 
quotient is a near approaimation to the continued fraction. 


~~ : he : 
Again, since the error is less than —,, it follows that in order 
to find a convergent which will differ from the continued fraction 


by less than a given quantity as we have only to calculate the 


successive convergents up to im , where q,’ is greater than a. 


342. The properties of continued fractions enable us to find 
two small integers whose ratio closely approximates to that of 
two incommensurable quantities, or to that of two quantities 
whose exact ratio can only be expressed by large integers. 


Example. Find a series of fractions approximating to 3°14159. 


In the process of finding the greatest common measure of 14159 and 
100000, the successive quotients are 7, 15, 1, 25,1, 7,4. Thus 


eo See ed 
7+ 15+ 1+ 254 14 7+ 4° 
The successive convergents are 
B22 888 855 
Lite LOCKE LIS x 
this last convergent which precedes the large quotient 25 is a very near 


814159 =3 + 


A ; : 1 
approximation, the error being less than 95 x (118)2” and therefore less than 
1 
35x (100)?’ or *000004, 


343. <Any convergent is nearer to the continued fraction than 
any other fraction whose denominator is less than that of the 
convergent. 


Let w be the continued fraction, Pn Pro two consecutive 


s a-l 


7 : : ‘ 
convergents, 32 fraction whose denominator s is less than q.. 


If possible, let : be nearer to @ than Ps then © must be 
8 


nearer to « than =! [Art. 339]; and since a lies between P» and 
n—l 
Pr-i , it follows that - must lie between Pa and Maat ; 


n-l " qx; 
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Hence 
Pw Pn ae nw Bn=1 that is < ; 
8 al q., eer q., hes 
j 8 
ays, ep < a : 


that is, an integer less than a fraction; which is impossible, 


P. must be nearer to the continued fraction than cs 
s° 


Therefore 


344. If a? 7 be two consecutive convergents to a continued 
fraction x, then a is greater or less than x*, according as ‘ is 


, 


p 


greater or less than ~,. 


Let & be the complete quotient corresponding to the con. 


vergent immediately succeeding — ip —; then v= Ep ue 
q hq’ +9" 


Fe l fk (baa ai? eal (ile ah 
: =———— , {pp (kd + 9)’ -— a (kp +p 
qV ad (hq +9) Pp’ (kg y- 499 ) 
_('Y - pd) (py —P'9) 
97 (kq' +9)” 
The factor k’p'q’ — pq is positive, since p’>p, q’>q, andk>1; 


v 
2) : 
hence ee > or <a’, according as pq’ — p’q is positive or negative ; 
oe 


/ 


B, P 


that is, according as ~ > or < *. 
g q 
Cor. It follows from the above investigation that the ex- 
pressions pq’ —p’'q, pp’ —qq7x", p?- qa", ga? —p” have the same 
sign. 
EXAMPLES. XXV. b. 


: 22 7 
1. Find limits to the error in taking - yards as equivalent to 
a metre, given that a metre is equal to 10936 yards. 
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2. Find an approximation to 
te 1 ie Gel oda atl: ] 
34 5+ 7+ 94 11400" 


vhich differs from the true value by less than ‘0001. 


3. Shew by the theory of continued fractions that a differs from 
( 


Tae 1 
1:41421 by a quantity less than 11830° 
a+ 6a?+13a+10 
at+6a3+ 1402+ 15a+7 

find the third miners 


4. Express as a continued fraction, and 


5, Shew that the difference between the first and n** convergents 
is numerically equal to 


1 1 dina ndiadat 
W192 9293 9394 "sities sie, 
6. Shew that if a, is the quotient corresponding to P ny 
I 1 1 pebequat 7 
(1) La = Ay,t eee aC part) 
Pr-1 Ont Ay—et Qn —3+ 3+ y+ ay 
Gea pay oleate 4 
Yn-1 yy t Ay-2gt A-3t Ast ae 
7. In the continued fraction oe ce pole ere th shew that 
a+ a+ a+ at : 


(1) Pe pe, +1=Pn-1Pnt+itPnrPn+2 
(2) Pr= Gn- ph 


8. If? is the n™ convergent to the continued fraction 
n 


Ie ily a if ail 1 
a+ 6+ a+ 64+ at b+ 


a 
shew that Yan=Pon+1» Yon-1= 7 Pane 
9. In the continued fraction 
wok baw 
IE Mer TGR SITET. 5 


shew that 
Pn+_—(ab+ 2) Put Pn-2=9 Qn+2—(ab+2) Gn + 9n—9=9. 
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10. Shew that 


1 1 1 é 
a (: at aE = Se ae, poe to 2n quotients) 
1 1 : 
hs A ie Oe to 2n quotients, 


Pe nes 
I be el bg a z ; = are the n'", (n—1)*, (m—2)** convergents to the 
continued fractions 
ae ae Pe 8 he he 
A+ dg Agt Ag+ Ast Gt? ast Agt ast? 
respectively, shew that 
M=a,P+2R, N=(aa,+1)P+a,R. 


LGAs Se Pn is the x™ convergent to 
; ae | 


ME EEG, 


shew that p, and g, are respectively the coefficients of « in the 
expansions of 


age 
and oe —e 
l-—ax— x? 1l-—ax-—x 
: a” — B” 
Hence shew that p,=q,-1= ee where a, 8 are the roots of the 
ae 


equation 7? - at -1=0. 


13, If?" is the nt convergent to 


n 


i 1 1 1 
a+ b+ at b+? 


shew that p, and gq, are respectively the coefficients of x2” in the 
expansions of 


r+bs* — 28 and #22 (ab +1)a*— aA 
1—(ab+2)x?+x* 1—(ab+2) a? + a4 * 
Hence shew that 


oS [oie 
Pon = bmn = ad “ pad 


et LS $i a” — gr 
Pingo a rn ), 


? 


where a, 8 are the values of ~? found from the equation 
1—(ab + 2)a? + a4 =0, 


CHAPTER XXVI. 
INDETERMINATE EQUATIONS OF THE FIRST DEGREE. 


345. In Chap. X. we have shewn how to obtain the positive 
integral solutions of indeterminate equations with numerical co- 
efficients; we shall now apply the properties of continued fractions 
to obtain the general solution of any indeterminate equation of 
the first degree. 


346. Any equation of the first degree involving two un- 
knowns w and y can be reduced to the form ax+by=+c, where 
a, b,c are positive integers. This equation admits of an unlimited 
number of solutions ; but if the conditions of the problem require 
«and y to be positive integers, the number of solutions may be 
limited. 

It is clear that the equation az+by=—c has no positive 
integral solution ; and that the equation ax — by = — ¢ is equivalent 
to by — ax =c; hence it will be sufficient to consider the equations 
ax + by =c. 


If a and 6 have a factor m which does not divide c, neither of 
the equations aa + by=c can be satisfied by integral values of a 
and y; for aw + by is divisible by m, whereas c is not. 

If a, b, c have a common factor it can be removed by division; 
so that we shall suppose a, 6, ¢ to have no common factor, and 
that a and b are prime to each other. 


347. To find the general solution im positive integers of the 
equation ax — by =e. 
2 
b 
the convergent just preceding i ; then ag—bp=+1. [Art. 338.] 


Let — be converted into a continued fraction, and let 2 denote 
a 
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I. Ifagq—bdp=1, the given equation may be written 


ax — by=c (aq — bp); 
a (@ — eg) = b (y ~ ep). 
Now since a and 6 have no common factor, «—cq must be 


divisible by 6 ; hence x — cq = bt, where ¢ is an integer, 


a-CY_,_Y-P 


b hy 
that is, x= bt+cq, y=at+ep; 


from which positive integral solutions may be obtained by giving 
to ¢ any positive integral value, or any negative integral value 


numerically smaller than the less of the two quantitios 4 ‘ ip 
a 


also ¢ may be zero; thus tho number of solutions is unlimited. 
II. If ag—bp=—1, we have 
awe — by = — ¢ (aq — bp) , 


a (a+ cq)=b(y + cp) ; 


: e+cyq ytep 
7 a ee Sere. 


hence 2=bt—cqg, y=at—cp; 


=t, an integer ; 


from which positive integral solutions may be obtained by giving 
to ¢t any positive integral value which exceeds the greater of the 


sO ; thus the number of solutions is unlimited. 


Coa 


two quantities 


III. If eithcr a or 6 is unity, the fraction ; cannot be con- 


verted into a continued fraction with unit numerators, and the 
investigation fails. In theso cases, however, the solutions may be 
written down by inspection ; thus if b=1, the equation becomes 
ax—y=c; whence y=ax—c, and tho solutions may be found by 


Be i dele c 
ascribing to # any positive integral valuc greater than r 


Nors. It should be observed that the series of values for # and y form 
two arithmetical progressions in which the common differences are 6 and a 


respectively. 
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Example. Find the general solution in positive integers of 29x —-42y=5. 
42. 42 
In converting = 29 into a continued fraction the convergent just before — 29 


is we have therefore 
29x13-42x9=-1; 
. 29 x 65-42 x 45=- 5; 
combining this with the given equation, we obtain 
29 (w + 65) = 42 (y + 45) ; 


: x +65 y +465 : ‘nt 
5 = “gg = an integer ; 


hence the general solution is 
w=42t—65, y =29t — 45. 


348. Given one solution in positive integers of the equation 
ax — by =¢, to find the general solution. 
Let h, & be a solution of aw—by=c; then ah—bk=e. 
ax — by = ah — bk; 
a (w—h)=b(y—2); 
x-h y-k : 
i.e. t, an integer ; 
x=h+bt, y=k+at; 
which is the general solution, 


349. To Jind the general solution in positive integers of the 
equation ax + by =c. 


Let ~ be converted into a continued fraction, and let P pe the 


b 


convergent just preceding then ag—bp==1. 


gF3 
I. If ag—bp=1, we have 

ax + by =c (ag —bp) ; 

“. a(eg—x)=b(y+ep); 


a eee : 
ae a appt ang gaat Bhs an integer ; 


“. “2=cq—bt, y=at—cp; 
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from which positive integral solutions may be obtained by giving 
oe f 


to ¢ positive integral values greater than — and less than ie 
a 


Thus the number of solutions is limited, and if there is no integer 
fulfilling these conditions there is no solution. 


Il. Ifaq—bp=- 1, we have 
ax + by =—¢ (aq — bp); 
a (a+ eq) = (ep—y) ; 


etic Cai ama A 
he SG 


x= bt—cq, y=cp—at; 


=t, an integer ; 


from which positive integral solutions may be obtained by giving 


to ¢ positive integral values greater than “ft and less than =. 


b 
As before, the number of solutions is limited, and there may be 
no solution. 


III. If either a or 4 is equal to unity, the solution may be 
found by inspection as in Art. 347. 


350. Given one solution in positive integers of the equation 
ax + by =c, to find the general solution. 


Let h, k be a solution of aw+by=c; then ah+bk=c. 
au + by =ah + bk; 
A eek ala Ue 
a2 z k-y = ¢, an integer ; 
a=h+bt, y=k—at; 


which is the general solution. 


351. To find the number of solutions in positive integers of the 
equation ax + by=c. 


Let : be converted into a continued fraction, and let - be the 


convergent just preceding i ; then ag-bp=+1. 
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I. Let ag—bp=1; then the general solution is 
_ w=eq—bt, y=at— cp. [Art. 349.] 
Positive integral solutions will be obtained by giving to ¢ 


positive integral values not greater than —- and not less 


than a : 
a 
c 


b 


(i) Suppose that ~ and are not integers. 


Let E_m+f, Panty, 


where m, » are positive integers and /, g proper fractions; then 
the least value ¢ can have is m+ 1, and the greatest value is m; 
therefore the number of solutions is 


Now this is an integer, and may be written = +a fraction, or 
= —a fraction, according as fis greater or less than g. Thus the 
a 
number of solutions is the integer nearest to = greater or less 
according as f or g is the greater. 

c 
b 


In this case g = 0, and one value of w is zero. If we include 


(ii) Suppose that ; is an integer. 


this, the number of solutions is “+ J, which must be an in- 


teger. Hence the number of solutions is the greatest integer in 


c c , : , 
ie 1 or sie according as we include or exclude the zero solution. 
a a 


(iii) Suppose that is an integer. 


In this case f=0, and one value of y is zero. If we include 
this, the least value of ¢ is m and the greatest is m; hence 


the number of solutions is n—m+1, or ay & 1. Thus the 


ab 
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; ‘ ‘ re ¢ 
number of solutions is the greatest integer in TE or 7 ac 
a a 
cording as we include or exclude the zero solution. 


£ 
b 


In this case f=0 and g=0, and both x and y have a zero 
value. If we include these, the least value ¢ can have is m, and 
the greatest is m; hence the number of solutions is » — m+ 1, or 


c F : 
—+1. If we exclude the zero values the number of solutions is 


(iv) Suppose that < and = are both integers. 


ab 
g 
ag he 
Il, If ag-—bp= —1, the general solution is 


x= bt—cq, y= ep — ut, 
and similar results will be obtained. 


352, To find the solutions in positive integers of the equa- 
tion ax + by + cz = d, we may proceed as follows. 

By transposition ax +by=d—-—cz; from which by giving to z 
in succession the values 0, 1, 2, 3,...... we obtain equations of 
the form aa + by =c’, which may be solved as already explained. 


353. If we have two simultaneous equations 
ax+by+ca=d, Wat+by+cz=d, 
by eliminating one of the unknowns, z say, we obtain an equation 


of the form 4z+ By=C. Suppose that c=f, y=g is a solution, 
then the general solution can be written 


v=f+ Bs, y=g—As, 
where s is an integer. 

Substituting these values of # and y in either of the given 
equations, we obtain an equation of the form /’s+Gz=H, of 
which the general solution is 

8=h+Gt, 2=k—- Ft say. 
Substituting for s, we obtain 
a=f+Bh+ BGt, y=g-Ah—-AGt; 
and the values of a, y, 2 are obtained by giving to ¢ suitable 
integral values, 
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354, If one solution in positive integers of the equations 
axt+ by+cez=d, wdut+b'y+cz=d, 
can be found, the general solution may be obtained as follows, 


Let f/, g, h be the particular solution ; then 
af+bg+ch=d, af+b'g+ch=d. 
Ly subtraction, 
a(w—f) +b(y—g) +¢(2—h) =0, 
a’ (a@-f)+0' (y—g) +e (z-h)=0; 
whence 


Guhivn iid z—h t 


be’—b’c ca'—ca ab’—ab ik’ 
where ¢ is an integer and & is the u.c.F. of the denominators 
be’ — b’c, ca’ — c’a, ab’—a’b, Thus the general solution is 


eaf+ (bo! —'e) =, y=g+(ca'—ca) >, z2=h+(ab’—ab) : 


EXAMPLES. XXVI. 


Find the general solution and the least positive integral solution of 
1. 775¢—T7lly=1. 2. 455¢—519y=1. 3. 436x —3937=5. 


4, In how many ways can £1. 19s. 6d. be paid in florins and half- 
crowns ? 


5, Find the number of solutions in positive integers of 
llvw+15y=1031. 
7 


6. Find two fractions having 7 and 9 for their denominators, and 


such that their sum is 1}9. 


7. Find two proper fractions in their lowest terms having 12 
and 8 for their denominators and such that their difference is si : 

8. A certain sum consists of # pounds y shillings, and it is half 
of y pounds w# shillings; find the sum. 


Solve in positive integers: 


9 6xe+Ty+42=122 10. 12%—lly+42=22 
llw+8y —6z=145) ~ —4r4+ 5y+ dirs 
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db as 12. 1384+11z=103 
By+ 42=34)" V2— bye AG 
13. 7x+4y+192=84, 14. 23a+17y+112=130. 


15. Find the general form of all positive integers which divided 
by 5, 7, 8 leave remainders 3, 2, 5 respectively. 


16, Find the two smallest integers which divided by 3, 7, 11 leave 
remainders 1, 6, 5 respectively. 


17. A number of three digits in the septenary scale is represented 
in the nonary scale by the same three digits in reverse order; if the 
middle digit in each case is zero, find the value of the number in the 
denary scale. 


18. If the integers 6, a, 6 are in harmonic progression, find all the 
possible values of a and 6. 


19. Two rods of equal length are divided into 250 and 243 equal 
parts respectively; if their ends be coincident, find the divisions which 
are the nearest together. 


20. Three bells commenced to toll at the same time, and tolled at 
intervals of 23, 29, 34 seconds respectively. The second and third 
bells tolled 39 and 40 seconds respectively longer than the first; how 
many times did each bell toll if they all ceased in less than 20 minutes? 


21. Find the greatest value of ¢ in order that the equation 
7“+9y=c may have exactly six solutions in positive integers. 


22. Find the greatest value of ¢ in order that the equation 
147+ 1ly=c may have exactly five solutions in positive integers. 


23, Find the limits within which ¢ must lic in order that the 
equation 197+14y=c¢ may have six solutions, zero solutions being 
excluded. 


24. Shew that the greatest value of ¢ in order that the equation 
ax+hy=c may have exactly 2 solutions in positive integers is 
(n+1)ab—a—b, and that the least value of ¢ is (n—1)ab+a+ b, zero 
solutions being excluded. 


CHAPTER XXVILI. 
RECURRING CONTINUED FRACTIONS. 


355. We have seen in Chap. XXYV. that a terminating con- 
tinued fraction with rational quotients can be reduced to an 
ordinary fraction with integral numerator and denominator, and 
therefore cannot be equal to a surd; but we shall prove that a 
quadratic surd can be expressed as an ijinite continued fraction 
whose quotients recur, We shall first consider a numerical 
example. 


Example. Express ,/19 as a continued fraction, and find a series of 
fractions approximating to its value. 


Li 9e-4do( roel) Bees 


fig+4’ 
Nv 
g+4 /19-2 5 
Ne ON = eS 
3 tang Be tiga es 
AD Maks 4 ALO SBE airy! 
apa ea ialoBe re Tyo ee 
LOS oa C19 Be Bite 
Suidinlaa oho end “ioe 
1088 ~. /i9 9 3 
— =1+ = =i 3 
5 5 J19+2? 
J19+2 . 19-4 1 
pit aia 9 Q 
3 aay +7944! 


J19+4=8+(/19 —4)=84+........ 
after this the quotients 2, 1, 8, 1, 2, 8 recur; hence 


pA gL ler ee ee | 
Je iy Bey Oy Bae 


terecee 


J19=4+ 


It will be noticed that the quotients recur as soon as we come to a 
quotient which is double of the first. In Art. 361 we shall prove that this is 
always the ease. 
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[Ezplanation. In each of the lines above we perform the same series of 

operations. For example, consider the second line: we first find the 
¥ 

J/19+4 BBLS) that 


We then multiply numerator and denominator by the surd 


greatest integer in ; this is 2, and the remainder is 


J19-2 
— 


conjugate to ,/19- 2, so that after inverting the result “He 4° ¥8 begin a 


is 


new line with a rational denominator. | 


The first seven convergents formed as explained in Art. 336 are 
a--y 1g 48 61 170 1431 
aly inc: laa yea <5 id 5H 


The error in taking the last of these is less than rae and is therefore 


(326)2’ 
less than a0 or aa: and a fortiori less than -00001. Thus the 


seventh convergent gives the value to at least four places of decimals. 


356. Lvery periodic continued fraction is equal to one of the 
roots of a quadratic equation of which the coefficients are rational. 


Let x denote the continued fraction, and y the periodic part, 
and suppose that 


Sapo Reg inh oe 

VOWS age h+k+y’ 

bee ht 

and Of Nt — ond eo —, 
n+ Utv+y 


where a, 6, ¢,...2, k, m, n,...u, v are positive integers. 


Let 2 ; P be the convergents to x corresponding to the 
q 
quotients h, k respectively; then since y is the complete quotient, 
i sal whence y = alt oa 
rq GE =P 


we have «= 


Let Es “ be the convergents to y corresponding to the 
Sie | 


/ 
4 


« 


3 r 
quotients u, v respectively ; then y=—~—_. 


Substituting for y in terms of « and simplifying we obtain a 
quadratic of which the coefficients are rational. 
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The equation s‘y’ + (s—7’)y—r=0, which gives the value of 
y, has its roots real and of opposite signs; if the positive value of 
y be substituted in # = - J ye , on rationalising the denominator 


the value of a is of the form Sa where A, B, C are integers, 


B being positive since the value of y is real. 


i ee ae | 


Example. Express lege ac oe ee 


as a surd. 


Let x be the value of the continued fraction; then z-1= aS Se ; 
2+ 3+(¢-1) 
whence 2x?+22-7=0. 
The continued fraction is equal to the positive root of this equation, and 
/15 - 


is therefore equal to 5 


EXAMPLES. XXVII. a. 


Express the following surds as continued fractions, and find the 
sixth convergent to each: 


ik, iby DN! Ds Sea) Ox 4/8: 
Sees Grr x13! Ue ORES S.con/22s 
Ey SINBh 10.- 4/2. EPS SIRs TOA OS 
1 it 6 7 
1B. sar Me ig: 15. a a 
17. Find limits of the error when ae is taken for ,/17. 


18. Find limits of the error when i is taken for ,/23. 


19, Find the first convergent to ,/101 that is correct to five places 
of decimals. 


20. Find the first convergent to ,/15 that is correct to five places 
of decimals. 


Express as a continued fraction the positive root of each of the 
following equations : 


21. 2?+2x%—-1=0. 22. x?—4v—3=0. 23. 7x?-8x%—-3=0, 
24, Express each root of w?-52+3=0 as a continued fraction, 

Lew 2 
= +6+ 6+ °°" 


26. Find the value of 5 bien pebat 


1 
3. il ayy eccooe 


25, Find the value of 3+—— 


RECURRING CONTINUED FRACTIONS. 295 


’ faeo)) P > elie 1 
. Find the val 1 ein sient ae li tape gt lee . 
D7 in e value o aie Ser Tee 
i 1 1 if 1 
ees the val — ~~ ____ 
28 ind the value of hires Te a 


29. Shew that 
ioe of 1 1 1 1 tl 
——— —— —— ,..=3 —— —— — —~,...., : 
Pr ares wee G45, 2+ 34 2+ ) 
30. Find the difference between the infinite continued fractions 
re GA saa bee oer py ee ee a ea 
1+ 34+ 54+14+ 34+ 54°" 34+14+54+ 34+ 14+ 54°" 


*357. To convert a quadratic surd into w continued fraction. 


Let J be a positive integer which is not an exact square, 
and let a, be the greatest integer contained in ,/NV ; then 


ue 3 
JN =a,+(/N-a,) =a, + hikers itr, = V = a," 
: ; : N+ 
Let b, be the greatest integer contained in — = ; then 
1 
JN +4, _ > as JN- bri +% _» iNN =a, a rea) 
r , Us ; r ; VN + Gs 3 
where a,=6,r,—a, and r, r,=N —a,’. 
Similarly 
wll oh Sry ® Sd gfphe Tad) , 
, T's JN +a, 
where a,=b,r,—a, and r,r,=N —a,'; 
and so on; and generally 
Wye 
JN + as mee JN a, a i Soh 
Fon, 3 rs | JN +a 
where a, = OF a Gy_} and ne ste —< N ae a, 
Lay sh gertt » «1 
Hence Ne 2 eee ee, ; 


b,+ b+ b,+ b+ 
and thus ,/J can be expressed as an infinite continued fraction. 


We shall presently prove that this fraction consists of re- 
curring periods; it is evident that the period will begin when- 
ever any complete quotient is first repeated. 
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We shall call the series of quotients 
JN, Fo Elie ox Sal esl Pe SeiE 5. Freie 


Tr, Ts fi, 


the first, second, third, fourth...... complete quotients. 


*358. From thc preecding article it appears that the quan- 
tities a,, 7,, 0,, b,, be arc positive integers; we shall now prove 
that the quantities a,, a,, @, ...... » Ty» Ty Ty---are also positive in- 
tegers. 

Let {, ; P 7 be throe consecutive convergents to ,/JV, and 


any: 


q 
let 2, be the convergent corrcspending to the partial quotient 6. 


JN +a, 
r 


The complete quotient at this stage is ; hence 


idl Garten, 
aire T., Pp IN tap’ +p 
VN +a, ans 7 /N+4,q +79 ° 
r 


Clearing of fractions and cquating rational and irrational 
parts, we have 


a,p'+7,p=Nq', 4,9 +7.9=P 5 
whence a, ( pq’ — p’g) =pp’-99'N, 7, (py -p'9) = Ng? - 


But pq'—p'¢g==1, and pq'—p’g, pp’-qq'N, Na’ -p® have 
the same sign [Art. 344]; henco a, and r, are positive integers. 


JN +a, 
Prt 


this invostigation holds for all values of n greatcr than 1. 


Since two convergents precedo the complete quotient 


*359. To prove that the complete and partial quotients recur. 


In Art. 357 we have proved that 7,r,_,= VW—a,*. Also r, and 
r,_, are positive integers ; henco a, must be less than ,/, thus 
a, cannot be greater than a,, and thereforo it cannot have any 
values except 1, 2, 3,...a,; that is, the number of different values of 
a, cannot eaceed a,. 

Again, @,,,=7,5,-a,, that is 7,b,=a,+4a,,, and therefore 
rb, cannot be greater than 2a,; also 6, is a positive integer ; 
hence 7, cannot be greater than 2a,. Thus r, cannot have any 
values except 1, 2, 3,...2a,; that is, the number of different values 
ofr, camnot ecceed Qa. 
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° IN+a 
Thus the complete quotient ‘’ aap "cannot have more than 


2a,° different values; that is, some one complete quotient, and 
therefore all subsequent ones, must recur. 


jt 


quotients must also recur, and the Laster’ “of partial quotients wm 
each cycle cannot be greater than 2a,°. 


Also 6, is the greatest integer in ~———";, hence the partial 


*360. To prove that a,<a,+r,. 
We have a 


oe Cet OL A as 


n 


+4a,=b 


n—1 Sie a 


since 6, _, is a positive integer ; 
be al A Se Po 
But N—a, 7,7, 13 
“ae IV - CCN ae 
5a, i To 


which proves the proposition. 


*361. To shew that the period begins with the second partial 
quotient and terminates with a partial quotient double of the first. 


Since, as we have seen in Art. 359, a recurrence must take 
place, let us suppose that the (2+ 1) complete quotient recurs at 
the (s+ 1); then 

a,=a,, r,=r,, and 6,=6 ; 


we shall prove that 


Oa ae ei oy) Ca. =6b,_). 
We have 
11 =N-af=N-afa=r,_ it, =1%5 
BEE Utes 
Again, 
a, +a,= 6 tua Gite = bi Ti = 61419 
ta Oe OS ira (Buus ai bec) 5) 
a. —G ' : 
hs ee pet = b__,—,_, = zero, or an integer. 
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But, by Art. 360, a,-a,_,<7 


1<%,-1) and a,—4a,_,<7,_,; that is 


2-1) 


a,—4,_,<7,_,; therefore a_,—a,_,<7 
= n-1 ‘ t Nooad 


a —a,_,. 
hence —=!——*=" is less 
1 s—1 n— rp r 


than unity, and therefore must be zero. 


Thus @,_,.=a@ 


— 


gene Blab... =i. 


Hence if the (n+ 1) complete quotient recurs, the 2™ com- 
plete quotient must also recur; therefore the (7-1) complete 
quotient must also recur; and so on. 


This proof holds as long as m is not less than 2 [Art. 358], 
hence the complete quotients recur, beginning with the second 


oS. 


begins with ae second partial quotient 6,; we shall now shew 
that it terminates with a partial quotient 2a,. 


Let beta Ss 


n 


quotient It follows therefore that the recurrence 


"be the complete quotient which just precedes the 
Mf N+a, JN +a, 
che 


1 n 


second dal quotient 


and wee. 


when it recurs; then 


are two consecutive complete quotients ; therefore 


nnd 


but V—a,*=7,; hence r,=1. 


2 
a, +6,=7, 5.) %7,=N— a; 


Again, a,-4a,<7,, that is <1; hence a,—a,=0, that is 
a, =4,. 


Also a,+a,=7,6,=6,; hence b,=2a,; which establishes the 
proposition. 


*362. To shew that in any period the partial quotients equt- 
distant from the beginning and end are equal, the last partial 
quotient being excluded, 


JN +a, 


Ty 


Let the last complete quotient be deroted by “_——*; then 


r,=1, a,=a,, 6,=2a,. 
We shall prove that 


Tea ETiye Gy 
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We have 
= SS oe eee 
T= TT = NW -a? = N-a?=r,. 
Also 
a1 AE a, = G1 as a, = eT 64 = r b,-1 3 
and a,+a,=7,5,; 
a, —4,_,=1, (6,—6,_,)3 
a, —@,_ : 
+__*" = b, —b,_,=zero, or an integer. 
1 
@,—G-, G— a, Le — Ci see 
But *—*" < +" that is < 1——’,, which is less than 
r r 


n—1 


; 1 1 
unity ; thus a,—a,_,=0; hence a,_,=a,, and b,_,=5,. 


Similarly Vag =F p99 Ue a= G,, b= 6,3 and so on. 

*363. From the results of Arts. 361, 362, it appears that 
when a quadratic surd ./N is converted into a continued fraction, 
it must take the following form 

1.0 i~ 4.4 ri 4 P21 


b,+6,+6, + 2a,+ 


*364. To obtain the penultimate convergents of the recurring 
pervods. 


Let be the number of partial quotients in the recurring 
period ; then the penultimate convergents of the recurring periods 


are the n*, 2n", 32%, ...... convergents; let these be denoted by 
Pn Pon Pan co} 
ey eee respectively. 
In” Ym Yon ‘ ¥ 
| ey ee 1 1 
Now a Nac Fe ee BAe Aa bictnet ot Ui 


so that the partial quotient corresponding to Pui ig 2a,; hence 


n+1 
Pra = 2a, Dat Pat 
Init | 241% +941 
The complete quotient at the same stage consists of the period 


1 1 


300 HIGHER ALGEBRA. 


and is therefore equal to a, + ./.V; hence 


af Ne (a, a /N) Put Pra ; 
(a, ae nf 2 ) Gn a Vn 


Clearing of fractions and equating rational and irrational 
parts, we obtain 


yD Da NN Ogs Oy at Tut = Pn cee nanee ee CU), 
Again 2 can be obtained from 2 Fe “and Pt by taking for the 
on n n-1 
quotient 
ae a. a" 1 
B+ — eee ; 
2 b+, + Bz, 


which is equal to a, Thus 


nr 


Pan _ = hs , from (1); 
oe (« ? an Qn + Vn—1 Pn # os qn 
Pon _ 1 ( a “tr beer is: eee (2) 
a5. GY Pn 


In like manner we may prove that if Pon is the penultimate 


convergent in the ct recurring period, 
& Pon + Poni oe Nga DB Von an Von—1 = Pons 


and by using these equations, we may obtain Ss ; Pus suc- 


’ Yan Yan 
cessively. 


It should be noticed that equation (2) holds for all multiples 
of m; thus 


P Zon __ L aie on Pipe a 4 
Ton Jon Pon J” 
the proof being similar to that already given. 


*365. In Art. 356, we have seen that a periodic continued 
fraction can be expressed as the root of a quadratic equation 
with rational coefficients. 
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Conversely, we might prove by the method of Art, 357 that 


an expression of the form & a where A, B, C are positive 


integers, and B not a perfect square, can be converted into a 
recurring continued fraction. In this case the periodic part will 
not usually begin with the second partial quotient, nor will 
the last partial quotient be double the first. 


For further information on the subject of recurring continued 
fractions we refer the student to Serret’s Cowrs d’Algébre Supé- 
rieure, and to a pamphlet on The Expression of a Quadratic Surd 
as a Continued Fraction, by Thomas Muir, M.A., F.R.S.E. 


*EXAMPLES. XXVII. b. 


Express the following surds as continued fractions, and find the 
fourth convergent to each: 


lL J/a@+l1. 2. Jaa: By anlion Silp 


Cantal occe At ee 6, wh eft 
a 6b n 


7. Prove that 
1 1 1 1 


2 3= eee ees 
90? +3 sath gTe tan Jax Can ‘ 
and find the fifth convergent. 
8. Shew that 
ecial <al's duad ‘ 
Poe peel ee 


9. Shew that 


1 1 1 1 1 
ale road ee Sacre ee asin =O ee over « 
Ss (« P94q+ A3+ pyay+ PA” Gey + Pg + 94+ 
10. If ,/a?+1 be expressed as a continued fraction, shew that 
2 (@? +1) Ga=Pn-1+Pna+1 2Pn=In-1t+ Inti 
1 Dyfi Lyn $1. 
11. If OG hag lt dye i 
lies owen it ome Vie 
I~ Ga,4 2a,+ 9a, + 2a,+ °” 
Wee ge eee 
3a,+ 3a,+ 3a,+ 3a,+ "” 
shew that x (y? — 2) + By (28 — x7) + 32 (x? ~y”) =, 


a 
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12. Prove that 


( Tae dey Sel tall (= 1 sil, dl \=§ 
ONE Cb) Oe ae ek ae) 8 
Pgh Lae eS i 
13) If Fie tne. ae ae baer ho. 
ph st oldvch od 
Y= te ier We uu * 2 
shew that (ab?+a+6) 2—(ab+a+b)y=a?—b* 


14. If 2" be the n™ convergent to ,/a?+1, shew that 


n 


pitpet vt net Pn+iPn+2—PiP2 ; 
Get get. tQnt1  In+iIn+2— N92 


15. Shew that 
ee ea a= 
aoe be ow be vastect ) Veap* 


16, If © denote the r® convergent to = : , shew that 


r 


Pst pst +++ Pon—1=Pan— Po, Wgt5+--- + Gon—-1= Yan — Jo: 


17. Prove that the difference of the infinite continued fractions 


be i sdomds 
a+ b+ec+" b+ ate+ “% 
: a—b 
is equal to 75: 


18. If // is converted into a continued fraction, and if 7 is the 

number of quotients in the period, shew that 
Yon=2PnQny Pan = Wn? + (— 1)" 43, 

19. If ./ be converted into a continued fraction, and if the pen- 
ultimate convergents in the first, second, ...4** recurring periods be 
denoted by 2,, %9,...7, respectively, shew that 

m+/NV (ts; & 
My —IN \ty—/N/ * 


*CHAPTER XXVIII. 


INDETERMINATE EQUATIONS OF THE SECOND DEGREE, 


*366. The solution in positive integers of indeterminate 
equations of a degree higher than the first, though not of much 
practical importance, is interesting because of its connection with 
the Theory of Numbers. In the present chapter we shall confine 
our attention to equations of the second degree involving two 


variables. 

*367. To shew how to obtain the positive integral values of 
x and y which satisfy the equation 

ax’ + 2hxy + by’? + 2gx + 2fy +c =0, 

a, b, c, f, g, h being integers. 

Solving this equation as a quadratic in a, as in Art. 127, we 
have 

ax +hy +g =*,/(h? — ab) ¥° +2 (hg — af) y + (9? —ae)...(1). 
Now in order that the values of « and y may be positive 


integers, the expression under the radical, which we may denote 
by py’ + 2qy +7, must be a perfect square; that is 


py + 2qy+r=2*, suppose. 
Solving this equation as a quadratic in y, we have 


and, as before, the expression under the radical must be a perfect 
square ; suppose that it is equal to ¢’; then 


te — pe =¢' - pr, 
where ¢ and z are variables, and p, qg, 7 are constants, 
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Unless this equation can be solved in positive integers, the 
original equation does not admit of a positive integral solution. 
We shall return.to this point in Art. 374. 


If a, 6, h are all positive, it is clear that the number of 
solutions is limited, because for large values of x and y the sign 
of the expression on the left depends upon that of axz*+ 2hay + by” 
[Art. 269], and thus cannot be zero for large positive integral 
values of « and y. 


Again, if h’— ab is negative, the coefficient of y* in (1) is 
negative, and by similar reasoning we see that the number of 
solutions is limited. 

Example. Solve in positive integers the equation 
x? — Avy + by? — 2a — 20y = 29. 
Solving as a quadratic in z, we have 
x=2y+1+ /30424y — 2y?, 


But 30+24y —2y?=102 - 2 (y—6)?; hence (y — 6)? cannot be greater than 
51. By trial we find that the expression under the radical becomes a 
perfect square when (y —6)*=1 or 49; thus the positive integral values of y 
are 5, 7, 13. 


When y=5, w=21 or 1; when y=7, «=25 or 5; when y=13, 
x= 29 or 25, 


*368. We have seen that the solution in positive integers 
of the equation 


ase’ + 2hay + by’ + 2gu + 2fy+e=0 
can be made to depend upon the solution of an equation of the 
form 
oe Vy =e a, 


where WV and a@ are positive integers. 


The equation «+ Ny’=—a has no real roots, whilst the 
equation «+ Vy’=a has a limited number of solutions, which 
may be found by trial; we shall therefore confine our attention 
to equations of the form a’ — Vy’ =+a. 


*369. To shew that the equation x*—Ny*=1 can always be 
solved in positive integers, 


Let ,/N be converted into a continued fraction, and let 
a ra 7 be any three consecutive convergents; suppose that 
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Reis +4 py 
iP 


“is the complete quotient corresponding to 4-; then 
1, (pq — pq) = Ng’? -—p” [Art. 358}, 
But r,=1 at the end of any period [Art. 361]; 
 p'— Ng? =p'g— pg ; 


n 


7 being the penultimate convergent of any recurring period. 


t 


Tf the number of quotients in the period is even, P is an even 
convergent, and is therefore greater than ,/V, and therefore 
greater than P. thus p’¢g—pq¢’=t. In this case p*—- Nq'*=1, 


and therefore =p’, y=q' isa solution of the equation 2° — Vy?= 1. 


. ae : : 
Since 4 is the penultimate convergent of any recurring 


period, the number of solutions is unlimited. 


If the number of quotients in the period is odd, the penultimate 
convergent in the first period is an odd convergent, but the 
penultimate convergent in the second period is an even convergent. 
Thus integral solutions will be obtained by putting w=p', y= 4’, 
where / is the penultimate convergent in the second, fourth, 


, 


BEXGN,..3.<. recurring periods. Hence also in this case the number 
of solutions is unlimited. 


*370. Yo obtain a solution in positive integers of the equation 
x*—Ny*=- 1. 
As in the preceding article, we have 
p" — Nq? = p'q— pf. 
If the number of quotients in the period is odd, and if Pe 
: : " , RY ed 
is an odd penultimate convergent in any recurring period, 7 < Fi 


and therefore p’q — pq =— 1. 


In this case p*—Nq"=-1, and integral solutions of the 
equation x’ — Vy’ =—1 will be obtained by putting w=p’, y=4q’, 


where P is the penultimate convergent in the first, third, fifth... 


recurring periods. 
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Example. Solve in positive integers «*— 13y?= +1, 
We can shew that 

; para 
14+ 14+ 14+ 14+ 6+ 
Here the number of quotients in the period is odd; the penultimate con- 


/13=3+ 


vergent in the first period is ae. hence x=18, y=5 is a solution of 
a2 —13y2= -1. 


By Art. 364, the penultimate convergent in the second recurring period is 


1/1s 5 . 649 
5 (Ft gpXJ3)> thatis, 555 


hence «=649, y=180 is a solution of a? - 13y?=1. 


By forming the successive penultimate convergents of the recurring 
periods we can obtain any number of solutions of the equations 


x? —13y?= —-1, and 2?-13y?= +1. 
*371. When one solution in positive integers of «?— Vv’=1 
has been found, we may obtain as many as we please by the 
following method. 


Suppose that «=h, y=k is a solution, h and & being positive 
integers; then (A?— N4’)"=1, where nm is any positive integer. 


Thus x? — Ny’ = (h’ — Nk*)". 
we (ety JN) (e-yJ/N)=(ht+k/NY (h-k JN)". 
Put e+ y/V=(h+kJ/N)", w-yJ/N =(h-k/N)*; 
. Qu =(h+k/N)"*+(h—-k, JN); 
2yJ/N =(h+k/N)"-(A-k JN)’. 
The values of ~ and y so found are positive integers, and by 


ascribing to 7 the values 1, 2, 3,..., as many solutions as we please 
can be obtained. 


Similarly if w=h, y=k is a solution of the equation 

x — Ny’ =—1, and if ~ is any odd positive integer, 
a? — Ny? = (h? — NR)". 

Thus the values of « and y are the same as already found, but 
nm is restricted to the values 1, 3, 5,....... 

*372. By putting «= aw’, y= ay’ the equations «°— Ny? =+a? 
become a/?- Vy*=+1, which we have already shewn how to 
solve. 
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*373. We have seen in Art. 369 that 
p?—-Nq?=—1, (py — p'g) ==", 
Hence if @ is a denominator of any complete quotient which 
occurs in converting ,/V into a continued fraction, and if ke is 


the convergent obtained by stopping short of this complete 
quotient, one of the equations a*— Vy’=+a is satistied by the 
values x =p’, y=q. 
Again, the odd convergents are all less than ,/, and the 
/ 
even convergents are all greater than ,/V ; hence if p is an even 
qg 


Fe 
7 i _— id 4 = sins 7 2 Tp 2 . 7 
convergent, x =p’, y=q' is a solution of a? -Ny’=a; and if a 


is an odd convergent, «=p', y=q' is a solution of 2 — Vy? =~ a. 


*374. The method explained in the preceding article enables 
us to find a solution of one of the equations x — Vy? =+ a only 
when a is one of the denominators which occurs in the process of 
converting ,/V into a continued fraction. For example, if we 
convert ,/7 into a continued fraction, we shall find that 


Lop lear es 
1+14+14+ 4+ 


seeeee 


fl =2+ 
and that the denominators of the complete quotients are 3, 2, 3, 1. 


The successive convergents are 
2 maa 3 
peat p neg "mg 4 
and if we take the cycle of equations 
v= Ty =-—3, of —Ty'=2, Ty =-3, 2’ -Ty=1, 
we shall find that they are satisfied by taking 
for « the values 2, 3, 5, 8, 37, 45, 82, 127,...... 
and for y the values 1, 1, 2, 3, 14, 17, 31, 48,...... 


*375. It thus appears that the number of cases in which solu- 
tions in integers of the equations a” — Vy’ = +a can be obtained 
with certainty is very limited. In a numerical example it may, 


however, sometimes happen that we can discover by trial a 
L H.H.A, 
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positive integral solution of the equations a* — Vy’ =+a, when a 
is not one of the above mentioned denominators ; thus we easily 
find that the equation «?—77’=53 is satisfied by y=2, x=9. 
When one solution in integers has been found, any number of 
solutions may be obtained as explained in the next article. 


*376. Suppose that ~=/, y=y is a solution of the equation 
a?— Ny? =a; and let x=h, y=k be any solution of the equation 
a’ —Ny’?=1; then 

a? — Ny’ = (f? — Ng’) (h? — Nk’) 
= (fh Ngk)? — N (fk gh)’. 
By putting xw=fh= Nok, y=fk * gh, 


and ascribing to h, & their values found as explained in Art. 371, 
we may obtain any number of solutions. 


*377. Hitherto it has been supposed that JV is not a perfect 
square ; if, however, V is a perfect square the equation takes the 
form «° — n’y’ =a, which may be readily solved as follows. 


Suppose that a= be, where 6 and ¢ are two positive integers, 
of which 6 is the greater; then 


(a + ny) (a — ny) = be. 


Put w+ny=b, w-ny=c; if the values of w and y found 
from these equations are integers we have obtained one solution 
of the equation; the remaining solutions may be obtained by 
ascribing to 0 and ¢ all their possible values. 


Example. Find two positive integers the difference of whose squares is 
equal to 60. 


Let «, y be the two integers; then #?-y?=60; thatis, («+y) (a—y) =60. 
Now 60 is the product of any of the pair of factors 
1, 60; 2, 30; 8, 20; 4,15; 5,12; 6, 10; 
and the values required are obtained from the equations 


x+y=30, x+y=10, 
a-y= 2; c—y= 6; 


the other equations giving fractional values of # and y, 


Thus the numbers are 16, 14; or 8, 2. 
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Cor. In like manner we may obtain the solution in positive 
integers of 
as’ + Lhay + by? + 2gu + 2fy+e=kh, 
if the left-hand member can be resolved into two rational linear 
factors. 


*378. If in the general equation a, or 6, or both, are zero, 
instead of employing the method explained in Art. 367 it is 
simpler to proceed as in the following example. 


Example. Solve in positive integers 
Qry — 4274122 -5y=11. 
Expressing y in terms of x, we have 
472127411 6 


YS gg DER HY a De 


In order that y may be an integer =a must be an integer; hence 27-5 
must be equal to +1, or +2, or +3, or +6. 

The cases +2, +6 may clearly be rejected; hence the admissible values 
of xz are obtained from 2¢-5=+£1, 22-5=23; 


whence the values of x are 8, 2, 4, 1. 


Taking these values in succession we obtain the solutions 
e=3, y=11; c=2, y=-3; c=4, y=9; c=1, y=-1; 
and therefore the admissible solutions are 
w=3, y=11; x=4, y=9. 


*379. The principles already explained enable us to discover 
for what values of the variables given linear or quadratic 
functions of x and y become perfect squares. Problems of this 
kind are sometimes called Diophantine Problems because they 
were first investigated by the Greek mathematician Diophantus 
about the middle of the fourth century. 


Example 1. Find the general expressions for two positive integers which 
are such that if their product is taken from the sum of their squares the 
difference is a perfect square. 


Denote the integers by # and y; then 
x? -—ay+y?=2? suppose; 
w. a(c-y)=2-y?. 
This equation is satisfied by the suppositions 
ma=n(z+y), n(a-y)=m(z-y), 
where m and n are positive integers. 
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Hence mac—ny—nz=0, neo+(m—n)y—mz=0. 
From these equations we obtain by cross multiplication 


OP Re Le ae z ! 
QInn—n2 m2—n2 m2—mn+n2’ 


and since the given equation is homogeneous we may take for the general 
solution 
v=2mn-n?, y=m-n?, z=m?—mn+N. 


Here m and n are any two positive integers, m being the greater; thus if 
m=T7, n=4, we have 
z=40, y=33, 2=37. 


Example 2. Find the general expression for three positive integers in 
arithmetic progression, and such that the sum of every two is a perfect 
square. 


Denote the integers by x—y, x, x+y; and let 
2e-—y=p?, 2e=q", 2a+y=r"; 

then p+r=2¢*, 
or 7? — g? =? — p. 

This equation is satisfied by the suppositions, 

m(r—q)=n(q-p), n(r+q)=m (+P), 

where m and m are positive integers, 

From these equations we obtain by cross multiplication 


: Pp he ee r 
n24+2mn—m2  m2+n?— m?+2mn—n? 


Hence we may take for the general solution 


pH=n?+2mn—m, g=m2+n?2, r=m?2+2mn—n?; 
1 an? 2 
whence G=5 (m2 +n?)?, y=4mn (m? — n?), 


and the three integers can be found. 


From the value of x it is clear that m and n are either both even or both 
odd; also their values must be such that « is greater than y, that is, 


(m? + n?)? > 8mn (m? — n?), 
or m3(m — 8n) + 2m?n? +-8mn3 + n4>0; 
which condition is satisfied if m>8n. 
If m=9, n=1, then r=3362, y=2880, and the numbers are 482, 3362, 


6242. The sums ‘of these taken in pairs are 3844, 6724, 9604, which are the 
squares of 62, 82, 98 respectively. 
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*EXAMPLES. XXVIII. 


Solve in positive integers: 


1. 52?-10ay + 7y?=77. 2. Tu? —Qry +3y?=27, 
3. oy? —4ay+52?-10r=4., 4, wy—-Qu-y=8. 
5. 30+3ay—4y=14. 6. 4a?-7?=315. 
Find the smallest solution in positive integers of 
Teo — 141. Sr 194771, 9, #?=41y?-1. 
10. «?—61ly?+5=0. ll. 2?—7y?-9=0. 
Find the general solution in positive integers of 
12 37? — 1. 13. 697 — 57/2 a. 14, 2?-17y?=—-1. 


Find the general values of 7 and y which make each of the following 
expressions a perfect square : 


15. 2? -—3xy + 3y7. 16. w?+2xy + 2y’". 17. 5a?+y?. 


18. Find two positive integers such that the square of one exceeds 
the square of the other by 105. 


19. Find a general formula for three integers which may be taken 
to represent the lengths of the sides of a right-angled triangle. 


20. Find a general formula to express two positive integers which 
are such that the result obtained by adding their product to the sum 
of their squares is a perfect square. 


21. “There came three Dutchmen of my acquaintance to see me, 
being lately married; they brought their wives with them. The men’s 
names were Hendriek, Claas, and Cornelius; the women’s Geertruij, 
Catriin, and Anna: but I forgot the name of each man’s wife. They 
told me they had been at market to buy hogs; each person bought as 
many hogs as they gave shillings for one hog; Hendriek bought 23 hogs 
more than Catriin; and Claas bought 11 more than Geertruij; likewise, 
each man laid out 3 guineas more than his wife. I desire to know the 
name of each man’s wife.” (Miscellany of Mathematical Problems, 1743.) 


22. Shew that the sum of the first » natural numbers is a perfect 
square, if 7 is equal to or 2-1, where & is the numerator of an odd, 
and # the numerator of an even convergent to ./2. 


CHAPTER XXIX. 


SUMMATION OF SERIES. 


380. Examples of summation of certain series have occurred 
in previous chapters; it will be convenient here to give a 
synopsis of the methods of summation which have already been 
explained. 

(i) |Arithmetical Progression, Chap. IV. 

(ii) Geometrical Progression, Chap. V. 

(iii) Series which are partly arithmetical and partly geo- 
metrical, Art. 60. 

(iv) Sums of the powers of the Natural Numbers and allied 
Series, Arts. 68 to 75. 

(v) Summation by means of Undetermined Coefficients, 
Art. 312. 

(vi) Recurring Series, Chap. XXIV. 

We now proceed to discuss methods of greater generality ; 


but in the course of the present chapter it will be seen that some 
of the foregoing methods may still be usefully employed. 


381. If the 7" term of a series can be expressed as the dif- 
ference of two quantities one of which is the same function of r 
that the other is of r—1, the sum of the series may be readily 
found. 


For let the series be denoted by 
U,+U,+Uzs+...+%,, 
and its sum by S,, and suppose that any term u, can be put in 
the form v,—v,_,; then 
S,= (4 oe %) cg (¥,-%,) ie (v¥,-%,) Feet (&,i=%-5) 1(0,= 03. 5) 
=v,-%,. 
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Ezample. Sum to n terms the series 
1 7 1 1 
(1l+a) (1+2zx) " (1+2z) (i+3a) * @+3a)+4a)"™ 


If we denote the series by 
Uy + Ug + Ugt ...00e +Up, 


1 Al i 
we have y=. (ss - im) , 
Ee! ae if 
a eareeec gD 
brea soe (ds 
“a= \i¢3c 1+42)’ 
‘ ters fd ay 
"a \l+ne aa) 
ca by addition, Sy=5 (Gs - Ss) 


~ (1+a) (l+n41.a)" 


382. Sometimes a suitable transformation may be obtained 
by separating w,, into partial fractions by the methods explained 


in Chap. xxuit. 
Example. Find the sum of 
al a a 
(i+2) i +az) + (i+az)(1+a'2)* (i+ a%z) (1+ata)* ... to n terms, 
(ime A 
The n** term = (+a la) (1-a%a) = 1paPia + 
o. a= A (1+a"z) +B (1+a" 2). 


By putting 1+a"—1z, 1+a”x equal to zero 1n succession, we obtain 


=, Suppose; 


-1 
A=e a’ =-75 
Hence oe es ag te" Tou)" 
esse “=, (4 re , Tats) 
Aedeade i ei 
“a=Toa\ita™ In om) 
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383. To find the sum of n terms of a series each term of which 
is composed of r factors in arithmetical progression, the first Jactors 
of the several terms being in the sume arithmetical progression, 


Let the series be denoted Dy 2 + Ug + Ug t+ ereeee +Up_, 
where 


Un = (a+ nb) (a+nt+1.b)(atn+2.6)... (atnt+r—1. 6). 

Replacing x by n—1, we have 

Un 7 m—1.6)(a+nb)(at+n+1.b)...(a+n+r—2.6); 
* (at+n—1.b) uty =(@4+n+7—1. db) Uq_1=Up, SAY. 

Replacing n by 7+ 1 we have 
(a+n+7r.b) Un=Vngr3 

therefore, by subtraction, 
(r+1)0. Uy =p - 

Similarly, (7+ 1) b. eqs = Uy — Up—ay 
(r+1)b.u.=v3— 9, 
(rtl)b.u,=%,-%. 

By addition, (7 +1) 0. Sq = Unga — M3 

Ung — U1 
(r+1)b 

_ (@tnt+r.b)uq 
za (r+1)6 


where C’ is a quantity independent of n, which may be found by 
ascribing to m some particular value. 


that is, (Sey 


+ C, say; 


The above result gives us the following convenient rule: 


Write down the n™ term, affix the neat factor at the end, divide 
by the number of fuciors thus increased and by the common differ- 
ence, and add a constant. “ 


lee 18 
(r+1)b (r+1)6 
however better not to quote this result, but to obtain ( as above 
indicated. 


It may be noticed that C= 


u,; 1b 18 
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Example, Find the sum of n terms of the series 
1.3.54+3.5.745.7.9+4+....., 
The nx‘ term is (2n—1)(2n+1)(2n+3); hence by the rule 


(2n — 1) (2n+1) (2n+3) (2n +5) 
4.2 


= +C. 


To determine C, put n=1; then the series reduces to its first term, and 


we have Po aS Pet C; whence C= =? ; 
(2m —1) (2n+1) (2n+3)(2n+5) 15 
ae ar a mae - aa Rd ote Bg 


=n (2n3 + 8n?+7n— 2), after reduction. 


384, The sum of the series in the preceding article may 


also be found either by the method of Undetermined Coefficients 
[ Art. 312] or in the following manner. 


We have wu, =(2n— 1) (2n + 1) (2n + 3) =8n* + 12n?- 2n—- 3; 
S,, = 83n? + 123n? — 23n —- 3n, 
using the notation of Art. 70 ; 
w S, = 2n? (n+ 1)? + 2n (n+ 1) (2n4+1)—n(n4+1)-3n 
=n (2n? + Bn? + Tn — 2). 
385. It should be noticed that the rule given in Art. 383 is 
only applicable to cases in which the factors of each term form an 


arithmetical progression, and the first factors of the several terms 
are in the same arithmetical progression. 


Thus the sum of the series 
eo daee 4. OF Oo ete to 7 terms, 


may be found by either of the methods suggested in the preceding 
article, but not directly by the rule of Art. 383. Here 


u,=n(nt+2)(n+4)=n(n+1 +1) (n+2 +2) 
=n(n+1)(m+2)+2n (m+ 1) +n (+2) +20 
=n (n+ 1) (n+2)+3n(m +1) + 3n. 
The rule can now be applied to each term ; thus 
8, =14n (n+ 1) (n+ 2)(n+3) + (n+ 1) (n+ 2) + $n(n+1)+0 
=}n(n+1) (+4) (w+ 5), the constant being zero. 
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386. To find the sum of n terms of a series each term of which 
is composed of the reciprocal of the product of r factors in arith- 
metical progression, the first factors of the several terms beng in 
the same arithmetical progression. 


Let the series be denoted by w, + w, + Ug + ...++- +Un; 
where 
~ =(a+nb)(a+n+1.6)(a+n+2.0) Pe (at+n+r—1.6). 


Replacing » by n- 1, 
1 


Un_1 


=(a+n—1.b)(a+nb)(a+n+1.b)...(a+ntr—2.5); 


i (a+n+r—1 . 6) pn =(atn—1 .b) tna = Up_y 8AY- 
Replacing » by n+ 1, we have 
(4+ 7b) Un =Un4r5 
therefore, by subtraction, 
(rn —1) b. Uy = Un — Pngr® 
Similarly (r—1)0. Un_y = Un_a — Uns 
(r—1) bd. t= — %, 
(r—1)b. uy, =v,—-%,. 
By addition, (r—1) 8. 8S, = % — Mny3 
MU %nsr py _ (4+. 2d) Uy 
*(r—-1)b- (r—1)6 ’ 


where C is a quantity independent of m, which may be found by 
ascribing to 2 some particular value. 


Tad Seal nse ad ! 


Gb Gant 2 GeO 
Hence the sum may be found by the following rule: 


that is 


Write down the n™ term, strike off a factor from the beginning, 
divide by the number of factors so.diminished and by the common 
difference, change the sign and add a constant. 


b 
The value of C= CaN Ms oa iy u,; but it is advisable in 


each case to determine C by ascribing to m some particular value, 
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Example 1, Find the sum of 7 terms of the series 


saabeshews: 1 
1.2.3.479.8.4.6°38.4.5.6°°°" 
1 


Th th t hy ee en SS RE 
e n‘® term is ane i)nt a) eee) 


hence, by the rule, we have 


i 
Pa Crt (nee 8) 
Put n=1, then Detaled ey tp: an 3 whence ouly 
‘ 1.2.8.4 S284? 18° 
1 1 


as ah 3 (n +1) (n+-2) (n+38)° 


1 
By making n indefinitely great, we obtain S., =Ie° 


Example 2, Find the sum to n terms of the series 


3 4 ‘ pie 4s 
Td Oars ara 6 
Here the rule is not directly applicable, because although 1, 2, 8, ...... ’ 


the first factors of the several denominators, are in arithmetical progression, 
the factors of any one denominator are not, In this example we may 
proceed as follows: 

n+2 (n+ 2)? 


nn (n+l) (n+8)  n(n+l) (W+2) (n+8) 


_  n(n+1) +3n+4 
~ n(n+ 1) (n+ 2) (n+38) 


a SE YE Wee wae 4 
= (m2) (n-+8) * (FI) (+2) (n+) * nlm) (n+2)(n48)" 


Each of these expressions may now be taken as the n** term of a series 
to which the rule is applicable. 


Sxaibwa cleans 4 29 
teal ela kaa Oke a 
299 «1 8 4 


“a= 36 n+ 8 2(n+2im+3) B(n+1)(n+2)(nF8)' 
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387. In cases where the methods of Arts. 383, 386 are directly 
applicable, instead of quoting the rules we may always effect the 
summation in thé following way, which is sometimes called ‘the 
Method of Subtraction.’ 

Example. Find the sum of n terms of the series 
2.54+5.84+8.11411.14+...... 


The arithmetical progression in this case is 
25s 8; TP 143... 


In each term of the given series introduce as a new factor the next term 
of the arithmetical progression; denote this series by S’, and the given series 
by S; then 


S'=2.5.845.8.1148.11.14+......+(3n—1) (8n+2) (8n+5); 
w. S7-2.5.8=5.8.11+8.11.14411. 14.17+... to (n—1) terms. 

By subtraction, 
—2.5.8=9[5.84+8.11+411.14+... to(m—1) terms] — (32-1) (3 +2) (3n+5), 
—2.5.8=9[S —2 .5]- (3n—1) (8n+2) (8n+5), 

9S =(3n—1) (3n+2) (8n+5)-2.5.84+2,5.9, 
S=n (3n?+6n+1). 
388. When the n term of a series is a rational integral 


function of n it can be expressed in a form which will enable us 
readily to apply the method given in Art. 383. 


For suppose ¢ (m) is a rational integral function of n of p 
dimensions, and assume 


p(n) =A+Bn+ Cn (n+1) + Dn(n+1)(n+2)4+ 
whence weA ge os Coy syins are undetermined constants p+1 in 
number. 


This identity being true for all values of », we may equate 
the coefficients of like powers of n; we thus obtain p +1 simple 
equations to determine the p + 1 constants. 


Example. Find the sum of n terms of the series whose general term is 


nt + 6n3 + 5n?, 
Assume © 


ni + 6n§ + bn?= A+ Bn+ Cn (n+1)+Dn(n+1) (n+2)+En(x+1) (nm +2) (n +3); 


Equating cooefficients of like powers of x, since this is an identity, gives 
A=0, B=0, C= -6, D=0, H=1. Thus 


n+ 6n3 +5n?= n(n +1) (n+2)(n+3) -—6n(n +1). 
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1 
Hence S,=zn (2 +1) (n+ 2) (n+3)(n+4) — 2n(n+1) (n+2) 


1 
=5n (n+1) (n+2) (n?+7n+2). 


PoLyGoNAL AND FicuRATE NuMBERS. 


389. If in the expression n+4n(n—1)6, which is the sum 
of m terms of an arithmetical progression whose first term is 1 
and common difference 6, we give to 6 the values 0, 1, 2, 3, ..., 
we get 

n,3n(n+1), n*, $n(3n—1),...... ; 

which are the n™ terms of the Polygonal Numbers of the second, 
third, fourth, fifth,...... orders; the first order being that in which 
each term is unity. The polygonal numbers of the second, third, 
fourth, fithy es: orders are sometimes called linear, triangular, 
square, pentagonal,...... 


390. To find the sum of the first n terms of the r™ order of 
polygonal numbers. 
The n™ term of the r™ order is m + 32 (n— 1) (r—2); 
w 8S =3n+2(r—2)3(n-1)n 
=hn(n+1)+4 (7-2) (n—-1) n(n + 1) [Art. 383] 
=} (n+ 1) {(r—2) (n— 1) + 3} 


391. If the sum of m terms of the series 


be taken as the n* term of a new series, we obtain 
1.203, 46-5, 88. 0h 


If again we take se , which is the sum of » terms of the 


last series, as the n** term of a new series, we obtain 
Ios 6, LO pb. ceo 


By proceeding in this way, we obtain a succession of series 
such that in any one, the mn» term is the sum of m terms of the 
preceding series. The successive series thus formed are known 
as Figurate Numbers of the first, second, third, ... orders. 
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39%. To find the n term and the sum of n terms of the r® 
order of figurate numbers. 
The nt term of the first order is 1; the n term of the 
second order is »; the n'* term of the third order is =n, that is 
1 
in (n+1); the n term of the fourth order is = “ — me , that is 


Rel 
m (n+1) (n+2) | a6 inttymoey 
Sane bis 9 alae the n** term of the fifth order WAT gg oso 
ae wg 2(r+1) a (n+ 3) 


Thus it is easy to see that the n‘ term of the r™ order is 


n(n+1)(n+ 2)... (m+r—2) ie ln+r—2 


(wie I f jn—1 |jr-1_ 
Again, the sum of x terms of the 7 order is 
nm (n+1) (v+2)... (m+r—1) 
|" 


3 and so on. 


which 1s the 2 term of the (7 + 1) order. 


Norr. In applying the rule of Art. 883 to find the sum of n terms of 
any order of figurate numbers, it will be found that the constant is always 
zero, 


393, The properties of jigurate numbers are historically 
interesting on account of the use made of them by Pascal in 
his 7’raité due triangle arithmétique, published in 1665. 


The following table exhibits the Arithmetical Triangle in its 
simplest form 


— 


1 
SL EG CPG Oh.M 
6. 103-10 aT 228 236°... 

20 35 56 84... 

15 35 70 126... 

ZL°VSGPL26 Fe 

28 84... 


“I o& Ot — © b Fe 
— 
=) 


ee a ee 
co © 

oo 

[op] 
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Pascal constructed the numbers in the triangle by the follow- 
ing rule: 


Each number is the sum of that immediately above it and that 
immediately to the left of tt; 
thus 15=5+10, 28=7+4+21, 126=56+70. 


From the mode of construction, it follows that the numbers in 
the successive horizontal rows, or vertical columns, are the figurate 
numbers of the first, second, third, ... orders. 


A line drawn so as to cut off an equal number of units from 
the top row and the left-hand column is called a base, and the 
bases are numbered beginning from the top left-hand corner. 
Thus the 6th base is a line drawn through the numbers 1, 5, 10, 
10, 5, 1; and it will be observed that there are six of these num- 
bers, and that they are the coefficients of the terms in the ex- 
pansion of (1 +a)’. 

The properties of these numbers were discussed by Pascal 
with great skill: in particular he used his Arithmetical Triangle 
to develop the theory of Combinations, and to establish some 
interesting propositions in Probability. The subject is fully 
treated in Todhunter’s History of Probability, Chapter 11. 


394, Where no ambiguity exists as to the number of terms 
in a series, we have used the symbol & to indicate summation ; 
but in some cases the following modified notation, which indicates 
the limits between which the summation is to be effected, will be 
found more convenient. 


Let ¢ (a) be any function of «, then ao (x) denotes the sum 
zl 


of the series of terms obtained from ¢ (x) by giving to 2 all posi- 
tive integral values from / to m inclusive. 


For instance, suppose it is required to find the sum of all the 
terms of the series obtained from the expression 


(p—1)(p- 2)... (p—7) 


is 


by giving to p all integral vaiues from 7 + 1 to p inclusive. 
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Writing the factors of the numerator in ascending order, 
he ea 


the required sum = 
Leo8e, p=rti |r 


aca 0 +2.8.4....(r+1)+...+ (p—7)(p-rtl)...(p—D} 
em oY gi Rly eve [Art. 383.] 
ve r+ 

wir Pm VerdPaDn 


jr+1 


Since the given expression is zero for all values of p from 1 to 
7 inclusive, we may write the result in the form 


BSPi pak pale \a portion (pet WP Tar SAG the 


EXAMPLES. XXIX.a. 


Sum the following series to n terms : 


ee dees Ate es Gea te dae One 
2 le Doe 2m Se, bro ideo Ores ce 5 
gy allt! Barieed bee yeaa De Biro Keel Besa = 
A, dA ht Die D S190 £66, Oi lcccbs 
Bhod HOE DEAE 6R LO £34) Tiel eecce. 
Sum the following series to n terms and to infinity : 
6. J + J =: : riences 
re ed oO eas 
7 : + ; + L does ates 
at ea Te TS 10 
co : + : + : El wesees 
INS Das Selon 
9, : > : + , SElossce 5 
WA cad eel Oma el Or he 
4 5 6 
10. 72 hore ee 
1 2 33 
11. oladlaii dnd 16. skwee ucel 
1 3 5 7 
Ue 1 o5 255.4 8 ee 
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Find the sum of » terms of the series : 


es a ge Se ee Cs Se 

14. (n?—1?)42 (n?— 2?) +3 (n? — 3?) 4... 

Find the sum of m terms of the series whose n term is 

15. 2? (n?—1). 16. (m?+5n+4) (n?+5n+8). 
n® (n? — 1) ni+2n8 +n? —1 

iW An? = l . 18. pin 
ne 4+-3n?+2n+2 nitn?+l 

19. ech a F 20. er oe 


21. Shew that the n™ term of the 7 order of figurate numbers is 
equal to the 7 term of the n™ order. 


22. If the n™ term of the r* order of figurate numbers is equal to 
the (7+2)™ term of the (7—2)" order, shew that r=n+2. 


23, Shew that the sum of the first n of all the sets of polygonal 
numbers from the linear to that of the 7 order inclusive is 
(r7—1)n(n+1) 
12 


(rn — 2n -7 +8). 


SUMMATION BY THE METHOD OF DIFFERENCES. 


395. Let w, denote some rational integral function of n, and 
let 21, Mo, 2%, %4,-.. denote the values of w, when for n the values 
1, 2, 3, 4,... are written successively. 


We proceed to investigate a method of finding wu, when a 
certain number of the terms %, Uz, Us, U4)... are given. 


From the series u,, U%., U3, U4, Us)... Obtain a second series 
by subtracting each term from the term which immediately 
follows it. 


The series 
Un—U,, Ug— Un, Ug—Ug, Us —Ug,..- 
thus found is called the series of the first order of differences, and 
may be conveniently denoted by 
Aw, \Aw,, 

By subtracting each term of this series from the term that 

immediately follows it, we have 
Au,—Au,, Au,—Au,, Au,s—Ausg,... 

which may be called the series of the second order of differences, 
and denoted by 


"5 INT TNO 


Ast, Agta, Agtls,.+- 
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From this series we may proceed to form the series of the 
third, fourth, fifth... orders of differences, the general terins of 
these series being A,u,, Ayu,, A,u,,... respectively. 

From the law of formation of the series 

abi tities, ee) bees OM GT! Bad. OF Wigs tweeted : 
PEST AME maT 9 TAN | UAT RR ee nce 
IN GU Na Ug Nathan) MeActlane cn anerie 
UNS UT MeING Uae EN Reg eon Sass 


eee ee eee ee ry 


it appears that any term in any series is equal to the term 
immediately preceding it added to the term below it on the left. 


Thus Uy =U, + Au,, and Au, = Au, + Agu. 
By addition, since u,+ Au,=wu, we have 
Ug =U, + 2Au, + Ayu). 
Tn an exactly similar manner by using the second, third, and 
fourth series in place of the first, second, and third, we obtain 
Au, = Ar, + 2Agu, + Ayu. 
By addition, since uw, + Aw, = u,, we have 


Uy = Uw, + 3Au, + 3A,u, + Ase. 


So far as we have proceeded, the numerical coefficients follow 
the same law as those of the Binomial theorem. We shall now 
prove by induction that this will always be the case. For sup- 
pose that 


n(n—1 
Uggs = th +ndey +2?) Ayu, +... tC Ajty + .ccees + A,r, ; 


then by using the second to the (m + 2)™ series in the place of the 
first to the (72 + 1)™ series, we have 

n(n—1 
Atin41 = Au, + nAu, an —_ A,u, tee BPC, A py +... + Anyi, « 


By addition, since u,,; + Adin, = Un yg, We obtain 


Wn ya = Uy + (+1) Ae +... + (MOp + Cpa) Ayty +... + Oy rt. 
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m+1, 


x r—1 


But *C,+"* pan (“TF 1) x = 
_(m4+1)n(n—-1)... (n+ 1-741) 
9 1.2.3...(r—1)r 


Hence if the law of formation holds for w,,, it aiso holds for 
Un,2, but it is true in the case of u,, therefore it holds for u,, and 
therefore universally. Hence 


(n= 1)(n-2) 
Pa ee 


= BAC. 


Un_ =U + (m—1) Aw + gt, +... + An_1%h. 


396. To find the sum of 2 terms of the series 
Uj, Us, U,, 
in terms of the differences of w. 


Suppose the series u,, w., u3,... is the first order of differences 
of the series 
Y, V2, U3) Vgyeeey 


then 41 = (Un41 — Un) + (Un — Uni) + ++» + (YV—%) + %, identically ; 
Ung = Un t Unt ne tUgt yt, 


Hence in the series 


Wi, Usy “Ug, Ugyaeatewe 


the law of formation is the same as in the preceding article; 
n(n —1) 


1.2 Aum +... + Agu, 5 


Ung =O+ nu, + 


that is, w+ Ug + Ug t+... + Un 


n(n—1 —1)(~-2 
mi Oy, AO att + Anm. 


The formule of this and the preceding article may be ex- 
pressed in a slightly different form, as follows: if a is the first 
term of a given series, d,, d,, d;,... the first terms of the suc- 
cessive orders of differences, the n™ term of the given series is 
obtained from the formula 


a+ (n-1) +a, Se aie pastas Bsa 
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and the sum of ” terms is 


na a Peg ia 


Example. Find the general term and the sum of n terms of the series 
12, 40. 90, 168, 280, 432,...... 
The successive orders of difference are 
28, 50, 78, 112, 152,...... 
29, 28, 34, 40,...... 


Hence the n‘ term =12+28 gu Diener ot 6 (»=J) bee hPa, 


=n* + 5n*+ 6n. 7 
The sum of n terms may now be found by writing down the value of 
Dn? +55Dn?+65n. Or we may use the formula of the present article and 
28n(n—1) | 22n(n—1)(n-2)  6n(n—1) (n—-2) (n-3) 
5) ay 3 + : 


4 


obtain S,=12n+ 


5 (3n? + 26n + 69n-+46), 


=in (+1) (8n? + 23n + 46). 


397. It-will be seen that this method of summation will only 
succeed when the series is such that in forming the orders of 
differences we eventually come to a series in which all the terms 
are equal. This will always be the case if the n™ term of the 
series is a rational integral function of x. 


For simplicity we will consider a function of three dimensions; 
the method of proof, however, is perfectly general. 


Let the series be 
UW, FUL +U, + vee FUL FU HU HU teen 


where u, = An? + Br? +Cn+D, 


and let v, w,, z, denote the ™ term of the first, second, third 
orders of differences; 
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then v,=u,,,-u, =A (38n?+ 38n4+ 1)+ B(2n4+1)4+0; 


that is, v,=3An’?+(844+2B)n+A+B+C; 
Similarly w,=v,,,-v,=3A (2n+1)+34+2B 
and 2,=w,,,—-w,=6A4,. 


Thus the terms in the third order of differences are equal ; 
and generally, if the n™ term of the given scrics is of p dimensions, 
the terms in the p™ order of differences will be cqual. 


Conversely, if the terms in the p™ order of differences are 
equal, the n™ term of the series is a rational integral function of 
m of p dimensions. 

Example. Find the n‘* term of the series—1, —3, 3, 23, 63, 129,...... 
The successive orders of differences are 


—2, 6, 20, 40, 66,...... 
8, 14, 20, 26, ....:. 
626) i scerees 
Thus the terms in the third order of differences are equal; hence we may 
assume Up_=A+Bn+ Cn? + Dn, 


where A, B, C, D have to be determined. 


Putting 1, 2, 3, 4 for m in succession, we have four simultaneous 
equations, from which we obtain 4=3, B=-—3, C=- 2, D=1; 


hence the general term of the series is 3 — 3n—2n? +n’. 


398. If a, is a rational wtegral function of p dimensions 
mm n, the sertes 
A, + a,0+ O06 +...+0,0" 
as @ recurring series, whose scale of relation ts (1 — x)”*”. 


Let S denote the sum of the series; then 


S (1-2) =a,+(a,-4,)e+ (a,—a,)a°+...+(a,-—a,_,)a”-ag"™ 


=a,+b0+b2°+...+6 2"*-ags"™, say; 
here b, = a, — a,_,, 80 that 6, is of p— 1 dimensions in x. 
Multiplying this last series by 1 — «, we have 
S(1—-a)? 
=a,+(b,—a,)a+(b,—0,)a? +...+ (by — Oy 1)%"— (4, +5,)00 7 + 4,00" 7° 


n+l 2 


3 a n+ 3 
=a,+(b,—a,)@+6,07+0,0° +... +6,0"—(4,+b,)0" +a,a""", say; 


here ¢, = 6, —0,-;, 80 that c, is of p — 2 dimensions in x, 
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Hence it follows that after the successive multiplications by 
1 —«, the coefficients of «” in the first, second, third, ... products 
are general terms in the first, second, third, ... orders of differences 
of the coefficients. 


By hypothesis a, is a rational integral function of n of p 
dimensions ; therefore after p multiplications by 1—« we shall 
arrive at a series the terms of which, with the exception of p 
terins at the beginning, and p terms at the end of the series, form 
a geometrical progression, each of whose coefficients is the same. 


[Art. 397.] 


Thus S(l—a)P =k (a? +aP*)+...4+2")+f (a), 
where & is a constant, and /(#) stands for the p terms at 
the beginning and p terms at the end of the product. 


es za8) fle); 


ke? (1 — ot (1=2)F(2) 
(1 - o)P*! 


thus the series is a recurring series whose scale of relation is 


(1—a)r*. [Art. 325.] 


S(1—2)? = 


that is, Sim 


If the general term is not given, the dimensions of a, are 
readily found by the method explained in Art. 397. 


Example. Find the generating function of the series 
3+ 5¢+9x?+ 1523 + 23244 338254 ...... 


Forming the successive orders of differences of the coefficients, we have 
the series 


thus the terms in the second order of differences are equal; hence a, is a 
rational integral function of n of two dimensions; and therefore the scale 
of relation is (1—)?. We have 


S=34+5r+ 922+1523+ 2324+ 33054 ...... 
—82S= -—9x0-152? - 2723 — 4524 - 69a5—-...... 
Sta 9x? + 15203 + 27744 4505+... 
-2S= — 828- 52t- 9a5-...... 
By addition, (1-2x)§ S=3 - 42 +327; 
if. fee 


(da) 
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399. We have scen in Chap. xxiv. that the generating 
function of a recurring series is a rational fraction whose denomi- 
nator is the scale of relation. Suppose that this denominator can 
be resolved into the factors (1 — aa) (1 —bx)(1—ez)...... ; then the 
generating function can be separated into partial fractions of the 


A . B A C 
l-axw 1l—-be 1l-cax 
Each of these fractions can be expanded by the Binomial Theorem 
in the form of a geometrical series; hence in this case the re- 


curring series can be expressed as the sum of a number of 
geometrical series. 


form 


If however the scale of relation contains any factor | ~ aa 
more than once, corresponding to this repeated factor there will be 


A 


partial fractions of the form aay? Gm ae Sede ; which 


when expanded by the Binomial Theorem do not form geometrical 
series; hence in this case the recurring series cannot be expressed 
as the sum of a number of geometrical series. 


400. The successive orders of differences of the geometrical 
progression 


a, ar, a, a, ar, ar’, ...... 
are a(r—1), a(r—1)r, a(r—1)r’, a(r—1)r%,...... 


a(r—1)*, a(r—1)*r, a(r—1)*r’, 


ee ee ee rs 


which are themselves geometrical progressions having the same 
common ratio r as the original series. 


401. Let us consider the series in which 
u,=ar"'+ h(n), 


where ¢(7) is a rational integral function of ” of p dimensions, 
and from this series let us form the successive orders of differences. 
Each term in any of these orders is the sum of two parts, one 
arising from terms of the form ar"~', and the other from terms of 
the form ¢(n) in the original series. Now since ¢(n) is of p 
dimensions, the part arising from ¢(n) will be zero in the (p + 1) 
and succeeding orde«s of differences, and therefore these series 
will be geometrical progressions whose common ratio is 7. 


[Art. 400.] 


330 HIGHER ALGEBRA. 


Hence if the first few terms of a series are given, and if the 
p* order of differences of these terms form a geometrical pro- 
gression whose common ratio is 7, then we may assume that the 
general term of the given series is ar">’+f(n), where f(x) is a 
rational integral function of x of p—1 dimensions. 


Example. Find the n* term of the series 
10, 23, 60, 169, 494,...... 
The successive orders of differences are 
TS ol pl OOS Osea 
2472) e216... 


Thus the second order of differences is a geometrical progression in which 
the common ratio is 3; hence we may assume for the general term 


Un=a. 3" 1+ dbn+e. 


To determine the constants a, b, c, make n equal to 1, 2, 3 successively; 


then a+b+c=10, 3a+2b+c=23, 9a+3b+c=60; 
whence Ga Osg0=l eC =o. 
Thus Unz=6 .38"™14n4+3=2 .3"4+n+3. 


402. In each of the examples on recurring series that we 
have just given, on forming the successive orders of differences 
we have obtained a series the law of which is obvious on inspec- 
tion, and we have thus been enabled to tind a general expression 
for the x™ term of the original series. 


If, however, the recurring series is equal to the sum of a 
number of geometrical progressions whose common ratios are 
a, b, c,..., its general term is of the form Aa"™' + Bb" 4+ Cc", 
and therefore the general term in the successive orders of 
differences is of the same form ; that is, all the orders of differ- 
ences follow the same law as the original series. In this case to 
find the general term of the series we must have recourse to the 
more general method explained in Chap. xx1v. But when the 
coefficients are large the scale of relation is not found without 
considerable arithmetical labour; hence it is generally worth 
while to write down a few of the orders of differences to see 
whether we shall arrive at a series the law of whose terms is 
evident. ; 


403. We add some examples in further illustration of the 
preceding principles. 
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Example 1. Find the sum of n terms of the series 
5 61 ae OI Om)t+ whl > ef 


1 oe 05 ae) a 2 st a Bg ee 


2n+3 1 
Here oe ean Sane 
Assuming tied S ; 
n(n+1) n n+l 
we find A=—3. B= — 1, 
3 1 Teg eds, gat 1 1 
H af ee eee aes BB 
ence ty € aie n’ 31m 1°35" 
1 1 
and therefore Si eSih= Sen, 
n+1 3” 


Example 2.. Find the sum of n terms of the series 


A 3 is 5 7 
SPee7 3a aatetinda 
Qn-1 
th 4 
ea iia acing nT 
set A(nt+1)+B nods 


Sian (4n—5) (4n-1)° 3.7... L=16  BRT AE... (fn =5)° 
ws In-1=An+(4+B) -(An+B) (4n-1). 


On equating coefficients we have three equations involving the two 
unknowns A and B, and our assumption will be correct if values of A and B 
can be found to satisfy all three. 

Equating coefficients of n?, we obtain 4 =0. 


Equating the absolute terms, -1=2B; that is B=-—4; and it will be 
found that these values of A and B satisfy the third equation. 


yo! 1 ol =! 
nr 2's. 7 te (=o), 208, Face nb) 1)” 
py | 1 
MO eee oy = SS. = 
neice a9 2 sBi7 SAL. Been Sd)" 


Example 3. Sum to n terms tae series 
6.9+12.21+20.374+30.57+42.81+...... 
By the method of Art. 396, or that of Art. 397, we find that the nth term 
of the series 6 1257205305) 42. .c coc is n?+3n+2, 
and the nth term of the series 
OFZ a3, Olen Sl ytcccees is 2n?+6n+1. 
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Hence Un =(n +1)(n+2){2n(n +3) +1} 
=2n(n+1)(n+2)(n +3) +(m+1)(n+2) ; 


Ae S_=zn(n+l)(n +2)(m43)(n44) +5 (n-+1)(n-+2)(n+3) 


Example 4. Find the sum of 7 terms of the series 
2.24+6.4412.84+20.16+30.32+...... 
In the series 2, 6, 12, 20, 30, ...... the nth term is n? +n; 
hence Un =(n* +n) 2”. 


Assume (n?+n)2"=(An?+ Bn+C)2"-{A(n-1)?+B(n-1)+C} 2"; 
dividing out by 2”-1 and equating coefficients of like powers of n, we have 


2=A, 2=2A4+B, 0=C-A+B; 


whence A=2) B= =2) C=4. 
*, Uy =(2n? — Qn +4) 2” — {2(n —1)?-2 (mn -1) +432"; 
and S, = (2n? —-2n +4) 2" -4=(n? -n +2)2"+1-4, 


EXAMPLES. XXIX.b. 


Find the ntb term and the sum of n terms of the series : 
4, 14, 30, 52, 80, 114,...... 

8, 26, 54, 92, 140, 198, ...... 

2, 12, 36, 80, 150, 252, ...... 

8, 16, 0, —64, —200, - 432, ...... 

30, 144, 420, 960, 1890, 3360, ...... 


I dia em 


Find the generating functions of the series : 
6. 14+380+7e? +1323 + 21e4+3lad+...... 
7. 14+2x%+9u?+20x°+ 3524+ 54054... 
8. 2+5x+ 10x? +17x3 + 2644+ 3725 +...000 
9. 1-3x+5a?-—723 + 9x4 -1lad+ 

10. 144 24% +34y2 + 4423 + Beaty oo. 


Find the sum of the infinite series : 
i 2in2 53.0 3) 408 425 
a te tae tar 
22 3% 4% 52 6? 
oe we BS 


iG “Hiegteee 


12. 1?- <= + scoee 
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Find the general term and the surn of » terms of the series: 


13. 9, 16, 29, 54, 103,...... 
tee Tell Sone. IGT, fy. 
15. 2, 5, 12, 31, 86,...... 

16. 1,0, 1, 8,/29;°80) 198....... 

17. 4, 13, 35, 94, 262, 755...... 
Find the sum of 7 terms of the series: 
18. 1427432744234 52'+...... 

19. 1437+62?+102%+152t+...... 


3s 1b dower Ls moaaye! | Carl 
20. Te'ate.3°mtsa i: et aB° ga beeen 


We 2? 3? 42 
ee eal oery ben gt ple Tae (8 
= Ps ea 4.5 Fas Om cealnrn 


22. 3.44+8.11415.20+24.314+35.44+...... 
23. 1.3+4.74+9.13+16.214+25.31+...... 
24, 1.54+2.154+3.3144.534+5.81+...... 


25 1 2 3 a a 
‘ 3t 1.3.5 As 3.5. a sina eee 
2 


2.9? 3.2% 4.2 
|4 [5 \6 
O7. 2.24+4.447.8+11.164+16.32+...... 
98. 1.34+3.329+5.33+7.3!+9.3°+...... 


26. ae 


Me 
‘at 
‘e 


a rites eteaen ie pote 
30. eo ea rape opal hs: 

1. acs 3*3 ; 4 PA is at Ws 

32 Stat pt pet neaare 

eet 33-ats a4 ate tase 3 
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404. There are many series the summation of which can be 
brought under no general rule. In some cases a skilful modifi- 
cation of the foregoing methods may be necessary ; in others it 
will be found that the summation depends on the properties of 
certain known expansions, such as those obtained by the Binomial, 
Logarithmic, and Exponential ‘’heorems. 


Example 1. Find the sum of the infinite series 
_2 +28 460 ua 


np tat Et aren 


The nth term of the series 2, 12, 28, 50, 78, ...... is 8n?+n-—-2; hence 
3n?+n-2 3n(n—-1)+4n-2 
LF 1 = = 
a 2 
3 4 2 
= a ———- 


nba 


Put 7 equal to 1, 2, 3, 4, ... in succession ; then we have 


Sp hae ee) 
Ee B 


ase u mj Papen ake Ug= 


aeenad aa 
and so on. 


Whence S,, =3e+4e -2(e -1)=5e+2. 


Example 2. If (1+2%)"=cy+e%+¢,27+...+c,2”, find the value of 
1?¢, + 27¢,+3%eg +... +2Cq. 
As in Art. 398 we may easily shew that 
l+a 
~ (1-2) 


Also 6, +6n4% +...Cot—? + c,2"—1 + eg =(1 +2)". 


12 + 22a +32? 4+ 42434... 4+ n2gM-1 4+ ., 


Multiply together these two results; then the given series is equal to 
(1 +a)"+1 (2-1-2) 


the coefficient of «”—1 in al eaae (1-2) 


that is, in 


The only terms containing «”—1 in this expansion arise from 


2M44(] —2)-8—(n+.1)20(1 —2)-2 4 te ae 


Qr-1(] —a)-1; 


n(n+1) 
2 


27+ n(n -+1)2" 4 


. the given series = n(n > 1) 


gn-i 


=n(n+1)2"-3, 
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Example 3. Ifb=a+1, and n is a positive integer, find the value of 


ADE Ey epee 8) 28) een 


b" — (n-1) ab™? 
(n-1) ab"? + 2 B 


By the Binomial Theorem, we see that 
1, n-1, ea 4 ais oe Bee 
are the coefficients of 2", x"—?, 2"-4, x6, ,...., in the expansions of (1 — x)~4, 
(ta), (1 — a8, {1 — a) respectively. Hence the sum required is 
equal to the coefficient of x” in the expansion of the series 
1 ax? ax aas 
ibe (1—ba2* (1—tay?~ (1-day 


and although the given expression consists only of a finite number of terms, 
this series may be considered to extend to infinity. 


But the sum of the series= te 1+ - : 
l-ba 1-—bz 1—ba+az” 


1 


Te) eral since b=a+1. 


1 
; 7 — j mz a = 
Hence the given series =coefficient of x” in fal :) ( i ) 


ate ny A 
= i ie Loin. 12a 
= coefficient of #” in eal i -—ax 1 =) 


anti_j 
cad ai—sie 4 
Example 4. If the series 
a a gh a? o® 
Fra 7a = ms Ee sie eid pee ra St 
oe ee oe , sha tae Bt ETE : 


are denoted by a, b, ¢ respectively, shew that a? + 0° +c*—3abe=1. 


If w is an imaginary cube root of unity, 
a? +03 +.¢3 — 8abe=(a+b +c) (a+ wb + wc) (a + wd + we). 
poe tee eed 
Now Ades Ta er ae ae irri 


= > 


wo? wie? whet wax? 
and atub+u%e=1+t wet - 4+ oe tap tate 
allt g Ae abt — a | 
= jou 
— Ito} > 
similarly a+b +wo= phi 


2. a+b3+¢c3—-B3abe=e” ce”. Phd a 
=1, since 1+w+w?=0, 
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405. To find the sum of the r™ powers of the first n natural 
nembers, 


Let the sum be denoted by S|; then 
S = 17+ 2°+37+...40'. 

Assume that 
C= An + An + Aa + An t+ + Ant AL (1), 
where A,, A,, A,, A,,... are quantities whose values have to be 
determined, 

Write m+ 1 in the place of m and subtract; thus 
(n+ 1) =A, {(n+1)-n'*}4+ 4, {(n+1)-n} 

+Ag{(n+ 1) —a } 4 As {(n+ 1)" —n""} +... + A,...(2), 

Expand (n+1)"**, (1 +1)’, (w+1)"", ... and equate the co- 


efficients of like powers of m. By equating the coefficients of n’, 


we have 
1 


1=A,(r+1), so that 4,= 1° 


By equating the coefficients of n™~™', we havo 


“lols + A,r; whence A, =F. 
Equate the coefficients of ”’, substitute for A, and 4,, and 
multiply both sides of the equation by 


IP , 
r(r—1)(r—2)... (r-pt+ 1)?’ 


we thus obtain 


Co GP eee Oe ee 2) 
A aprally has bike eo Mee lieete 


In (1) write  — 1 in the place of x and subtract; thus 
n= A,{n'*!—(n—1)*} +4, {nl (nL) }+d, fn! — (0-1) } 4, 
Equate the coefficients of n’~’, and substitute for A,, A,; thus 


eee bs rey ois se s p(p—1) (p -2) 
OT p41” 3 * GEM Aeneas 


MISCELLANEOUS METHODS OF SUMMATION. 337 


From (3) and (4), by addition and subtraction, 


Bee ey Pig Be he 2) 
5 on oe fate) Pucci nut pac teeaseer eke (5). 
—1), , p(p-1)(p-*) (p-3) 
on4 POP states Sees eg: 
455 Ty * * (r—1) (r— 2) (r—3) Saag 
By ascribing to p in succession the values 2, 4, 6,..., we see 


from (6) that each of the coefficients A,, A,, A,,... is equal 
to zero; and from (5) we obtain 


lr 1 r(r—1)(r-2 
45> [B Ass eee i Y, 
A nas 7 (r —1) (r—2) (r—3) (r—4) . 
‘ fA spe Te Ee a 
By equating the absolute terms in Q), we obtain 
L=A, +A, + A, edt ye. +A; 
and by putting m=1 in equation (1), we have 
1=4,+4,4+4,+4,+..... +A,+A4, 5 
thus A_,,=9. 


406. The result of the preceding article is most conveniently 
expressed by the formula, 


at nt" 1 r 6 r= Tre Wye 2) yr—38 
peg +50 ete sheat— ee 


£ — DG a 
n(n) (r ie 8)(6— 8) eg 
where B, = a B,= 30 B, = gn B, =3) B,= eB see 

The quantities B,, B,, B,,... are known as Bernoulle’s Numbers ; 


for examples of their application to the summation of other series 
the advanced student may consult Boole’s Finite Differences. 


Example. Find the value of 15+2°+3°+...... +n, 


Sipe 5.4.3 
We have S= +5 B, am Bs 


+B, 


n& nS 5nt nn? 
ee Le ele 


6 tia Faigeaat 
the constant being zero, 
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EXAMPLES. XXIX. c. 


Find the sum of the following series : 


a we at ai a a 

1% ee ee eevee 2s joo g-3 ts 4 SS 
aes it go08 ani 

3 rama) 9 cows ° 4 7 ih eet aS: ¢ 


2?—] 2 sed ws, 42—] a 
2 7 iB 2 Cee 


5. 14+2e%°+—— 


j ailadh joes q johimee ¢ pe g 
6 jet (296 it 78 ia * ra iat see. to 7+1 terms, 
7 m(l+e) m(m—1) 1+2e 
“  l+ne 2 “(1+ne)? 
pes nz VWa-2), 1+32 t 
[3 eaanbe on terms, 
2r+1 2n+1\? 
» 1+3 —— —— ) Heseeee rms, 
8 +3 Saori * (saa) - to 2 terms 
nm? nm? (n2—12) nn? (mn? — 12) (n? — 22 
oh dl 2 a om ae dy Qa to v+1 terms, 
10. Cin legen 2" (log.2)?+ re fe 2) ee 
1 a il 
une 1.2.3+3.4.5 75. 6.7tot 
Sh ] 
a itp pte 
QG2 Tae Bi Ot ML 8 
1S se re a 
CARA Sieh ar Aaa 


14. Without assuming the formula, find the sum of the series: 


(1) 18+ 284 38+......4+7% (2) Die Siew +a, 


SUMMATION OF SERIES. 339 


33 43 53 
15. Find the sum of 13+ 23+— 4 — + —4....., 
Ey ee 
16. Shew that the coefficient of 2” in the expansion of es — is 
—x)-«. 
ee 2 2* = a 
nis” par aie olay oe Ps tate \. 
: 5 |7 


17. If is a positive integer, find the value of 

(n—2)(n—-3) sree (n—3)(n—4)(m- 5) gro, ‘ 

E 3 : 
and if x is a multiple of 3, shew that 


BMA, (n-2)(n-3) _ (n—- o)e—4)in=5) | _ 7 
1-—(a-1)+ 2 E gece =(-1)". 

18. Ifzx is a positive integer greater than 3, shew that 

n(n — 1)(n — 2)(n — 3) (nie, 3 


\4 
=n? (n +3) 27-4, 


2" — (n—1) 27-24 


—— Dy ~ 984 


19. Find the sum of terms of the series : 
We coe ae ote ee 
1412414 1427424 1437431 


2) el Bs wy, ie 10% dt 
Cr795 2.8} 3.44.5 3.6 86.7 7a, 


PN Ee: yet (21) tage 
20. Sum to infinity the series whose x» term is FAL) OA) 
21. If (l+2)"=e,+e04+ 907+ ¢,0°+...... +c,0", n being a positive 

integer, find the value of 

(n —1)?e, + (2 — 3)%e5 + (2 — 5)?e5 + v0.00 

22. Find the sum of 2 terms of the series: 
yi eae ae 
135 627)” 7 iy ais leis CS 
7 ep 31 49 71 


2)? Ges. 8" OBL 4 ee db ONG Oe 


23. Prove that, if a<1, (l+ax)(1+a%x)(1+a5z)...... 
aig? ax 
alt git (a) (1 at) * a —a2)(1-a4)(1 - a) 
he! H.H.A, 


+ eeoeoe 
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24, If A, is the coefficient of z” in the expansion of 


Vane (+5) (+5) (2 +h) spose : 


2 1072 
prove that A,= ray (A4,,+4,,), and A,= aie)” 
25. If n is a multiple of 6, shew that each of the series 


ee” oye n(n—1)(n—2)(n ~ 3)(n—4) ee 


3 Se oueth ae ’ 
n(n-1)(n—2) 1 n(n—1)(m—2)(n—3)(n—4) 1 
se 3 J 37 E - 32 seseee ’ 


is equal to zero. 


26. Ifn is a positive integer, shew that 


n—2)\(n—3 
(ptgr—(o-I) pa ptgn t+ SEAMS) d pg? (pg) = ee 
ee 1 +1 a 
is equal to? . 
=e 
27, If P.=(n—r)(n—r+1)(n—r+2)...... (n-r+p-—1), 
Q,=7 (r+1)(7+2)...... (r+q=—1), 
shew that 
o |p \9 n—-l+p+q 
PiQ,+ Po@.t PQs ----- + Pri@na= p+qtl |n—2 
28. If is a multiple of 3, shew that 
ach n—4)(n—5) _(m—5)(n—6)(n—7) Eien 3 
\3 |4 
+(-1) pomiliaty Nose ARAL 


— 


, 3 1 ; : 
is equal to — or ——, according as x is odd or even. 
n n? 


29, If wx is a proper fraction, shew that — 


oo x x © a me 
1-# (om {lpr eeeeee hoe 0 1a ee 


CHAPTER XXX. 


THEORY OF NUMBERS. 


407. In this chapter we shall use the word mwmber as equi- 
valent in meaning to positive integer. 


A number which is not exactly divisible by any number 
except itself and unity is called a prime number, or a prime; @ 
number which is divisible by other numbers besides itself and 
unity is called a composite number; thus 53 is a prime number, 
and 35 is a composite number. Two numbers which have no 
common factor except unity are said to be prime to each other; 
thus 24 is prime to 77. 


408. We shall make frequent use of the following elementary 
propositions, some of which arise so naturally out of the definition 
of a prime that they may be regarded as axioms. 


(i) If a number a divides a product bc and is prime to one 
factor 6, it must divide the other factor c. 


For since @ divides be, every factor of a is found in bc; but 
since a is prime to 6, no factor of a is found in 0; therefore all 
the factors of a are found in c; that is, @ divides ec. 


(ii) Ifa prime number a divides a product bcd..., it must 
divide one of the factors of that product; and therefore if a 
prime number a divides 6", where m is any positive integer, it 
must divide b. 


(iii) Ifa is prime to each of the numbers 6 and ¢, it is prime 
to the product bc. For no factor of a can divide 6 or c; there- 
fore the product bc is not divisible by any factor of a, that is, a 
is prime to bc. Conversely if a is prime to bc, it is prime to each 
of the numbers 6 and c. 

Also if a is prime to each of the numbers 8, c, d, ..., it is 
prime to the product bcd... ; and conversely if a is prime to any 
number, it is prime to every factor of that numbor. 
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(iv) If @ and 6 are prime to each other, every positive 
integral power of a is prime to every positive integral power of 6, 
This follows at once from (iii). 


(v) Ifa is prime to 8, the fractions “ and & are in their 


b 5” 


' SORE wp @ 
lowest terms, 7 and m being any positive integers. Also if - and 


b 
: cere 
5 are any two equal fractions, and ; is in its lowest terms, then 


c and d must be equimultiples of a and 6 respectively. 


409. The number of primes rs infinite. 


For if not, let p be the greatest prime number; then the 
product 2.3.5.7.11...p, in which each factor is a prime num- 
ber, is divisible by each of the factors 2, 3, 5,...; and therefore 
the number formed by adding unity to their product is not 
divisible by any of these factors; hence it is either a prime 
number itself or is divisible by some prime number greater than 
p: in either case p is not the greatest prime number, and there- 
fore the number of primes is not limited. 


410. No rational algebraical formula can represent prime 
numbers only. 

If possible, let the formula a+ bx +ca*+da°+... represent 
prime numbers only, and suppose that when «=m the value of 
the expression is p, so that 

p=atbm+em?+dm*>+......; 
when «=m + np the expression becomes 
a+b(m+np)+e(m+np)?+d(m+np)’t+..., 
that is, a+bm+cm’+dm’+...+ a multiple of p, 
or p+a multiple of p, 


thus the expression is divisible by p, and is therefore not a prime 
number. 


411. A number can be resolved into prime factors in only one 
way. , 

Let WV denote the number; suppose J = abcd..., where 
a, b, ¢, d, ... are prime numbers. Suppose also that V =afy6..., 
where a, 8, y, 6, ... are other prime numbers. Then 


abed... = aByé... ; 
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hence a must divide abcd... ; but each of the factors of this pro- 
duct is a prime, therefore a must divide one of them, @ suppose. 
But a and a are both prime; therefore a must be equal to a. 
Hence bed...=Byd...; and as before, 8 must be equal to one of the 
factors of bcd...; and so on. Hence the factors in aByé... are 
equal to those in abcd..., and therefore V can only be resolved 
into prime factors in one way. 


412. To find the number of divisors of a composite number. 


Let V denote the number, and suppose V=a’b'c’..., where 
a, b, c, ... are different prime numbers and 9, q, 7,... are positive 
integers. Then it is clear that each term of the product 

(l+a+a’+...+a7)(14+64+60)+...46)(lict+e+...4+¢)... 
is a divisor of the given number, and that no other number is a 
divisor ; hence the number of divisors is the number of terms in 
the product, that is, 
(pt+1)(q4+1) (r+ 1)...... 


This includes as divisors, both unity and the number itself. 
413. To find the number of ways in which a composite number 
can be resolved into two factors. 


Let V denote the number, and suppose WV = a’b‘c’..., where 
a, b,c... ave different prime numbers and p, q, 7... are positive 
integers. Then each term of the product 


(l+a+a’?+...4+a")(14+640'+...+0) (l+c+e+... +0)... 


is a divisor of V; but there are two divisors corresponding to 
each way in which J can be resolved into two factors ; hence the 
required number is 


1 

3 (pt 1) (q+1)(r+1)...... 
This supposes V not a perfect square, so that one at least of the 
quantities p, q, 7, ... is an odd number. 


If W is a perfect square, one way of resolution into factors 
is /Nx ,/N, and to this way there corresponds only one divisor 
J. If we exclude this, the number of ways of resolution is 


{e+ r+ (r+) =f, 


and to this we must add the one way ,/V x ,/N; thus we obtain 
for the required number 


s{(o+}) (q+1)(r+1)...+ 1}. 
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414. To find the number of ways im which a composite 
number can be resolved into two factors which are prime to each 
other. : 

As before, let the number V =a?’b'c’.... Of the two factors 
one must contain a’, for otherwise there would be some power of 
a in one factor and some power of a in the other factor, and thus 
the two factors would not be prime to each other. Similarly 0° 
must occur in one of the factors only; and so on. Hence the 
required number is equal to the number of ways in which the 
product abc... can be resolved into two factors; that is, the 


number of ways is sd +1) (1+1)(1+1)... or 2"', where 1 is 


the number of different prime factors in JV. 


415. To find the sum of the divisors of a number. 


Let the number be denoted by a’b'c’..., as before. Then each 
term of the product 


(l+ata’+... +a?) (1+64+0'+...4+0) (Ltet+e?+...4+¢)... 


is a divisor, and therefore the swm of the divisors is equal to this 
product ; that is, 
ants — 1 bi) on 1 ot ty i} 


ao slihenb =il4 Go oul 


the sum required = 


Example 1. Consider the number 21600. 
Since 21600 = 6? . 10? = 28 , 3°. 2?,, 52 = 25, 38. 52, 
the number of divisors = (5 + 1) (3+1) (2+1)=72; 
28-1 34-1 58-1 
2-1°3-1° 5-1 
=63 x 40 x 31 
= 78120. 


Also 21600 can be resolved into two factors prime to each other in 2-1, 
or 4 ways. 


the sum of the divisors= 


Example 2. If is odd shew that n (n?-1) is divisible by 24. 
We have n (n?—1)=n (n—1) (n+1). 


Since n is odd, n-1 and n+1 are.two consecutive even numbers; hence 
one of them is divisible by 2 and the other by 4. 


_ Again n-1, n, n+1 are three consecutive numbers; hence one of them 
is divisible by 8. Thus the given expression is divisible by the product of 2, 
3, and 4, that is, by 24. 
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Ezample 3. Find the highest power of 3 which is contained in |100. 


Of the first 100 integers, as many are divisible by 3 as the number of 
times that 3 is contained in 100, that is, 33; and the integers are 3, 6, 9,...99. 
Of these, some contain the factor 3 again, namely 9, 18, 27,...99, and their 
number is the quotient of 100 divided by 9. Some again of these last 
integers contain the factor 3 a third time, namely 27, 54, 81, the number of 
them being the quotient of 100 by 27. One number only, 81, contains the 
factor 3 four times. 

Hence the highest power required =33+11+3+1=48, 


This example is a particular case of the theorem investigated in the next 
article. 


416. To find the highest power of a prime number a which ts 
contained in |n. 
nn 


Let the greatest integer contained in a ag gen respectively 


be denoted by 7(®) - r(), if (3); ... Thenamong thenumbers 


1, 2, 3, ... m, there are I (*) which contain @ at least once, namely 
a 
ae, n ; 
the numbers a, 2a, 3a, 4a, ..._ Similarly there are 7 (“:) which 
contain a’ at least once, and J ( =) which contain a’ at least once; 
@ 


and soon. Hence the highest power of a contained in |» is 


r(2)+7(%)+7(3)+-. 


417. In the remainder of this chapter we shall find it con- 
venient to express a multiple of m by the symbol M (n). 


418. To prove that the product of r consecutive integers is 
divisible by |r. 
Let P, stand for the product of 7 consecutive integers, the 
least of which is  ; then 
P= (n+1)(n+2)... (n+r—-1), 
and Pg, = (m+ 1) (w+ 2) (m+ 3)... (nw +7); 
mP i =(n+r) PlanP +rP ; 


De of 


=P axe 
av! a n 


= r times the product of r— 1 conseoutive integers. 
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Hence if the product of 7—1 consecutive integers is divisible by 
|7—1, we have 


Boas, % en =7M(\r — 1) 
= V(r). 


Now P, = |r, and thcrefore P, is a multiple of |r; therefore 
also P,, P,,... arc multiples of 7. We have thus proved that if 
the product of r—1 consecutive intcgers is divisible by |r —1, the 
product of r consccutive integers is divisible by |r; but the 
product of cvcry two consccutive integers is divisible by |2; 
thcrefore the product of every three consccutive integers is divisible 
by \3; and so on generally. 

This proposition may also be proved thus: 


By means of Art. 416, we can shew that every prime factor 
is contained in |v +7 as often a least as it is contained in 7m |r. 


This we lcave as an exercise to the student. 
419. If pis a prime number, the coefficient of every term in 
the expansion of (a+b)?, except the first and last, is divisible by p. 
With the exception of the first and last, every term has a co- 
efficient of the form 
p(p-1)(p=-2)...(p-74+1) 


| 
kas 


’ 


where + may have any intogral value not exceeding p—1l. Now 
this expression is an integer; also since p is prime no factor of |r 
is a divisor of it, and since p is greater than + it cannot divide 
any factor of |; that is, (p—1)(p-—2)...(p—7r+1) must be 
divisible by \r, Hence every coeflicient except the first and 
the last is divisible by p. 


420. If pis a prime number, to prove that 
(at+b+c+d+...)P=aP+ b? +c? +d?+...+ M(p). 
Write 8 for b+c¢+...; then by the preceding article 
(a+ BP =a? + B? + M(p). 
Again Br=(b+c+d+...)!’=(6+y) suppose ; 
=U? +++ M(p). 


By procecding in this way we may establish the required result. 
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421. [Fermat’s Theorem.] Jf p is @ prime number and N is 
prime to p, then N®~' — 1 is a multiple of p. 

We have proved that 

(a@+b+e+d+...P=a@+P+e+d’+...+M(p); 
let each of the quantities a, b, c, d,... be equal to unity, and sup- 
pose they are V in number; then 
NV? = N+ M(p); 

that is, N(N?*-1)=M(p). 


But J is prime to p, and therefore V’~’— 1 is a multiple of p. 


Cor. Since p is prime, p— 1 is an even number except when 
2 


p= Therefore 


pol pal 
(V2 +1)(V 2 -1)= AM (p). 
Pat Ra 
Hence either V 2 +1 or V 2 —1 isa multiple of p, 


p-l es ae oe : 
that is V 2 = Ap+1, where X is some positive integer. 


422. Tt should be noticed that in the course of Art. 421 it 
was shewn that .V’?—- V= M(p) whether N is prime to p or not ; 
this result is sometimes more useful than Fermat’s theorem. 


Example 1. Shew that n’ —n is divisible by 42. 
Since 7 is a prime, n?—n=M (7); 

also nv —n=n (n§-1)=n (n+1) (n—-1) (n4+n7+1). 

Now (1-1) 7 (n+1) is divisible by 3; hence n? — n is divisible by 6 x 7, or 42. 
Example 2. If pis a prime number, shew that the difference of the p*® 


powers of any two numbers exceeds the difference of the numbers by a 
multiple of p. 


Let x, y be the numbers; then 
z?—-x=M(p) and y?-y=M(p), 
that is, xP —yP —-(x-y)=M (p); 
whence we obtain the required result. 


Example 3. Prove that every square number is of the form 5n or 5n+1, 


If N is not prime to 5, we have N?=5n where n is some positive integer. 
If N is prime to 5 then, N4—1 is a multiple of 5 by Fermat's theorem; thus 
either N2-1 or N?+1 is a multiple of 5; that is, N?=d5n+1. 
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EXAMPLES. XXX. a. 


1, Find the least multipliers of the numbers 
3675, 4374, 18375, 74088 
respectively, which will make the products perfect squares, 


2. Find the least multipliers of the numbers 
7623, 109350, 539539 
respectively, which will make the products perfect cubes. 


3. If and y are positive integers, and if 2—y is even, shew that 
a? — 7? is divisible by 4. 


4, Shew that the difference between any number and its sjuare 
is even. 


5. If4v-y is a multiple of 3, shew that 427+ Tay —2y? is divisible 
by 9. 


6. Find the number of divisors of 8064. 


7. In how many ways can the number 7056 be resolved into 
two factors ? 


8. Prove that 24*—1 is divisible by 18. 
9. Prove that n (n+1) (x+65) is a multiple of & 


10. Shew that every number and its cube when divided by 6 leave 
the same remainder. 


ll. If is even, shew that » (n?+ 20) is divisible by 48. 
12. Shew that # (n?— 1) (3%+2) is divisible by 24. 
13. If is greater than 2, shew that n5—5n3+44n is divisible by 


14. Prove that 3%+7 is a multiple of 8. 


15. If 2 is a prime number greater than 3, shew that 72-1 is 
a multiple of 24. 


16. Shew that x'—~» is divisible by 30 for all values of x, and by 
240 if n is odd. 


17. Shew that the difference of the squares of any two prime 
numbers greater than 6 is divisible by 24. 


18, Shew that no square number is of the form 3n—1. 


19. Shew that every cube number is of the form 92 or 9n +L 
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_ .20. Shew that if a cube number is divided by 7, the remainder 
is 0, 1 or 6. 


21. If a number is both square and cube, shew that it is of the 
form 77 or 7n+1. 


22. Shew that no triangular number can be of the form 3n—1. 


23. If 2n+1 is a prime number, shew that 1%, 22, 32,...n? when 
divided by 2n+1 leave different remainders. 


24, Shew that a*+a and a*-a are always even, whatever a and x 


may be. 


25. Prove that every even power of every odd number is of the 
form 87+1. 


26. Prove that the 12 power of any number is of the form 13n 
or 13n+1. 


27. Prove that the 8" power of any number is of the form 17” 
or 17n+1. 


28. If is a prime number greater than 5, shew that n‘—1 is 
divisible by 240 


29. If is any prime number greater than 3, except 7, shew that 
m® — 1 is divisible by 168. 


30. Show that n%*-1 is divisible by 33744 if » is prime to 2, 3, 19 
and 37. 


31. When p+1 and 2p9+1 are both prime numbers, shew that 
2” —1 is divisible by 8(p+1)(2p+1), if # is prime to 2, p+1, and 
2p+1. 


32. If p is a prime, and x prime to p, shew that #®”-»”'—1 is 
divisible by p”. 

33, If m is a prime number, and a, b two numbers less than m, 
prove that 
a2 4 g™-8h + a— tb + 2... Faced 


is a multiple of m. 


423. If @ is any number, then any other number V may 
be expressed in the form V=aq+r, where q is the integral 
quotient when J is divided by a, and r is a remainder less than a. 
The number a, to which the other is referred, is sometimes called 
the modulus ; and to any given modulus a there are a different 
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forms of a number JV, each form corresponding to a different 
value of r. Thus to modulus 3, we have numbers of the form 
39g, 3¢+1, 3¢+.2; or, more simply, 3g, 3¢+1, since 3q¢+2 is 
equal to 3 (¢g+1)-—1. In like manner to modulus 5 any number 
will be one of the five forms 5g, 5g +1, 5q¢ + 2. 


424. If 6, ¢ are two integers, which when divided by a 
leave the same remainder, they are said to be congruent with 
respect to the modulus a. In this case }—c is a multiple of a, and 
following the notation of Gauss we shall sometimes express this 
as follows: 

b=c (mod. a), or b—c=0 (mod. a). 


Either of these formule is called a congruence. 

425. If b, ¢ are congruent with respect to modulus a, then 
pb and pe are congruent, p being any integer. 

For, by supposition, b-c¢=ma, where m is some integer; 


therefore pb —pc= pna; which proves the proposition. 


426. Ifa ws prime to b, and the quantities 


are divided by b, the remainders are all different. 


For if possible, suppose that two of the quantities ma and 
m’a when divided by 6 leave the same remainder 7, so that 


ma=gqb+r, ma=qb+r; 
then (m-m')a=(q-4q)6; 


therefore 6 divides (m—m’')a; hence it must divide m—m’, since 
it is prime to a; but this is impossible since m and m’ are each 
less than 8, 


Thus the remainders are all different, and since none of the 
quantities is exactly divisible by 6, the remainders must be the 
terms of the series 1, 2, 3, ...... 6 —1, but not necessarily in this 
order. ; 


Cor. If @ is prime to 6, and c is any number, the 6 terms 
of the a. P. 


C, C44, C+.20y vsvsie c+(b-l)a, 
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when divided by 6 will leave the same remainders as the terms 
of the series 
GMCS SOE oe ne hae c+(b- 1), 


though not necessarily in this order; and therefore the re- 
mainders will be 0, 1, 2, ...... 6-1. 

427. Ifb,, b,, b,, ... are respectively congruent to ¢,, C,, C4, »-- 
with regard to modulus a, then the products b,b,b, ..., ¢,0,¢, --- 
are also congruent. 


2? 


For by supposition, 
b,-c,=n,a, b.-c,=n,a, b,-¢,=7,4, ... 


where 7,, ”,, %, -.. are integers ; 
. 6,0,0, ... = (6, +7,@) (¢,+ 7,4) (c, + 7,0) ... 
=€,0,¢, «.. +d (a), 


which proves the proposition. 


428. We can now give another proof of Fermat’s Theorem. 


If p be a prome number and N prime to p, then N°“'—1 is 
a multiple of p. 


Since WV and p are prime to each other, the numbers 


Nj BN5 BNyoa st ts Biz Nie an eds deter 98 (bbs 
when divided by p leave the remainders 
ey As eee (OP ALN coasts saenaaponvdeiete (2), 


though not necessarily in this order. Therefore the product of 
all the terms in (1) is congruent to the product of all the terms 
in (2), p being the modulus. 

That is, |p—1 W?’~* and | | — 1 leave the same remainder when 
divided by p ; hence 


\p-1 (Wr -1)=M(p); 
but |p—1 is prime to p; therefore it follows that 
NV? —1=M (p). 


429. We shall denote the number of integers less than a 
number @ and prime to it by the symbol ¢ (a); thus ¢(2)=1; 
¢ (13) =12; ¢(18)=6; the integers less than 18 and prime to 
it being 1, 5, 7, 11, 13, 17. It will be seen that we here 
consider unity as prime to all numbers. 
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430. To shew that if the numbers a, b, ¢, d, ... are prime to 


each other, 
$ (abed .-)=p(a).$(b). d(C)... 


Consider the product ad; then the first ad numbers can be 
written in 6 lines, each line containing a numbers; thus 


ll; Dee kaasas Yee ee a, 
a+1, oD er ae (REY i Mey Pa a+a, 
2a+1, 2 eee 2G-Lk, eee 2a+a, 


(6-1l)a+1, (6-1)a+2,... (6-l)ath, ... 6-1) ata. 


Let us consider the vertical column which begins with £; if 
k is prime to a all the terms of this column will be prime to a; 
but if & and @ have a common divisor, no number in the column 
will be prime to a. Now the first row contains ¢ (a) numbers 
prime to a; therefore there are ¢(a@) vertical columns in each 
of which every term is prime to a; let us suppose that the 
vertical column which begins with & is one of these. This column 
is an A.P., the terms of which when divided by 0 leave remainders 
0, 1, 2, 3,...6-1 [Art. 426 Cor.]; hence the column contains 
p (0) integers prime to 6. 


Similarly, each of the ¢ (a) vertical columns in which every 
term is prime to a contain ¢ (b) integers prime to 0; hence in the 
table there are (a). (6) integers which are prime to a and 
also to b, and therefore to ab; that is 


(ab) = 4 (a). $0). 
Therefore ¢ (abcd ...) = > (a). ¢ (bed...) 
= (a). (0). d(cd ...) 
=$ (a). $(2). $2) 6 (@) on 
431. To find the number of positive integers less than a 
gwen number, and prime to tt. 


Let NV denote the number, and suppose that V=a?b'’c" ..., 
where a, 6, c,... are different prime numbers, and p, gq, 7 ... 
positive integers. Consider the factor a’; of the natural num- 
bers 1, 2, 3, ... a?— 1, a”, the only ones not prime to a are 


a, 2a, 3a, ... (a?-*—1)a, (a? )- 
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and the number of these is a’~'; hence 
# (at) =a? — al” =at (1 ;) 
a 
Now all the factors a’, 6%, c’, ... are prime to each other; 


$a...) =46(a).$(8).6(C) «.. 
-«(1 -3).4(1 -;) (1 -:)... 
Se a Ble thy € is =) Q 4 ) € z -) a 


that is, (iY) = (1-2) (1-5) (1-5) {to 


Example. Shew that the sum of all the integers which are less than N 
and prime to it is $N ¢(N). 


If x is any integer less than N and prime to it, then N—vz is also an 
integer less than N and prime to it. 


Denote the integers by 1, p, g, 7,..., and their sum by S; then 
S=l+p+qt+r+...t+(N-7)+(N-g)+(N-p)+(N-1), 
the series consisting of ¢ (N) terms. 
Writing the series in the reverse order, 
S=(N-1)+(N-p)+(N-q)+(N-71)+...+7r+q+pt1; 
.. by addition, 2S=N+N+N+... to ¢ (N) terms; 
“. S=4N¢(N). 


432. From the last article it follows that the number of 
integers which are less than V and not prime to it is 


y-¥/(1 -:) (1 - 5) (2 -) ( - 3) ey 


Here the term _ gives the number of the integers 


a, 2a, 3a, ... = iG 
Bild . ian 
which contain a as a factor; the term a ee the number of 
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oa 


the integers ab, 2ab, 3ub, ... — ab, which contain ab as a factor, 


ab 
and so on. Further, every integer is reckoned once, and once 
only; thus, each multiple of ab will appear once among the 
multiples of a, once among the multiples of 6, and once negatively 
among the multiples of af, and is thus reckoned been 


Again, each multiple of abe will appear among the a) gp 


terms which are multiples of a, 6, ¢ respectively; among the 
NE ee 


—, terms which are multiples of ab, ac, be respectively ; 
ab? ae’ be 


yr 


N 5 By ss 
and among the —— multiples of adc; that is, since 3-3+1=1, 


abe 
each multiple of abe occurs once, and once only. Similarly, other 
cases may be discussed. 


433. [Wilson’s Theorem.] Jf p be a prime number, 1+\p—1 
ts divisible by p. 

By Ex. 2, Art. 314 we have 
[p—1=(p- TP" -(p- 1) (p= 2) Ses eas 2) (p35 


Ba lcomed A RIA dab 


3 


4)?" +... to p—1 terms; 


and by Fermat’s Theorem each of the expressions (jy —1)’"', 
(p— 2)? "", (p— 3)", ... is of the form 1+ M(p); thus 


Boer iiiet —(p-1) PoP) top 1 terns} 
= M(p)+{(1- 1" = (- 15} 


= M (p)—1, since p—1 is even. 
Therefore 1 + |p—1=M (p). 


This theorem is only true when p is prime. For suppose p 
has a factor g; then q is less than p and must divide p—1; hence 


1+ p-1 is not a multiple of g, and therefore not a salleiple of p. 


Wilson’s Theorem may also be proved without using the 
result quoted from Art. 314, as in the following article, 
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434. [Wilson’s Theorem.] J// p be a prime number, 1 + jp-1 

as divisible by p. 7 tae 
Let a denote any one of the numbers 


Aye 2.0Bjed,, pak ps 1K eentead + ot) (1), 
then a is prime to p, and if the products 
ee ah A (p—l)a 


are divided by p, one and only one of them leaves the re- 
mainder 1. [Art. 426.] 


Let this be the product ma; then we can shew that the 
numbers m and a are different unless a=p—1 orl. For if a? 
were to give remainder 1 on division by p, we should have 


a —1= 0 (mod. p), 
and since p is prime, this can only be the case when a+1 =p, 
or a—]=0; that is, when a=p-—1 or 1. 


Hence one and only one of the products 2a, 3a, ... (p—2)a 
gives remainder 1 when divided by p; that is, for any one of the 
series of numbers in (1), excluding the first and last, it is 
possible to find one other, such that the product of the pair is of 
the form M (p) + 1. 


Therefore the integers 2, 3, 4, ... (p—2), the number of 
which is even, can be associated in pairs such that the product of 
each pair is of the form M/(p) +1. 


Therefore by multiplying all these pairs together, we have 
2.3.4 ... (p-2)=M(p)+1; 
that is, 1.2.3.4 ... (p—1)=(p—-1) {M(p) + 1}; 
whence jp—1=" (p)+p—1; 
or 1+|p—1 isa multiple of p. 


Cor. If 29+1 is a prime number (ip)? + (— 1)’ is divisible 
by 2p41. 
For by Wilson’s Theorem 1 + |2p is divisible by 2p+1. Put 
n=2p+1, so that p+l=n—p; then 
|2p = 1.2.3.4...... p(p+1)(pt+2)...... (n- 1) 
=1(n—-1)2(n—2)3(m—-3) ... p(n—- p) 
=a multiple of m+ (- 1)? (|p)’. 
Therefore 1+(- 1)? (|p)? is divisible by » or 2p +1, and 
therefore (/p)?+(—1) is divisible by 2p +1. 
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435, Many theorems relating to the properties of numbers 
can be proved by induction. 


Example 1, If pis a prime number, x? — « is diyisible by p. 
Let 2? — x be dousted by f (x); then 
F(@+1)—f (@)=(e +1)? - (e +1) - (2? -2) 
p(p-1) 
1D 


=prP 1+ cP + + px 
=a multiple of p, if p is prime [Art. 419.] 
o. f(e+1)=f(z)+a multiple of p. 
If therefore f (x) is divisible by p, so also is f(z+1); but 
f(2)= 2? -2=(1+1pP -2, 


and this is a multiple of p when pis prime (Art. 419]; therefore f (3) is divisible 
by p, therefore f (4) is divisible by p, and so on; thus the proposition is true 
universally. 


This furnishes another proof of Fermat’s theorem, for if z is prime to p, 
it follows that z?-1—1is a multiple of p. 


Example 2, Prove that 59+? — 24n — 25 is divisible by 576. 
Let 52"+2 - 24n - 25 be denoted by f (x); 
then Ff (wm +1) = 544 — 24 (n4+-1) - 25 
= 5? , 59nt2 _ 24n — 49; 
ws f (n+1) - 25 f (n) =25 (24n + 25) — 24n — 49 
=576(n+1). 


Therefore if f(n) is divisible by 576, so also is f(n+1); but by trial we 
see that the theorem is true when n=1, therefore it is true when n= 2, there- 
fore it is true when n=3, and so on; thus it is true universally. 


The above result may also be proved as follows: 
5ent2 — 24n ~ 25 = 25"+1 — 24n — 25 
= 25 (1+ 24)" —24n — 25 
=25425.n.24+M (24?) — 24n — 25 
=576n + M (576) 
= M (576). 


EXAMPLES. XXX. b. 


1, Shew that 10°+3. 4"+?+5 is divisible by 9. 

2. Shew that 2.7"+3.5"—5'is a multiple of 24, 

3. Shew that 4. 6"+5"*+1 when divided by 20 leaves remainder 9. 
4. Shew that 8. 7*+4"*2 is of the form 24 (27 — 1). 
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5, If pis prime, shew that 2 p—3+1 is a multiple of p. 
6. Shew that a#+1—a is divisible by 30. 


7, Shew that the highest power of 2 contained in 2"—1 is 
2° —r—1. 


8. Shew that 34-+2+452"+1 is a multiple of 14. 
9. Shew that 32**+%+ 160n?—56n — 243 is divisible by 512, 


10. Prove that the sum of the coefficients of the odd powers of «x 
in the expansion of (l+x%+.?+ 43+ 24)"—1, when n is a prime number 
other than 5, is divisible by n. 


11. If is a prime number greater than 7, shew that n®—1 is 
divisible by 504. 


12. If m is an odd number, prove that n§+3n4+7n?-11 is a 
multiple of 128, 


13. If p is a prime number, shew that the coefficients of the terms 
of (1+~)?~! are alternately greater and less by unity than some mul- 
tiple of p. 


14. If p is a prime, shew that the sum of the (@—1) powers of 
any p numbers in arithmetical progression, wherein the common differ- 
ence is not divisible by p, is less by 1 than a multiple of p. 


15. Shew that al?— 6!” is divisible by 91, if a and 6 are both prime 
to 91. 


16, If p is a prime, shew that |p —2r |2r—1 —1 is divisible by p. 
17. If n—1, n+1 are both prime numbers greater than 5, shew 


that n(n?—4) is divisible by 120, and n?(n?+16) by 720. Also shew 
that m must be of the form 30¢ or 30¢+12. 


18. Shew that the highest power of n which is contained in 'n”—1 


v—nr+r—1 


is equal to ant 


19, If p is a prime number, and a prime to pg, and if a square 
number c? can be found such that c?—a is divisible by p, shew that 


\ip-1 


a _1 is divisible by p. 


20. Find the general solution of the congruence 
98% —1=0 (mod. 139). 
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21. Shew that the sum of the squares of all the numbers less than 
a given number WV and prime to it is 


m(1 -)6-}) (1-2)... $0 —a)(1—b)(1—6)eu 


and the sum of the cubes is 


’ (1-2) (1-5) (1-2) + HP (1a) (1-8) (1-6). 


a, b, c... being the different prime factors of WV. 


22. If p and g are any two positive integers, shew that |pq is 
divisible by (|p)%.|g and by (|g). |p. ie 


23. Shew that the square numbers which are also triangular are 
given by the squares of the coefficients of the powers of x in the ex- 


pansion of Tier pat? and that the square numbers which are also 
pentagonal by the coefficients of the powers of x in the expansion of 
1 
1-10a%+2?" 


24, Shew that the sum of the fourth powers of all the numbers 
less than WV and prime to it is 


le (1-1) (1-5) (1-5) nF da) (1-8) (1-6)... 


N § 
SO (1-8) (1-83) (1-—¢)..., 
a, b, ¢,... being the different prime factors of JV. 


25. If (2) is the number of integers which are less than WV and 
prime to it, and if «is prime to J, shew that 


gee 24 20 (mod. J). 


26. If dy, da, dg,... denote the divisors of a number J, then 
(dy) + (de) + (ds) +... =. 
Shew also that 
L ing ro ( ats oe) 
¢ (1) tan? @) Tpgat ? OGG au- ad inf.= ety 


*CHAPTER XXXII. 


THE GENERAL THEORY OF CONTINUED FRACTIONS, 


*436. In Chap. xxv. we have investigated the properties of 


’ : 1 

Continued Fractions of the form a, + — =e 
1 

a,+ a,+ 

are positive integers, and a, is either a positive integer or zero. 


We shall now consider continued fractions of a more general 


type. 


-y where'a,, @,,... 


*437. The most general form of a continued fraction is 


b.., Dred 


ay 2 3 
Writs. Grads %s , where a,, @,, a,, ..., 5,, 6,, 6,, ... represent 
a, a, 8 


any quantities whatever. 


; 6,6. & 
The fractions 58 et Pa ... are called components of the 

i 2 3 
continued fraction. We shall confine our attention to two cases; 
(i) that in which the sign before each component is positive ; 


(ii) that in which the sign is negative. 


*438. To investigate the law of formation of the successive 
conwergents to the continued fraction 


be bb 


a,+ a, pie + 
The first three convergents are 
8, a,b, Giy.Gd,+0,.0, 
] 
a, a,a, +b, a, (4,0, +,)+6,.a, 


We see that the numerator of the third convergent may be 
formed by multiplying the numerator of the sccond convergent by 
a,, and the numerator of the first by 6, and adding the results 
together; also that the denominator may be formed in like 
manner, 
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Suppose that the successive convergents are formed in @ 
similar way; let the numerators be denoted by p,, p,, p,--+5 
and the denominators by ¢,, Ya; 3) ++ 


h 


Assume that the law of formation holds for the n™ con- 


vergent ; that is, suppose 
Pum WP =) 2 b, P29 Gee Af as i 5,9,-s° 


The (n+1)* convergent differs from the n™ only in having 


a, + —*! in the place of a,; hence 
a 
n+1 


the (n + 1) convergent 


b i) b 
a3! b ae | 
: (a, + ae, ee Pay oa a isn PO a Orci Put Oats Pees 
(«, a “at le se b, Ges qd, Ks UPS bee WaiTs oe ost Jee 
ae Gat 


If therefore we put 


Pare Set ey +B. Dee Vari = rn Be O Ones 


we see that the numerator and denominator of the (n + 1) con- 
vergent follow the law which was supposed to hold in case of the 
n, But the law does hold in the case of the third convergent ; 
hence it holds for the fourth; and so on; therefore it holds 
universally. 


*439. In the case of the continued fraction 


we may prove that 


Pn a QD, Pn-1 rs Oe a ’ Pie nT n-1 ry B.Qn-2 > 


a result which may be deduced from that of the preceding article 
by changing the sign of 0. 


*440, In the continued fraction 


b b b 


1 See a a? 
G+ G+ a,+ 


we have seen that 


Ps @,P.-) a 6, P,-ss Cm I 4 b.%n—s° 
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pe Veee ae P, — (4,41 Pa ae Pp.) ls we CAR gk a 


Vn+i q,, G40. 
Nt Pe Prot), 
tg Naar Mab fe 
but en Pee = B.41%ns 


2 
Wnt) iM a et Tae 


Pav _ Pus 
Vii 


less than * —?»-) | and is of opposite sign. 


n a—t 


and is therefore a proper fraction ; hence is numerically 


By reasoning as in Art. 335, we may shew that every con- 
vergent of an odd order is greater than the continued fraction, 
and every convergent of an even order is less than the continued 
fraction ; hence every convergent of an odd order is greater than 
every convergent of an even order. 


Thus 22+! _ Pon ig positive and less than Pon-1 _ Pon ; hence 


Tons 1 Van Von—\ Ton 
Ponti — Pon-t ; 
Von 1 Voan—) 
Also 22=1 1 _ Pos ig positive and less than 72-1 — Prova , hence 
bs pe fe 2a—l a? 
Von Von—2 


Hence the convergents of an odd order are all greater than 
the continued fraction but continually decrease, and the con- 
vergents of an even order are all less than the continued fraction 


but continually increase. 


Suppose now that the number of components is infinite, then 
the convergents of an odd order must tend to some finite limit, 
and the convergents of an even order must also tend to some 
finite limit ; if these limits are equal the continued fraction tends 
to one definite limit ; if they are not equal, the odd convergents 
tend to one limit, and the even convergents tend to a different 
limit, and the continued fraction may be said to be oscillatong; in 
this case the continued fraction is the symbolical representation of 
two quantities, one of which is the limit of the odd, and the other 
that of the even convergents. 
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b 
*441. To shew that the continued fraction — —* oes 
a,+ a,+ a,+ 


: ay! ay, a, : 
has a definite value if the limit of > **' when n is infinite ts 


D+1 
greater than zero. 


The continued fraction will have a definite value when 7 is 


infinite if the difference of the limits of ct ‘and = “is equal to zero. 
n+l n 
Now Putt Pn — sapuaaa (ear) 
Gna In Ani Vn q n-1 


whence we obtain 


Pos _ Pu (_yyrrntrducr Pndacs Pas Ps Encitayy 


CN Ok Lnctis, Ap Vastra ets yes Mast 
But ae Un-1 = BGs = 1 
Anti Qaa Vn a Oia Tees Qnty An mis 1 a 
OR Pe 


D414 An an Apa (4nQn-1 te ®.9n-2) _ M,%44 at On 4101 Ina i 


and 3 
n+1 Gaaa O55 Vn-1 Cites De et 


also neither of these terms can be negative; hence if the limit of 


a, @ ] . 4 
"+! is greater than zero so also is the limit of nt In ; in which 
oe b Bib As) 

case the limit of ae ‘is less than 1; and therefore Pritt Unies 


Unt Qn 
the limit of the nee of an infinite number of proper Hote 


and must therefore be equal to zero; that is, Pott and P= tend to 


fe 7 : a5 n+1 Vn 
the same limit ; which proves the proposition. 
For example, in the continued fraction 
aa lng 3k n° 
pe Raine Lay anges n+l? 
5) 

Tinos oh Sala eNO re 

Das (n+ 1)? ‘ 


and therefore the continued fraction tends to a definite limit 
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; ; beanie al 
*4492. In the continued fraction —- —* —% . 
a, — a,— a,— 


of the denominator of every component exceeds the numerator by 
unity at least, the convergents are positive fractions in ascending 
order of magnitude, 


hy 


Rie tyme 1 ne ae ; 
By supposition —, ae Tae are positive proper fractions 
2 


- f . 3 
in each of which the denominator excecds the numcrator by 


‘ ; b ; 
unity at lcast. The sccond convergent is ! Te since a, 


2 


a, =, 
a, 


exceeds 6, by unity at least, and st is a proper fraction, it follows 
a, 


b, . : 

that a, ae is greater than b,; that is, the second convergent is 
2 

a positive proper fraction. IJ: lke manner it may be shcwn 


that ——+— is a positive proper fraction; denote it by f,, then 


cies 
es } 
the third convergent is —* +; , and is therefore a positive proper 
Teed 4 
Sets b iy ae 
fraction. Similarly we may shew that —< ve -* is a positive 


proper fraction ; hence also the fourth convergent 
b, b, b, b, 


emer pa IS ene 


is a positive proper fraction ; and so on. 
Again, P,, = Op 4 = Up." q, Set QA n-\ a OM hee > 


1 ressy 1 eA eee (Ps Pes), 


no ia 6 ben of gellw lpanoua\gian'gity 


hence Pn+i _ Pn and Pn _ Pn have the same sign. 


n+) q, qT, a 
But 22 _ 7 — Be ety = ies , and is therefore positive ; 
ae 9, Ga: ana, — b, Ubi DU Es 
hence ” oP Ps > Pe % >Ps, and so on; which provcs the 


eae q% 4s froggy? % 
proposition. ; 
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Cor. If the number of the components is infinite, the con- 
vergents form an infinite series of proper fractions in ascending 
order of magnitude ; and in this case the continued fraction must 
tend to a definite limit which cannot exceed unity. 


*443, From the formula 


IBF B,Pn—) a i Qn = nIn—) aj bugis 
we may always determine in succession as many of the con- 


vergents as we please. In certain cases, however, a general 
expression can be found for the n™ convergent. 


OA 3 
Example. To find the n™ convergent to 5252 3a0 


We have p,,=5p,_; — 6p,-.; hence the numerators form a recurring series 
any three consecutive terms of which are connected by the relation 


Pn—-5Pp—1 t+ 6Pp—2- 


Let S=p,+pot+ pt? +... +pyt™ 1 +...3 
: _ Pit (p2— 5p;) # 
then, as in Art. 325, we have S= 1-52i6a?* 
6 30 
But the first two convergents are 5’ ig: 
A 9. Oot te 1257 
vo S“T=ba460? T=827 1-32? 
whence pPn=l8. 31-12, 2"-1=6 (3"— 2%), 
Similarly if S’=q + Qot+ dg? +... + Int” 1 +...5 
; 5 — 6a 9 4 
Neb PTE hou tata Ube ls ae 
whence Wa= 9. Sa — A he oe — ore, 
Pn 8 (82%) 


e In = grtl _ ont ° 


This method will only succeed when a, and b, are constant 
for all values of ». Thus in the case of the continued fraction 


et aed. 


— — —..., we may shew that the numerators of the 
G+ Gt a+ 


successive convergents are the coefficients of the powers of 2 in 


b 5 
the expansion of Teas ce and the denominators are the 


a+ ba 


coefficients of the powers of # in the expansion of pene 
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*444, For the investigation of the general values of p, and q, 
the student is referred to works on Finite Differences ; it is only 
in special cases that these values can be found by Algebra. The 
following method will sometimes be found useful. 


Example. Find the value of an tt 7 nid 
The same law of formation holds for p, and q,; let us take wu, to denote 
either of them; then Un =NUpy_) +NUy_oy 
or Un — (+1) Uy_y = — (Uq—y — Mya) 
Similarly, Un—1 — Myo = — (y_p— 1 — 1 Uy_2)- 
Ug — 4ty= — (Ug — Buy) ; 


whence by multiplication, we obtain 
Uy — (n+1) Un—1 = (- 1)"~? (uy — 8u;). 


The first two convergents are : ; a hence 


Pua- (n+ 1) Pra= (- i) ac, In- (n+ 1) qn-1 =(- P53: 


Thus Ba Peg te ee In inc) (=u 
|n+1 rn m+1’ n+] jn jn +1 L 


Pr os Pu-2 se (- laa! In-1 ms In-2_ 2 (- Le 
|r ln—t jn ; |r |n-1 7 |n % 


Peer eee eee eee eee eee Terre reer reer ere re re ror) 


Ps" p, Wh 1 
[a 2 {3’ 3 |2 |3’ 
Pie nh gpd oe 1 
ep Bo pla 
whence, by addition 
a ae {= 1) 
eI BO BT a 


By making n infinite, we obtain 
Lim? = a (-2) Baie 
thy 


which is therefore the value of the given expression. 
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bjecibp?ab 
*445, onent of —~- —4 -—4% ... ws a 
445. If every comp of ar at Pa proper 
fraction with integral numerator and denominator, the continued 
fraction is incommensurable. 


For if possible, suppose that the continued fraction is com- 


mensurable and equal to oe) where A and B are positive integers ; 


then = = ——'.,, where f, denotes the infinite continued fraction 
A at, 
b, 6 Ab,-Ba, C 
2 38 |; hence f, =—1,— = suppose. Now 4A, B, a, 6 
a, a5 a, “a > ds B B upp’ ’ ’ 5 
are integers and / is positive, therefore C is a positive integer. 


Similarly Bae verey where f, denotes the infinite continued 


fraction ee wh; mencet f= Bhar 28 = p suppose ; and as 


a,+ C C 
before, it follows that D isa positive integer ; and so on. 
IY GO AL 


: ‘ Be 
Again, A’? B? G7 are proper fractions ; for 1% less 


b Em) : Ci be. 
than a which is a proper fraction ; zs less than oo cis 


2 


b 

less than —*; and so on. 
a 
3 


Thus A, B, CO, D, ... form an infinite series of positive integers 


in descending order of magnitude; which is absurd. Hence the 
given fraction cannot be commensurable. 


The above result still holds if some of the components are 
not proper fractions, provided that from and after a fixed com- 
ponent all the others are proper fractions. 


b 
For suppose that a and all the succeeding components are 
proper fractions; thus, ‘as we have just proved, the infinite con- 


tinued fraction beginning with a is incommensurable ; denote 

it by k, then the complete quotient corresponding to Pn ig : ; 

and therefore the value of the continued fraction ig Peat nn, % 
Qn t kng 
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This cannot be commensurable unless ?*-! = Px-2 ; and this 


n—1 n—2Q 


condition cannot hold unless 2-2 = Pn-s ; Pos _ Pus ee ar") 
I pae iS Bs Qn—3 Gres 
Beau Py . 


; that is 6.6,=0, which is impossible ; hence the 


finally 


jf 
given Pee must be incommensurable. 


*446,. If every component cee Lee ... 18 @ proper 


ai a) a 


fraction with integral numerator and denominator, and if the 
value of the infinite continued fraction beginning dichoa Yy com- 
ponent is less than unity, the fraction is incommensurable. 


The demonstration is similar to that of the preceding article. 


* EXAMPLES. XXXI. a. 
1, Shew that in the continued fraction 


5) by bs 


y— Ag— Ag— 


Pr= mPa Onl aoe In= On 5 


; 2 
2. Convert ce *) into a continued fraction with unit nume- 
rators. Ee 


3. Shew that 
b b 
2 
(1) Va?+b= aie er he ee , 
—— b b 
an ae 
(2) Va2—b=a Si Spee os 
b, ee b3 


4, Inthe continued fraction —?— ., if the denominator 


1 
of every component exceed the rates by hon at least, shew that 
Pn and J, increase with 7. 


5. If a1, Gey Gg,...@, are in harmonical progression, shew that 


Ge) IMS ot lon a, 
POE ea pant Sit pat ua arse 
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6. Shew that 


i 1 a 1 1 2 7 
(2+ ocr sox") +( aia ie a=") = 2a’, 


py pat ne peer ated ae 
an (« ‘a+ Sa+ aie age yi oot = oq? — oe a sous 


7. In the continued fraction 


bob ob 
at a+ a+ eeeeee 
shew that Pn+i= Gn; bn +1— %Pn+1=0"dn-1- 
b b b a® — BF 
8. Shew that or aE xy eeeeee = 0. ria gett? 
«# being the number of components, and a, 8 the roots of the equation 
k? —ak-—b=0. 
9, Prove that the product of the continued fractions 
og FX MY oD wl 
b+ c+ d+ a+” -ce+ —b+ -a+ -d+""” 
is equal to —1. 
Shew that 
10 bake, see | Ce EP _ (+1) (n+2) (2n+3) 
“ 1- 5- 18- 25-"°°" n?+(n+1)? 6 7 
u ee m?—1_ n(n+3) 
" 1- 56- 7-00" Qn+1 2 
2 3 eres n+1 n+2 
py J— c= Ee Kiah'oes ar ips peg et it 2+ (st... +}n 
ee nm—1 
13. jie Sinerdtes eee ie eos =e— 1 
rae Baie In+2 2 (2-1) 
* Ty on 3500" aE e4l 
5, 3:3 34 3.5 B(n42) — _ 6(2e8+1) 
. yes + se ereeee n+ eoeree = 58 —2 eo 


b 4 : 
arb? “yop , each successive fraction 
being formed by taking the denominator and the sum of the numerator 
and denominator of the preceding fraction for its numerator and denomi- 
5-1 


16. If m= 5, m= 


nator respectively, shew that «= 
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17. Prove that the x“ convergent to the continued fraction 


- r 2 grtl_p 
r+1l— r+i—- r41-0°°" gr tl_ 
a, ay as 
seanae ; 


18: Find the value-of y,——-=— 3 —y 
@tl— a,+1— a@,+1— 


@,, %, &s,... being positive and greater than unity. 


19. Shew that the x convergent to 1— ra - Besees is equal to 
1 1 1 
= adie ‘ 
the (2x —1)™ 2onvergent to if 6¢ iv on 
20. Shew that the 3n"* convergent to 
1 i 1 1 1 1 1 n 
5—- 2- 1- 5-— 2— 1l- 5-"°"" 3n+1 
1 2 3 3-e 
21 Shew that a+ 34 44 ececee — 2D 3 
hence shew that e lies between 23 and 2,5 
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*447, It will be convenient here to write the series in the form 


1 1 1 1 
heh ae +—. 
u, U, Uz u, 
1 1 1 
Put er = ‘ 
uu uta 
r rage t r r 
then (w+ x,) (U,,+%4U,) =U, 1, 
wu? 
i U+U,,, 
’ 1 1 it i u* 
Hence —+—= — = aac 
Hs el Ge U— UW +uU 
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Similarly, 
Le Si pemlts 1 | u,* 
—+— 4+— =— 4+ ———- = -— ta, 
ty ly Uy U Ust hs UW —) Ur UE+ a, 
] Uy u., 
U—- UW+Uu,— U,t+U, 
and so on; hence generally 
ae Fa! 1 
— +— + — Fee. +— 
uy U w& u, 
1 u> u,? Up 
= 2s ae aE gateie state —— 
U— UtU,— U,+%u,- U,_, + Up 


Example1. Express as a continued fraction the series 


1 x x? ale 
— — — + —— =o, + (- 1)" —_—_—_-. 
My Ay, Ay Ayo Ap Ay, Ay 
1 x 1 
Put Er eS = Es 
ay Qn +7 ay oc Yn 
then (Gn + Yn) (Qu41 —«)= Ann + 
Q,& 
nv 
CCS A Niece 
Qyti— & 
1 x if 1 yt 
Hence a eee 
A Ad, AytYyo At a,-2x 
; 1 x x? Lehi x 1 x 
Again, — — +—— =— - — = = 
Ay AA, AYAyMyg «Ay ly \ Ay Ay Q Ay (4, + Yy) 
gil Ayr 
At Qt+Yy,-x 
cme! Ay at. 
M+ a,-#+ a,—2’ 
1 x Ed a” 
and yenerally ————+ = —_-.,,+(-1)” — 
Cy OS Baia TM Up-2 Aq 
S Lat aye G22 
A+ a,-X+ Ay—@+ a, & 


Example 2. Express log (1+) as a continued fraction. 


a a8 crt 
We have log (1 a a ; 
g(l+a2)=a" at naahr ga 
The required expression is most simply deduced from the continued 
fraction equivalent .o the series 
Ede fs 


Si SOO 


GM 4%. ay 
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By putting ese =~ - = 
Gy Anti = UtYn 
2 
we obtain Ree 


a= ; 
De ne, 


hence we have 


Cr ees = x of e x a, x a2 aa 
A Ay gg yt Ag AE + Ay—Agt+ ay—a,v+ "*? 
x Tks 22a 32a 


«. log (1l+z)= 


1+ 2-#+ 3-274 4-824 


*448, Incertain cases we may simplify the components of the 
continued fraction by the help of the following proposition : 


The continued fraction 


bp whet... b, +b 


2 3 4 
G+ G+ a,+ a+ 


tee eee 


is equal to the continued fraction 
ob; ¢¢,b, -¢,¢,b, »¢,05, 
CA, + C0,+ CA,+ C0, + 


ETO Bid lis CaF ppenen 7 are any quantities whatever. 
b, b, 
Let f, denote —* —* ...... ; then 
a,+ G,+ 
2 3 
. . 1 6b, 
the continued fraction = 
at+f, G&+ofi 
Ds rnrite 
Let f, denote —* ...3 then 
8 a Cy a 
Zi ies ¢b, ¢,c,b, 
1 
a, na 2 Ca, Ts C 2 
Similarl ee rd ; whence the propositi 
imilarly, c,f, = -—* * *— ; and so on; whence the proposicion 
6, a Cs 


is established. 
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*EXAMPLES. XXXI. b. 


Shew that 
ee, eee 
Lo —-—+—-=— 4+......4(-19 = 
Uy Wh) Un -2b5 Un 
+3 1 Uy? ag ea 
Up UA Uyt yA tb Uy — Mya” 
1 w ee we 
QS 2h ee 8 
Ay UA, AAA Gj; An By, 
re i Gy 
Qay— a+0-— aytxe-—" a,+a 


3. A ee eee 
) 
4, a = = Az a x iiss to m quotients. 
Br toh Gi ale eden oo re 
PRE eS ae a+1 heeds Ben Fooy As In+1° 
6 11 4: A J Oe Fe! ee cs 
'. 12 92 weeeee (n+ 1)? b 1 - 124-92 — eeeeee n+(n+1) . 
1 v 27 3x 
pa 

La wee ee weBiesh aaa oS 

ie castrated RAE A 

" @ ab abe” abcd iy Mok oS) 2 ee a 

1 Th 1 Tr "i 7 

9 1+ Tg eee ee Pit Fay (en 
ggmernte, a og ah OE a aes 

nates OM ican Ripa cores Marr 5,30 

G@ baa O10. 
AB. Ibe Sesge ba: é4 elaserae ’ ie oo d+ eccwce ’ 
shew that P (a+14+@)=a4+9. 
1 we a? Pied 


12. Shew that — — + = tne 
GM 4192 9273 73% 

EN er Bee i z 19 9 h 

tinued fraction —— at aes Pre where 4g), Ys, Y3,-.. are the 


is equal to the con- 


denominators of the successive convergents. 


CHAPTER XXXII. 
PROBABILITY. 


449, Derinition. Ifan event can happen in a ways and fail in 
6 ways, and each of these ways is equally likely, the probability, 
a 


or the chance, of its happening is rere and that of its failing is 
b 


a+b° 
For instance, if in a lottery there are 7 prizes and 25 blanks, 


the chance that a person holding 1 ticket will win a prize is is 


and his chance of not winning is ; 
450. The reason for the mathematical definition of pro- 
bability may be made clear by the following considerations : 


Tf an event can happen in a ways and fail to happen in 6 
ways, and all these ways are equally likely, we can assert that the 
chance of its happening is to the chance of its failing as a to 6. 
Thus if the chance of its happening is represented by ka, where 
k& is an undetermined constant, then the chance of its failing 
will be represented by 4d. 

‘, chance of happening + chance of failing = k (a + 0). 
Now the event is certain to happen or to fail; therefore the sum 
of the chances of happening and failing must represent certainty. 
If therefore we agree to take certainty as our unit, we have 


1=k(a+6), or rari 


.'. the chance that the event will happen is — 3? 


and the chance that the event will not happen is Zs a 


Cor. If p is the probability of the happening of an event, 
the probability of its not happening is 1 — p. 
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451. Instead of saying that the chance of the happening of 


an event is it is sometimes stated that the odds are a to b 


eh = 
a+b? 
in favour of the event, or b to a against the event. 

452. The definition of probability in Art. 449 may be given 
in a slightly different form which is sometimes useful. If ¢ is the 
total number of cases, each being equally likely to occur, and of 
these a are favourable to the event, then the probability that the 


event will happen is , and the probability that it will not 


happen is 1 - ‘ 


Example 1. What is the chance of throwing a number greater than 4 
with an ordinary die whose faces are numbered from 1 to 6? 


There are 6 possible ways in which the die can fall, and of these two 
are favourable to the event required ; 
therefore the required chance = = : : 
Example 2, From a bag containing 4 white and 5 black balls a man 
draws 3 at random; what are the odds against these being all black? 


The total number of ways in which 3 balls can be drawn is °C, and 
the number of ways of drawing 3 black balls is °C,; therefore the chance 
of drawing 3 black balls 

“a °C, ds 5. 4, 


4.3 
Te) VOLepT ee 
Thus the odds against the event are 37 to 5 


5° 


Example 3. Find the chance of throwing at least one ace in a single 
throw with two dice. 


The possible number of cases is 6 x 6, or 36. 


An ace on one die may be associated with any of the 6 numbers on the 
other die, and the remaining 5 numbers on the first die may each be asso- 
ciated with the ace on the second die; thus the number of favourable cases 
is 11. 


Therefore the required chance is zs A 


Or we may reason as follows: 


There are 5 ways in which each die can be thrown so as not to give an 
ace; hence 25 throws of the two dice will exclude aces. That is, the chance 


of not throwing one or more aces is 2 ; So that the chance of throwing one 


36 
é 25 11 
ace at least is 1 —- 36° or 36° 
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Example 4. Find the chance of throwing more than 15 in one throw with 
8 dice. 


A throw amounting to 18 must be made up of 6, 6, 6, and this can occur 
in 1 way; 17 can be made up of 6, 6, 5 which can occur in 3 ways; 16 may 
be made up of 6, 6, 4 and 6, 5, 5, each of which arrangements can occur in 
3 ways. 

Therefore the number of favourable cases is 

1+3+3+3, or 10. 


And the total number of cases is 6%, or 216; 


. ; se) 5 
therefore the required chance= 216 108° 
Example 5. A has 3 shares in a lottery in which there are 3 prizes and 
6 blanks; B has 1 share in a lottery in which there is 1 prize and 2 blanks; 
shew that A’s chance of success is to B’s as 16 to 7. 


A may draw 3 prizes in 1 way; 


he may draw 2 prizes and 1 blank in _— x 6 ways; 


he may draw 1 prize and 2 blanks in 3 x oat Ways; 
the sum of these numbers is 64, which is the number of ways in which A can 


. . 


1,2.3 


, or 84 ways; 


; 64 16 
therefore A’s chance of success= rpc 


win a prize. Also he can draw 3 tickets in 


B’s chance of success is clearly 3 3 


therefore A’s chance : B’s chanee= 57 - : 
= Oe. 
: ; Ae Wg os 
Or we might have reasoned thus: A will get all blanks in i2.3° 

bere 20) 5 

20 ways; the chance of which is ga? % 913 

Bere Pa chace of pace ee 

therefore A’s chance of success = rite 


453. Suppose that there are a number of events A, B, C,..., 
of which one must, and only one can, occur ; also suppose that 
a, 6, ¢,... are the numbers of ways respectively in which these 
events can happen, and that each of these ways is equally likely 
to occur ; it is required to find the chance of each event. 


The total number of equally possible ways is a+b+ce+..., 
and of these the number favourable to A is a; hence the chance 
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that A will happen is — 


Noten 4 it ately Similarly the chance that B 
a+b4+c+... 


will happen is 3 and so on, 


a+b+cr+... 

454, From the examples we have given it will be seen that 
the solution of the easier kinds of questions in Probability requires 
nothing more than a knowledge of the definition of Probability, 
and the application of the laws of Permutations and Combina- 
tions. 


EXAMPLES. XXXII. a. 


1. Inasingle throw with two dice find the chances of throwing 
(1) five, (2) six. 


2. From a pack of 52 cards two are drawn at random; find the 
chance that one is a knave and the other a queen. 


3, <A bag contains 5 white, 7 black, and 4 red balls: find the 
chance that three balls drawn at random are all white. 


4, If four coins are tossed, find the chance that there should be 
two heads and two tails. 


5. One of two events must happen: given that the chance of the 
one is two-thirds that of the other, find the odds in favour of the other. 


6. If from a pack four cards are drawn, find the chance that they 
will be the four honours of the same suit. 


7. Thirteen persons take their places at a round table, shew that 
it is five to one against two particular persons sitting together. 


8. There are three events A, B, C, one of which must, and only 
one can, happen; the odds are 8 to 3 against A, 5 to 2 against B: find 
the odds against C. 


9. Compare the chances of throwing 4 with one die, 8 with two 
dice, and 12 with three dice. 


10. In shuffling a pack of cards, four are accidentally dropped; find 
the chance that the missing cards should be one from each suit. 


11, A has 3 shares in a lottery containing 3 prizes and 9 blanks; 


B has 2 shares in a lottery containing 2 prizes and 6 blanks: compare 
their chances of success, 


12. Shew that the chances of throwing six with 4, 3, or 2 dice 
respectively are as 1:6: 18. 
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13. There are three works, one consisting of 3 volumes, one of 4, 
and the other of 1 volume. They are placed on a shelf at random; 
prove that the chance that volumes of the same works are all together 


BP al 
© 140° 


14. A and & throw with two dice; if A throws 9, find B’s chance 
of throwing a higher number. 


15. The letters forming the word Clifton are placed at random in 
a row: what is the chance that the two vowels come together ? 


16. In a hand at whist what is the chance that the 4 kings are 
held by a specified player ? 


17. There are 4 shillings and 3 half-crowns placed at random in 
a line: shew that the chance of the extreme coins being both half- 


met | j : : rp. 
crowns is =. Generalize this result inthe case of m shillings and 
7 


n half-crowns, 


455. We have hitherto considered only those occurrences 
which in the language of Probability are called Simple events. 
When two or more of these occur in connection with each other, 
the joint occurrence is called a Compound event. 


For example, suppose we have a bag containing 5 white 
and 8 black balls, and two drawings, each of three balls, are 
made from it successively. If we wish to estimate the chance 
of drawing first 3 white and then 3 black balls, we should be 


dealing with a compound event. 


In such a case the result of the second drawing might or 
might not be dependent on the result of the first. If the balls 
are not replaced after being drawn, then if the first drawing gives 
3 white balls, the ratio of the black to the white balls remaining 
is greater than if the first drawing had not given three white; 
thus the chance of drawing 3 black balls at the second trial 
is affected by the result of the first. But if the balls are re- 
placed after being drawn, it is clear that the result of the second 
drawing is not in any way affected by the result of the first. 


We are thus led to the following definition : 


Events are said to be dependent or independent according as 
the occurrence of one does or does not affect the occurrence of the 
others. Dependent events are sometimes said to be contingent, 
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456. Jf there are two independent events the respective pre- 
babilities of which are known, to find the probability that both will 
happen. 7 

Suppose that the first event may happen in a ways and fail 
in b ways, all these cases being equally likely ; and suppose that 
the second event may happen in a’ ways and fail in 6’ ways, 
all these ways being equally likely. Each of the a+ 6 cases may 
be associated with each of the a’ +0’ cases, to form (a+ 6) (a’ +0’) 
compound cases all equally likely to occur. 


In aa’ of these both events happen, in 60’ of them both fail, 
in ab’ of them the first happens and the second fails, and in ab 
of them the first fails and the second happens. Thus 
ei (aa is the chance that both events happen ; 

’ bb’ 
(a+b) (a +b’) 
ab’ 

(a +6) (a’+0') 


is the chance that both events fail ; 


‘is the chance that the first happens and the second 


fails ; 
wh 
(a+b) (a +0’) 


is the chance that the first fails and the second 


happens. 


Thus if the respective chances of two independent events are 
p and p’, the chance that both will happen is pp’. Similar 
reasoning will apply in the case of any number of independent 
events. Hence it is easy to see that if p,, p,, p,,... are the 
respective chances that a number of independent events will 
separately happen, the chance that they will all happen is 
P,PoPa-+-3 the chance that the two first will happen and the rest 
fail is p,p, (1—p,) (1 -p,)...; and similarly for any other par- 
ticular case. 


457. If p is the chance that an event will happen in 
one trial, the chance that it will happen in any assigned suc- 
cession of 7 trials is p’; this follows from the preceding article 


by supposing 


Put Pat Botetns- =p. 

To find the chance that some one at least of the events will 
happen we proceed thus: the chance that all the events fail 
is (1 —p,)(1—-p,) (1 -p,) .... and except in this case some one 
of the events must happen ; hence the required chance is 


1-(1—p,)(1-p,) (l-p,) 
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Example 1. Two drawings, each of 3 balls, are made from a bag con- 
taining 5 white and 8 black balls, the balls being replaced before the second 
trial : ‘find the chance that the first drawing will give 3 white, and the second 
3 black balls. 


The number of ways in which 3 balls may be drawn is 13C, ; 


ere eee eee ee eee eee eee ee reer eer ree 


Baste 08 IBALL seieBo 
102" 30H eance wast 


S.i56 Vase tr 28 
11328 Tcbeaabuie 148! 


lage 28 140 
143 * 143 ~ 20449 ° 


Therefore the chance of 3 white at the first trial= 
and the chance of 3 black at the second trial= 


therefore the chance of the compound event = 


Example 2. In tossing a coin, find the chance of throwing head and tail 
alternately in 3 successive trials, 

Here the first throw must give either head or tail; the chance that the 
second gives the opposite to the first is j , and the chance that the third throw 


is the same as the first is : ; 


Therefore the chance of the compound event = 


Example 3. Supposing that itis 9 to 7 against a person A who is now 
$5 years of age living till he is 65, and 3 to. 2 against a person B now 45 
living till he is 75; find the chance that one at least of these persons will be 
alive 30 years hence. 


The chance that A will die within 30 years is 2 H 


the chance that B will die within 30 years is 


5 


luo Owe 


a 27 
therefore the chance that both will die is 16 * 5° or 5 3 


therefore the chance that both will not be dead, that is that one at least. will 
be alive, is fees or a é 

4 80’ 80 

458. By a slight modification of the meaning of the symbols 
in Art. 456, we are enabled to estimate the probability of the 
concurrence of two dependent events. For suppose that when the 
first event has happened, a’ denotes the number of ways in which 
the second event can follow, and 6’ the number of ways in which 
it will not follow; then the number of ways in which the two 
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events can happen together is aa’, and the probability of their 
ad’ 
(a+b) (a +0)" 
Thus if p is the probability of the first event, and p’ the 
contingent probability that the second will follow, the probability 
of the concurrence of the two events is pp’. 


concurrence is 


Example 1, Ina hand at whist find the chance that a specified player 
holds both the king and queen of trumps. 


ae the player by 4; then the chance that A has the king is clearly 
for this particular card can be dealt in 52 different ways, 13 of which fall 


5 : 
- A. The chance that, when he has the king, he can also hold the queen is 


then = for the queen can be dealt in 51 ways, 12 of which fall to 4. 


51 > 
inuedereieate’anahte veqaieadeine iest 
ereiore e chance required = 59 ah 17 < 


Or we might reason as follows: 


The number of ways in which the king and the queen can be dealt to A is 
equal to the number of permutations of 13 things 2 at a time, or 13. 12. 
And similarly the total number of ways in which the king and queen can be 
dealt is 52.51. 

13:12) 1 


Therefore the chance = 52.517 17” as before. 


Example 2. Two drawings, each of 3 balls, are made from a bag con- 
taining 5 white and 8 black balls, the balls not being replaced before the 
second trial: find the chance that the first drawing will give 3 white and 
the second 3 black balls. 

At the first trial, 3 balls may be drawn in ¥C, ways ; 
and 3 white balls may be drawn in °C, ways; 

Sid qd Biel Be LL eb 
Oe a i ra ha 2 

When 3 white balls have been drawn and removed, the bag contains 
2 white and 8 black balls; 
therefore at the second trial 3 balls may be drawn in !°C, ways ; 
and 3 black balls may be drawn in 8C, ways; 


therefore the chance of 3 white at first trial= 


therefore the chance of 3 black at the second trial 
a S876 lO, 968.4 7 4 
ak PET a A 
therefore the chance of the compound event 
it bls eet aret 
wads W1bm 429m 
The student should compare this solution with that of Ex. 1, Art. 457. 
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459. If an event can happen in two or more different ways 
which are mutually exclusive, the chance that it will happen is 
the sum of the chances of tts happening in these different ways. 


This is sometimes regarded as a self-evident proposition arising 
immediately out of the definition of probability. It may, how- 
ever, be proved as follows : 


Suppose the event can happen in two ways which cannot 
a, a, 
b, é b, 

event in these two ways respectively. Then out of 6,5, cases 
there are a,b, in which the event may happen in the first way, 
and a,b, ways in which the event may happen in the second; 
and these ways cannot concur. Therefore in all, out of 5,5, cases 
there are a,b,+a,b, cases favourable to the event; hence the 
chance that the event will happen-in one or other of the two 
ways is 


concur ; and let be the chances of the happening of the 


Similar reasoning will apply whatever be the number of ex- 
clusive ways in which the event can happen. 


Hence if an event can happen in nm ways which are mutually 
exclusive, and if Py» Por Pos ++» Pn ate the probabilities that the 
event will happen in these different ways respectively, the pro- 
bability that it will happen in some one of these ways is 


Pi Pat Pak coccee + 2, 


Example 1. Find the chance of throwing 9 at least in a single throw 
with two dice. 


9 can be made up in 4 ways, and thus the chance of throwing 9 is eo 
10 can be made up in 8 ways, and thus the chance of throwing 10 is a 5 
11 can be made up in 2 ways, and thus the chance of throwing 11 isa é 


12 can be made up in 1 way, and thus the chance of throwing 12 is = : 


Now the chance of throwing a number not less than 9 is the sum of these 


separate chances ; 
44+342+1 5 


36 ~ 18° 


.*. the required chance= 
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Example 2, One purse contains 1 sovereign and 3 shillings, a second 
purse contains 2 sovereigns and 4 shillings, and a third contains 3 sovereigns 
and 1 shilling, If a coin is taken out of one of the purses selected at 
random, find the chance that it is a sovereign. 


Since each purse is equally likely to be taken, the chance of selecting 
the first is a and the chance of then drawing a sovereign is ; ; hence the 
chance of drawing a sovereign so far as it depends upon the first purse is 


Doak de Similarly the chance of drawing a sovereign so far as it 


Sats ele 
depends on the second purse is : x a or 3 and from the third purse the 
, A op LORS 1 
chance of drawing a sovereign is = x 7, or -; 
3° 4 4 
‘ The EAs 4. 
«. the required chance= 75 + 5 + pangs 


460. In the preceding article we have seen that the pro- 
bability of an event may sometimes be considered as the sum of 
the probabilities of two or more separate events; but it is very 
important to notice that the probability of one or other of 
a series of events is the sum of the probabilities of the separate 
events only when the events are mutually exclusive, that is, when 
the occurrence of one is incompatible with the occurrence of any 
of the others. 


Example. From 20 tickets marked with the first 20 numerals, one is 
drawn at random: find the chance that it is a multiple of 3 or of 7. 
The chance that the number is a multiple of 3 is i , and the chance that 
it is a multiple of 7 is a and these events are mutually exclusive, hence the 
ired chance is ig i or 2 
require 30 ots 30’ 5° 


But if the question had been: jind the chance that the number is a 
multiple of 3 or of 5, it would have been incorrect to reason as follows: 


Because the chance that the number is a multiple of 3 is a and the 


chance that the number is a multiple of 5 is e , therefore the chance that 
4 1 


it is a multiple of 3 or 5 is = + 20° 9° For the number on the ticket 


might be a multiple both of 3 and of 5, so that the two events considered 
are not mutually exclusive. 


461. It should be observed that the distinction between 
simple and compound events is in many cases a purely artificial 
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one ; in fact it often amounts to nothing more than a distinction 
between two different modes of viewing the same occurrence. 


Example. A bag contains 5 white and 7 black balls; if two balls are 
drawn what is the chance that one is white and the other black? 
(i) Regarding the occurrence as a simple event, the chance 
35 
= lk (yee 
(5x 7)+?C, 66" 
(ti) The occurrence may be regarded as the happening of one or other 
of the two following compound events: 
(1) drawing a white and then a black ball, the chance of which is 
iB Be eft or ee 
OER aE ET 
(2) drawing a black and then a white ball, the chance of which is 
7 - 5 35 
1g A Rae sh 
And since these events are mutually exclusive, the required chance 
_ 85 35 _ 85 
~ 732 * 139 66° 
It will be noticed that we have here assumed that the chance of drawing 


two specified balls successively is the same as if they were drawn simul- 
taneously. A little consideration will shew that this must be the case, 


EXAMPLES. XXXII. b. 


1. What is the chance of throwing an ace in the first only of two 
successive throws with an ordinary die ? 


2. Three cards are drawn at random from an ordinary pack: find 
the chance that they will consist of a knave, a queen, and a king. 


8. The odds against a certain event are 5 to 2, and the odds in 
favour of another event independent of the former are 6 to 5; find the 
chance that one at least of the events will happen. 


4, The odds against A solving a certain problem are 4 to 3, and 
the odds in favour of B solving the same problem are 7 to 5: what is 
the chance that the problem will be solved if they both try ? 


5. What is the chance of drawing a sovereign from a purse one 
compartment of which contains 3 shillings and 2 sovereigns, and the 
other 2 sovereigns and 1 shilling ? 


6. A bag contains 17 counters marked with the numbers 1 to 17. 
A counter is drawn and replaced; a second drawing is then made: 
what is the chance that the first number drawn is even and the second 
odd ? 
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7, Four persons draw each a card from an ordinary pack: find 
the chance (1) that a card is of each suit, (2) that no two cards are of 
equal value. 


8. Find the chance of throwing six with a single die at least once 
in five trials. 


9. The odds that a book will be favourably reviewed by three 
independent critics are 5 to 2, 4 to 3, and 3 to 4 respectively; what is 
the probability that of the three reviews a majority will be favourable? 


10. A bag contains 5 white and 3 black balls, and 4 are successively 
drawn out and not repiaced ; what is the chance that they are alternately 
of different colours ? 


11. In three throws with a pair of dice, find the chance of throwing 
doublets at least once. 


12. If 4 whole numbers taken at random are multiplied together 
shew that the chance that the last digit in the product is 1, 3, 7, or 9 
Ree ae 
1s 625 . 

13. In a purse are 10 coins, all shillings except one which is a 
sovereign; in another are ten coins all shillings. Nine coins are taken 
from the former purse and put into the latter, and then nine coins are 
taken from the latter and put into the former: find the chance that 
the sovereign is still in the first purse. 


14, If two coins are tossed 5 times, what is the chance tbat there 
will be 5 heads and 5 tails? 


15. If 8 coins are tossed, what is the chance that one and only 
one will turn up head? 


16. A, B, C in order cut a pack of cards, replacing them after each 
cut, on condition that the first who cuts a spade shall win a prize: find 
their respective chances. 


17. A and B draw from a purse containing 3 sovereigns and 
4 shillings: find their respective chances of first drawing a sovereign, 
the coins when drawn not being replaced. 


18, <A party of ” persons sit at a round table, find the odds against 
two specified individuals sitting next to each other. 


19. A is one of 6 horses entered for a race, and is to be ridden by 
one of two jockeys B and C. It is-2 to 1 that B rides A, in which 
case all the horses are equally likely to win; if C rides A, his chance 
is trebled: what are the odds against his winning ? 


20. If on an average 1 vessel in every 10 is wrecked, find the chance 
that out of 5 vessels expected 4 at least will arrive safely. é 
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462. The probability of the happening of an event in one 
trial being known, required the probability of its happening once, 
twice, three times, ... exactly in n trials. 


Let p be the probability of the happening of the event in 
a single trial, and let g=1-—p; then the probability that the 
event will happen exactly r times in m trials is the (7 + 1) term 
in the expansion of (¢ + p)". 


For if we select any particular set of 7 trials out of the total 
number m, the chance that the event will happen in every one of 
these r trials and fail in all the rest is p’g""" [Art. 456], and as 
a set of r trials can be selected in "C_ ways, all of which are 
equally applicable to the case in point, the required chance is 


"Cag. 
If we expand (p+ q)" by the Binomial Theorem, we have 
p +"C p""¢ we "Cp" *¢? + (= GG temas eae +q"; 


thus the terms of this series will represent respectively the 
probabilities of the happening of the event exactly m times, m— 1 
times, 7 — 2 times, ... in n trials, 


463. If the event happens 7 times, or fails only once, 
twice, ... (~—1) times, it happens r times or more ; therefore the 
chance that it happens até least r times in trials is 


p+ "Cp" gt "Cp + Lees +°C _ pq", 


or the sum of the first n—r+1 terms of the expansion of 
(p+9)”. 


Example 1. In four throws with a pair of dice, what is the chance of 
throwing doublets twice at least? 


ii 


In a single throw the chance of doublets is be or 63 and the chance of 


failing to throw doublets is 0 Now the required event follows if doublets 
are thrown four times, three times, or twice; therefore the required chance 


1 ess 
is the sum of the first three terms of the expansion of (5 sti 3) c 


19 


1 2 ee 
Thus the chance =gi(lt4.5+6. 5%) = 144° 
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Example2. A bag contains a certain number of balls, some of which are 
white; a ball is drawn and replaced, another is then drawn and replaced; 
and so on: if p is the chance of drawing a white ball in a single «rial, find 
the number of white balls that is most likely to have been drawn in n trials. 


The chance of drawing exactly .r white balls is "C,p"q"-", and we have to 
find for what value of r this expression is greatest. 


Now “EC _ptqge > Cha meg aes 
so long as (n-r+1)p>rq, 
or (n+1)p>(p+q)r. 


But p+q=1; hence the required value of r is the greatest integer in 
p(n+1). 


If n is such that pn is an integer, the most likely case is that of pn 
successes and qn failures, 


464, Suppose that there are tickets in a lottery for a prize 
of £x; then since each ticket is equally likely to win the prize, and 
a person who possessed all the tickets must win, the money value of 


each ticket is £= ; in other words this would be a fair sum to 
pay for each ticket; hence a person who possessed r tickets might 
reasonably expect £— as the price to be paid for his tickets by 
any one who wished to buy them; that is, he would estimate 
En 2 as the worth of his chance. It is convenient then to in- 
troduce the following definition : 


If p represents a person’s chance of success in any venture 
and M the sum of money which he will receive in case of success, 
the sum of money denoted by pJ/ is called his expectation. 


465. In the same way that expectation is used in reference 
to a person, we may conveniently use the phrase probable value 
applied to things. 


Example 1, One purse contains 5 shillings and 1 sovereign: a second 
purse contains 6 shillings. Two coins are taken from the first and placed in 
the second; then 2 are taken from’ the second and placed in the first; 
find the probable value of the contents of each purse. 


The chance that the sovereign is in the first purse is equal to the sum of 
the chances that it has moved twice and that it has not moved at all; 
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Abend 3 
ied or 


that is, the chance= i 


Go| 


.*. the chance that the sovereign is in the second purse=. 


Hence the probable value of the first purse 


=) of 25s, +7 Of Gs £1. Ossd. 


.*. the probable value of the second purse 
=31s, — 204s.=10s. 9d, 


Or the problem may be solved as follows: 
The probable value of the coins removed 
1 
=3 of 25s, =84s.; 
the probable value of the coins brought back 
= of (6s, + 84s.) =37%s.; 


.*. the probable value of the first purse 
= (25 - 844 3,,) shillings=£1. Os. 3d., as before, 


Example 2. A and B throw with one die for a stake of £11 which is to 
be won by the player who first throws 6, If A has the first throw, what are 
their respective expectations? 


In his first throw A’s chance is a in his second it is : x a x . because 


6° 6” 6’ 

each player must have failed once before A can have a second throw; in his 
4 

third throw his chance is (5) x ; because each player must have failed 


twice; and so on. 


Thus 4’s chance is the sum of the infinite series 


1 pa (eyes 


Similarly B’s chance is the sum of the infinite series 


Solihes (OV ap (\ uel 


.. A’s chance is to B’s as 6 is to 5; their respective chances are therefore 


& and a , and their expectations are £6 and £5 respectively, 
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466. We shall now give two problems which lead to useful 
and interesting results. 


Example 1, Two players A and B want respectively m and n points of 
winning a set of games; their chances of winning a single game are p and g 
respectively, where the sum of p and q is unity; the stake is to belong to 
the player who first makes up his set: determine the probabilities in favour 
of each player. 


Suppose that 4 wins in exactly m+r games; to do this he must win the 
last game and m-—1 out of the preceding m+r-—1 games. The chance of 
this is ih gel 6 ie (Nike q" Pp, or us Oh pm q’. 


Now the set will necessarily be decided in m+n-—1 games, and A may 
win his m games in exactly m games, or m+1 games, ..., or m+n-—1 games; 
therefore we shall obtain the chance that A wins the set by giving to r the 
values 0, 1, 2,...2.—1 in the expression ™*7-1C,,_, p™q". Thus A’s chance is 


) +n—-2 
ym Sy 4 ue (m+ 1) 2 | idea nll. 
P ( hedge Tee: os jm—-1jn—1? er 
similarly B’s chance is 
n(n-+1) |m +n—-2 ) 
n i] pees ear | ——d m—1" 
4 Pett. 2 ere ae 1 ni" i 


This question is known as the “ Problem of Points,” and has 
engaged the attention of many of the most emincnt mathematicians 
since the time of Pascal. It was originally proposed to Pascal by 
the Chevalicr de Méré in 1654, and was discussed by Pascal and 
Fermat, but they confined themselves to the case in which the 
players were supposed to be of equal skill: their results were also 
exhibited in a diilcrent form. The formule we have given are 
assigned to Montznort, as they appear for the first timo in a work 
of his published in 1714. The same result was afterwards ob- 
tained in diffcrent ways by Lagrange and Laplace, and by the 
lattcr the problem was treatcd very fully under various modi- 
fications. 


Example 2. There are n dice with f faces marked from 1 to f; if these 
are thrown at random, what is the chance that the sum of the numbers 
exhibited shall be equal to p? 


Since any one of the f faces may be exposed on any one of the n dice, 
the number of ways in which the dice may fall is f”. 
Also the number of ways in which the numbers thrown will have p for 
their sum is equal to the coefficient of x? in the expansion of 
(i+ a? + 23+... av)"; 


for this coeflicient arises out of the different ways in which n of the indiceg 
1, 2, 3,... f can be taken so as to form p by addition. 
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Now the above expression =2" (1+2+27+...+”/-1)" 
1-a2f\" 
—7n FEES 
aor G - =) fi 
We have therefore to find the coefficient of z?—" in the expansion of 
(1-a/)" (1-2). 
n(n— 


NS ee et 
i. 


n(n+1) n (n+1) (n+ 2) 
eg eee el eee 


Now (1-2/)"=1 — nat BOY) wf 


and (l-—a2)-"=1+ne+ 


Multiply these series together and pick out the coefficient of #?-" in the 
product; we thus obtain 


n(n+1)...(p-1)_ | n(n+1)...(p-f-1) 

ee WRB [Bees 
m(n—1) n(n+1)...(p—2f-1) _ 
Oe |p-n-2f she) 


where the series is to continue so long as no negative factors appear. The 
required probability is obtained by dividing this series by f”. 


— 


This problem is due to De Moivre and was published by him 
in 1730; it illustrates a method of frequent utility. 


Laplace afterwards obtained the same formula, but in a much 
more laborious manner; he applied it in an attempt to demon- 
strate the existence of a primitive cause which has made the 
planets to move in orbits close to the ecliptic, and in the same 
direction as the earth round the sun. On this point the reader 
may consult Todhunter’s History of Probability, Art. 987. 


EXAMPLES, XXXII. c. 


1. In acertain game A’s skill is to B’s as 3 to 2: find the chance 
of A winning 3 games at least out of 5. 


2. A coin whose faces are marked 2, 3 is thrown 5 times: what 
is the chance of obtaining a total of 12? 


8. In each of a set of games it is 2 to 1 in favour of the winner 
of the previous game: what is the chance that the player who wins 
the first game shall win three at least of the next four ? 


4, There are 9 coins in a bag, 5 of which are sovcreigns and 
the rest are unknown coins of equal value; find what they must be if 
the probable value of a draw is 12 shillings. 
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5. A coin is tossed n times, what is the chance that the head will 
present itself an odd number of times? 


6. From a.bag containing 2 sovereigns and 3 shillings a person 
is allowed to draw 2 coins indiscriminately; find the value of his ex- 
pectation. 


7. Six persons throw for a stake, which is to be won by the one 
who first throws head with a penny ; if they throw in succession, find 
the chance of the fourth person. 


8. Counters marked 1, 2, 3 are placed in a bag, and one is with- 
drawn and replaced. The operation being repeated three times, what 
is the chance of obtaining a total of 6 ? 


9. A coin whose faces are marked 3 and 5 is tossed 4 times: what 
are the odds against the sum of the numbers thrown being less than 15? 


10. Find the chance of throwing 10 exactly in one throw with 
3 dice. 


11. Two players of equal skill, A and B, are playing a set of 
games; they leave off playing when A wants 3 points and B wants 2. 
If the stake is £16, what share ought each to take? 


12. A and B throw with 3 dice: if A throws 8, what is B’s chance 
of throwing a higher number ? 


13. A had in his pocket a sovereign and four shillings; taking out 
two coins at random he promises to give them to B and C. What is 
the worth of C’s expectation? 


14. In five throws with a single die what is the chance of throwing 
(1) three aces exactly, (2) three aces at least. 


15. A makes a bet with B of 5s. to 2s. that in a single throw with 
two dice he will throw seven before B throws four. Each has a pair 
of dice and they throw simultaneously until one of them wins, equal 
throws being disregarded: find B’s expectation. 


16. A person throws two dice, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken in the 
case of the tetrahedron; what is the chance that the sum of the 
numbers thrown is not less than 5? 


17. A bag contains a coin of value Y, and a number of other coins 
whose aggregate value is m. A person draws one at a time till he 
draws the coin Y/; find the value of his expectation. 


18. If 6n tickets numbered 0, 1, 2, ...... 6n—1 are placed in a bag, 
and three are drawn out, shew that the chance that the sum of the 
numbers on them is equal to 6n is 

3n 


(6n—1) (6n—2)* 
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*INVERSE PROBABILITY, 


*467, In all the cases we have hitherto considered it has been 
supposed that our knowledge of the causes which may produce a 
certain event is such as to enable us to determine the chance of 
the happening of the event. We have now to consider problems 
of a different character. For example, if it is known that an 
event has happened in consequence of some one of a certain 
number of causes, it may be required to estimate the probability 
of each cause being the true one, and thence to deduce the pro- 
bability of future events occurring under the operation of the 
same causes. 


*468. Before discussing the general case we shall give a 
numerical illustration. 


Suppose there are two purses, one containing 5 sovereigns 
and 3 shillings, the other containing 3 sovereigns and | shilling, 
and suppose that a sovereign has been drawn: it is required to 
find the chance that it came from the first or second purse. 


Consider a very large number WV of trials; then, since before 
the event each of the purses is equally likely to be taken, we may 


assume that the first purse would be chosen in 5a of the trials, 
and in : of these a sovereign would be drawn ; thus a sovereign 


would be drawn : x 5m, or ow times from the first purse. 


The second purse would be chosen in $v of the trials, and in 


P of these a sovereign would be drawn ; thus a sovereign would 


4 


be drawn oN times from the second purse. 

Now JW is very large but is otherwise an arbitrary number ; 
let us put V=16n; thus a sovereign would be drawn 5 times 
from the first purse, and 6n times from the second purse; that is, 
out of the llm times in which a sovereign is drawn it comes 
from the first purse 5n times, and from the second purse 6n 
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times. Hence the probability that the sovereign came from the 


as and the probability that it came from the 


first purse is 


6 
second is —. 


11 


*469, It is important that the student’s attention should be 
directed to the nature of the assumption that has been made in 
the preceding article. Thus, to take a particular instance, 
although in 60 throws with a perfectly symmetrical die it may 
not happen that ace is thrown exactly 10 times, yet it will 
doubtless be at once admitted that if the number of throws is 
continually increased the ratio of the number of aces to the 
number of throws will tend more and more nearly to the limit 


by There is no reason why one face should appear oftener than 


6 
another ; hence in the long run the number of times that each of 
the six faces will have appeared will be approximately equal. 


The above instance is a particular case of a general theorem 
which is due to James Bernoulli, and was first given in the Ars 
Conjectandi, published in 1713, eight years after the author's 
death. Bernoulli’s theorem may be enunciated as follows: 


If p is the probability that an event happens in a single trial, 
then of the number of trials is indefinitely increased, it becomes a 
certainty that the limit of the ratio of the number of successes to the 
number of trials is equal to p; im other words, if the number of 
trials is N, the number of successes may be taken to be pN. 


See Todhunter’s History of Probability, Chapter vir. A proof 
of Bernoulli’s theorem is given in the article Probability in the 
Encyclopedia Britannica. 


*470, An observed event has happened through some one of a 
number of mutually exclusive causes: required to find the pro- 
bability of any assigned cause being the true one. 


Let there be n causes, and before the event took place suppose 
that the probability of the existence of these causes was estimated 
at P,, P,, P,,...P,. Let p, denote the probability that when the: 
rv cause exists the event will follow: after the event has occurred 
it is required to find the probability that the r cause was the 
true one, 
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Consider a very great number JV of trials; then the first cause 
exists in PV of these, and out of this number the event follows 
in p,/,V; similarly there are p,P,N trials in which the event 
follows from the second cause; and so on for each of the other 


causes. Hence the number of trials in which the event follows is 
(p,P,+p,P,+...+p,P,) N, or NX (pP); 


and the number in which the event was due to the *" cause is 
p,P_N ; hence after the event the probability that the r* cause 
was the true one is 


pr N +N (pP); 
that is, the probability that the event was produced by the 7™ 
pL. 


r 


= (pP)’ 


cause is 


*471. It is necessary to distinguish clearly between the pro- 
bability of the existence of the several causes estimated before 
the event, and the probability after the event has happened of any 
assigned cause being the true one. The former are usually called 
a priort probabilities and are represented by P,, P,, P.,... P,,; 


the latter are called a posteriori probabilities, and if we denote 


them by Q,, Q,, V5 --- Y,, We have proved that 


where p, denotes the probability of the event on the hypothesis 
of the existence of the 7” cause. 


From this result it appears that 3(@)=1, which is other- 
wise evident as the event has happened from one and only one 
of the causes. 


We shall now give another proof of the theorem of the pre- 
ceding article which does not depend on the principle enunciated 
in Art. 469. 


*472. An observed event has happened through some one of a 
number of mutually exclusive causes: required to find the pro- 
bability of any assigned cause being the true one. 


Let there be » causes, and before the event took place suppose that 

the probability of the existence of these causes was estimated at 

 P,,--.P,. Let p, denote the probability that when the 

r™ cause exists the event will follow; then the antecedent proba- 
bility that the event would follow from the » cause is p, P.. 
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Let Q, be the a posteriori probability that the 7 cause was the 
true one; then the probability that the r™ cause was the true one 
is proportional to the probability that, if in existence, this cause 
would produce the event ; 


ean areca ee? .") ume dns naam 
De PPO ONG SDP) ak pr) * 
_ PrP sy 
CoS (pPy. 


Hence it appears that in the present class of problems the 
product P,p,, will have to be correctly estimated as a first step; 
in many cases, however, it will be found that P,, P,, P,, ... are 
all equal, and the work is thereby much simplified. 


Example. There are 3 bags each containing 5 white balls and 2 black 
balls, and 2 bags each containing 1 white ball and 4 black balls: a black ball 
having been drawn, find the chance that it came from the first group. 


Of the five bags, 3 belong to the first group and 2 to the second; hence 
3 2 
1 =5 Po 5 


If a bag is selected from the first group the chance of drawing a black 


ball is i if from the second group the chance is = thus p, =, P= 53 
6 8 
oe PP\=35, PaP= 55. 


Hence the chance that the black ball came from one of the first group is 
(ey Ae ee 
35 \35 1 95) ~ 43° 


*473. When an event has been observed, we are able by 
the method of Art. 472 to estimate the probability of any 
particular cause being the true one; we may then estimate 
the probability of the event happening in a second trial, or 
we may find the probability of the occurrence of some other 
event. 


For example, p, is the chance that the event will happen 
from the r cause if in existence, and the chance that the rt 
cause is the true one is @,; hence on a second trial the chance 
that the event will happen from the r™ cause is p,Q,. Therefore 
the chance that the event will happen from some one of the 
causes on a second trial is & ( pq). 
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Example. A purse contains 4 coins which are either sovereigns or 
shillings; 2 coins are drawn and found to be shillings: if these are replaced 
what is the chance that another drawing will give a sovereign? 


This question may be interpreted in two ways, which we shall discuss 
separately. 


I. If we consider that all numbers of shillings are a priori equally likely, 
we shall have three hypotheses; for (i) all the coins may be shillings, (ii) 
three of them may be shillings, (iii) only two of them may be shillings. 


Here a= Po Pes 
1 1 
also Dr, Po=5) Ps=@- 
=F 3 Le oi: 6 
Hence probability of first hypothesis=1-~ (1+ 3+) =io= Qn» 
ei : : opi 3 
probability of second hypothesis=~~+ {1+ —- + Si = Aon es 


Therefore the probability that another drawing will give a sovereign 


1 9 
=(0,«0)+(@x5) +(@x4) 
wong! Qreys Gig sy 
aor | 10 7H Fe 


II. If each coin is equally likely to be a shilling or a sovereign, by taking 


4 
the terms in the expansion of G+ 3) , we see that the chance of four 


1 Jos . 4 i, a0 
ili 15 = Sd og ad cy 
shillings is 16’ of three shillings is 16’ of two shillings is ig? thus 
1 4 6 
HA} Mbeiodabin Witiols eid Ua 
il 1 
also, as before, (SU Po=5» Ps=G- 


Q,_ Q2_ Ms_ 1+ 92+93_ 1 
Hones bong gag RoawggenrGde 


Therefore the probability that another drawing will give a sovereign 


1 0 2 
=(0x0)+( 0.5) “is (0x3) 


2 = 
16° (4° 


a: 
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*474, We shall now shew how the thcory of probability may 
be applied to estimate the truth of statements attested by wit- 
nesses whose credibility is assumed to be known. We shall 
suppose that each witness states what he believes to be the truth, 
whether his statement is the result of observation, or deacon 
or experiment; so that any mistake or falsehood must be 
attributed to errors of judgment and not to wilful deceit. 


The class of problems we shall discuss furnishes a useful 
intcllectual exercise, and although the results cannot be regarded 
as of any practical importance, it will be found that they confirm 
the verdict of common sense. 


*475, When it is asserted that the probability that a person 
speaks the truth is p, it is meant that a large number of state- 
ments made by him has been examined, and that p is the ratio 
of those which are true to the whole number. 


*476. Two independent witnesses, A and 5, whose proba- 
bilities of speaking the truth are p and p’ respectively, agree in 
making a certain statement: what is the probability that the 
statement is true ? 


Here the observed event is the fact that 4 and B make the 
same statement. Before the event there are four hypotheses; for 
A and B may both speak truly; or A may speak truly, B falsely; 
or A may speak falsely, B truly; or A and B may both speak 
falsely. The probabilities of these four hypotheses are 


pr’, p(l-p’), p(l—-p), (1-p)(1-p’) respectively. 


Hence after the observed event, in which A and B make the 
same statement, the probability that the statement is true is to 
the probability that it is false as pp’ to (1 — p)(1—p’); that 
is, the probability that the joint statement is true is 


ia 
pp’ + (1-p) (1-p')’ 
Similarly if a third person, whose probability of speaking the 


truth is p”, makes the same statement, the probability that the 
statement is true is 


__ ppp” ; 
ppp’ +(1—p) (1—p') (1-p")’ 


and so on for any number of persons. 
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*477. In the preceding article it has been supposed that we 
have no knowledge of the event except the statement made by A 
and £8; if we have information from other sources as to the 
probability of the truth or falsity of the statement, this must be 
taken into account in estimating the probability of the various 
hypotheses. 


For instance, if A and B agree in stating a fact, of which 
the @ priort probability is P, then we should estimate the pro- 
bability of the truth and falsity of the statement by 


Ppp’ and (1—P) (1-p)(1—>p’) respectively. 


Example. There is a raffle with 12 tickets and two prizes of £9 and £3. 
A, B, C, whose probabilities of speaking the truth are }, 2, 2 respectively, 
report the result to D, who holds one ticket. A and B assert that he has 
won the £9 prize, and C asserts that he has won the £3 prize; what is D’s 
expectation? 


Three cases are possible; D may have won £9, £3, or nothing, for A, B, 
C may all have spoken falsely. 


Now with the notation of Art. 472, we have the a priori probabilities 


ib il 10 
Diatae Fag faa: 
1 wide, Oak" IRN AE I) A SIS YO gE Na" By 
Be aie i 5g) £8 9 BS BT BO? te 8 8 BAO 
. 91% _ 9 _ 1 
ae A 2 ie 


hence D’s expectation =5 of £455 of £3 =£1, 138s, 4d, 

*478. With respect to the results proved in Art. 476, it 
should be noticed that it was assumed that the statement can be 
made in two ways only, so that if all the witnesses tell falsehoods 
they agree in telling the same falsehood. 


Tf this is not the case, let us suppose that c is the chance 
that the two witnesses A and B will agree in telling the same 
falsehood ; then the probability that the statement is true is to 
the probability that it is false as pp’ to c(1—p) (1—p’). 

As a general rule, it is extremely improbable that two 
independent witnesses will tell the same falsehood, so that ¢ is 
usually very small; also it is obvious that the quantity c becomes 
smaller as the number of witnesses becomes greater. These con- 
siderations increase the probability that a statement asserted by 
two or more independent witnesses is true, even though the 
credibilitv of each witness is small. 
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Example. A specks tru-h 3 times out of 4, and B 7 times out of 10; they 
both assert that a white ball has been drawn from a bag containing 6 balls 
all of different colours: find the probability of the truth of the assertion. 

There are two hypotheses; (i) their coincident testimony is true, (ii) it is 
false. 


Here Pi=5 P,=3; 


for in estimating p, we must take into account the chance that A and B will 
both select the white ball when it has not been drawn; this chance is 


2 x a or " 
55 25° 
Now the probabilities of the two hypotheses are as P,p, to P.p,, and 
therefore as 35 to 1; thus the probability that the statement is true is = - 
*479, The cases we have considered relate to the probability 
of the truth of concurrent testimony; the following is a case of 
traditionary testimony. 


If A states that a certain event took place, having received an 
account of its occurrence or non-occurrence from £8, what is the 
probability that the event did take place? 


The event happened (1) if they both spoke the truth, (2) if 
they both spoke falsely ; and the event did not happen if only 
one of them spoke the truth. 


Let p, p’ denote the probabilities that A and B speak the 
truth ; then the probability that the event did take place is 


pp’ +(1—p)(1-p’), 
and the probability that it did not take place is 


p(l—p’) +p’ (1—p). 


*480. The solution of the preceding article is that which has 
usually been given in text-books; but it is open to serious objec- 
tions, for the assertion that the given event happened if both A 
and B spoke falsely is not correct-except on the supposition that 
the statement can be made only in two ways. Moreover, 
although it is expressly stated that A receives his account from 
B, this cannot generally be taken for granted as it rests on 
A’s testimony. 
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A full discussion of the different ways of interpreting the 
question, and of the different solutions to which they lead, will be 
found in the Educational Times Reprint, Vols. xxvil. and XXXIL 


*EXAMPLES. XXXII. d. 


1. There are four balls in a bag, but it is not known of what 
colours they are; one ball is drawn and found to be white: find the 
chance that all the balls are white. 


2. In a bag there are six balls of unknown colours; three balls 
are drawn and found to be black; find the chance that no black ball 
is left in the bag. 


3. <A letter is known to have come either from London or Clifton; 
on the postmark only the two consecutive letters ON are legible; what 
is the chance that it came from London ? 


4. Before a race the chances of three runners, A, B, C, were 
estimated to be proportional to 5, 3,2; but during the race A meets 
with an accident which reduces his chance to one-third. What are now 
the respective chances of B and ('? 


5. A purse contains ” coins of unknown value; a coin drawn at 
random is found to be a sovereign; what is the chance that it is the 
only sovereign in the bag ? 


6. A man has 10 shillings and one of them is known to have two 
heads. He takes one at random and tosses it 5 times and it always 
falls head: what is the chance that it is the shilling with two heads ? 


7. A bag contains 5 balls of unknown colour; a ball is drawn 
and replaced twice, and in each case is found to be red: if two balls 
are now drawn simultaneously find the chance that both are red. 


8. A purse contains five coins, each of which may be a shilling 
or a sixpence; two are drawn and found to be shillings: find the prob- 
able value of the remaining coins. 


9. Adie is thrown three times, and the sum of the three numbers 
thrown is 15: find the chance that the first throw was a four. 


10. A speaks the truth 3 out of 4 times, and B 5 out of 6 times: 
what is the probability that they will contradict each other in stating 
the same fact? 
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11. A speaks the truth 2 out of 3 times, and B 4 times out of 5; 
they agree in the assertion that from a bag containing 6 balls of different 
colours a red ball has been drawn; find the probability that the state- 
ment is true. ; 


12. One of a pack of 52 cards has been lost; from the remainder 
of the pack two cards are drawn and are found to be spades; find the 
chance that the missing card is a spade. 


13. There is a raffle with 10 tickets and two prizes of value £5 
and £1 respectively. A holds one ticket and is informed by B that 
he has won the £5 prize, while C asserts that he has won the £1 prize: 
what is A’s expectation, if the credibility of B is denoted by 2, and 
that of C by 2? 


14, A purse contains four coins; two coins having been drawn are 
found to be sovereigns: find the chance (1) that all the coins are 
sovereigns, (2) that if the coins are replaced another drawing will give 
@ sovereign. 


15. P makes a bet with Q of £8 to £120 that three races will be 
won by the three horses A, B, C, against which the betting is 3 to 2, 
4 to 1, and 2 to 1 respectively. The first race having been won by 4, 
and it being known that the second race was won either by B, or by 
a horse D against which the betting was 2 to 1, find the value of P’s 
expectation. 


16. From a bag containing 7 balls, all either white or black, all 
numbers of each being equally likely, a ball is drawn which turns out 
to be white; this is replaced, and another ball is drawn, which also 
turns out to be white. If this ball is replaced, prove that the chance 


of the next draw giving a black ball is ; (n—1)(2n+1)-. 


17. If mn coins have been distributed into m purses, 7 into each, 
find (1) the chance that two specified coins will be found in the same 
purse; and (2) what the chance becomes when 7 purses have been 
examined and found not to contain either of the specified coins. 


18. A, B are two inaccurate arithmeticians whose chance of solving 
a given question correctly are 4 and 4; respectively; if they obtain the 
same result, and if it is 1000 to 1 against their making the same 
mistake, find the chance that the result is correct. 


19. Ten witnesses, each of whom makes but one false statement in 
six, agree in asserting that a certain event took place; shew that the 
odds are five to one in favour of the truth of their statement, even 


although the a priori probability of the event is as small as Poet 
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LocaL PROBABILITY. GEOMETRICAL METHODS. 


*481. The application of Geometry to questions of Pro- 
bability requires, in general, the aid of the Integral Calculus; 
there are, however, many easy questions which can be solved by 
Elementary Geometry. 


Example 1. From each of two equal lines of length J a portion is cut 
off at random, and removed: what is the chance that the sum of the 
remainders is less than 1? 


Place the lines parallel to one another, and suppose that after cutting, 
the right-hand portions are removed. Then the question is equivalent to 
asking what is the chance that the sum of the right-hand portions is greater 
than the sum of the left-hand portions. It is clear that the first sum is 
equally likely to be greater or less than the second; thus the required 


probability is ; ‘ 


Cor. Each of two lines is known to be of length not exceeding 1: the 


bye 
chance that their sum is not greater than 1 is 5° 

Example 2, If three lines are chosen at random, prove that they are 
just as likely as not to denote the sides of a possible triangle. 

Of three lines one must be equal to or greater than each of the other 
two; denote its length by 1. Then all we know of the other two lines is that 
the length of each lies between 0 andl. But if each of two lines is known to 
be of random length between 0 and J, it is an even chance that their sum 
is greater than l. [Ex. 1, Cor.] 

Thus the required result follows. 


Example 3, Three tangents are drawn at random to a given circle; 
shew that the odds are 8 to 1 against the circle being inscribed in the triangle 
formed by them. 


i 


Draw three random lines P, Q, R, in the same plane aa the circle, and 
draw to the circle the six tangents parallel to these lines. 
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Then of the 8 trianeles so formed it is evident that the circle will be 
escribed to 6 and inscribed in 2; and as this is true whatever be the original 
directions of P, Q, R, the required result follows. 


*482. Questions in Probability may sometimes be con- 
veniently solved by the aid of co-ordinate Geometry. 


Example. On a rod of length a+b+c, lengths a, 6 are measured at 
random: find the probability that no point of the measured lines will 
coincide. 

Let AB be the line, and suppose AP=x and PQ=a; also let a be 
measured from P towards B, so that « must be less than b+c. Again let 
AP’=y, P’Q’=b, and suppose P’@’ measured from P’ towards B, then y must 
be less than a+ce. 

Now in favourable cases we must have 4P’> AQ, or else AP> AQ’, 


hence iS Os PB AOM Li OY og a ae o's ae cewiageines oesseneee (1). 
Again for all the cases possible, we must have 
x>0, and <b+c 
y>0, and saaet 
Take a pair of rectangular axes and make OX equal to b+c, and OY 
equal to a+c. 


Draw the line y=a+2, represented by TML in the figure; and the line 
z=b+y represented by KR. 


A P’ (Os 
Then Yi/, KX are each equal to c, OM, OT are each equal to a. 


The conditions (1) are only satisfied by points in the triangl 

: a \ gles MYL and 
KXR, while the conditions (2) are satisfied by any points within the rect- 
angle OX, OY; 
.*. the required chance ee a 

(a+c) (b+c) 
*483. We shall close this chapter with some Miscellaneous 

Examples. 


Example 1. A box is divided into m equal compartments into which 
balls are thrown at random; find the probability that there vill ou oa 


partments each containing @ balls, ¢ compartments each containing b halls, 
r compartments each containing ¢ balls, and so on, where 


pat+gb+ret+.....=m 
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Since each of the m balls can fall into any one of the m compartments 
the total number of cases which can occur is m”, and these are all equally 
likely. To determine the number of favourable cases we must find the 
number of ways in which the m balls can be divided into p, q, 7, ... parcels 
containing a, b, c, ... balls respectively. 


First choose any s of the compartments, where s stands for p+q+?r+...3 
m 
the number of ways in which this can be done is e 


Next subdivide the s compartments into groups containing p, q, 1,... 
severally; by Art. 147, the number of ways in which this can be done is 


Lastly, distribute the n balls into the compartments, putting a into each 
of the group of p, then b into each of the group of q, ¢ into each of the 
group ofr, and soon. The number of ways in which this can be done is 


(Keo a UD cs a 
Hence the number of ways in which the balls can be arranged to satisfy 


the required conditions is given by the product of the expressions (1), (2), (3). 
Therefore the required probability is 


eal Im |n | 
mt (a)? (EY (ey 2 Po Pe 


Example 2. A bag contains n balls; k drawings are made in succession, 
and the ball on each occasion is found to be white; find the chance tliat the 
next drawing will give a white ball; (i) when the balls are replaced after 
each drawing; (ii) when they are not replaced. 


(i) Before the observed event there are n+1 hypotheses, equally likely ; 
for the bag may contain 0, 1, 2, 3,... white balls. Hence following the 
notation of Art. 471, 


Py =P, =P,=P3=...=Py; 


Tb 2\* SNe n\* 
and po=0, n=(5) ; r= (2) 1 Pa= (5 ) rere > Pa=(7) > 


Hence after the observed event, 


Q 


~ Tp Oe By ent 
sat ; r 
Now the chance that the next drawing will give a white ball== i Qn 


, 1 JE1 4 Qe Bette eth 
thus the required chance ie Pre ae 


and the value of numerator and denominator may be found by Art. 40F. 
: H.H.A 
re) -H.A. 
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In the particular case when k=2, 


- 1) 1) (2n4+1 
the required chance = pe 2s ft, 


2 6 
wre 
~ 2(2n+1)° 


If x is indefinitely large, the chance is equal to the limit, when n is in- 
Lay a on gt 


finite, of in . k+2 k+1° 
. k+1 
and thus the chance is Bae" 


(ii) Ifthe balls are not replaced, 
m r-1 r-2 r-k+1_ 


a ey RE a n—-k+1’ 
-k —k+2)...... r-1 
ao ee Tees k+1)(r—k+2). (r-1)r 
“Pr S (r-k4+1) (r-k+2) ...... (r-1)r 
roo. 
es (r-—&+1) (r7-—k+2)...... (r-—1)r ie Hod 
Me) iced @akee) oleae ee 
; F roar —k 
The chance that the next drawing will give a white ball= > = k Q,. 
a 
k+1 ak 
= —&h -—k-+4+1)...... -l 
(n—k) (n—k+1)...... n(n) 2, iret Eiftendicht) Cmte 
” k+1 (n—k)(n-—k+1)...... n(n+1) 
~ (n—k) (n-k+1) 0.0... n(n+1) ° k+2 
i 
See? 


which is independent of the number of balls in the bag at first. 


Example 3. A person writes n letters and addresses n envelopes; if the 
letters are placed in the envelopes at random, what is the probability that 
every letter goes wrong? 


Let wu, denote the number of ways in which all the letters go wrong, and 
let abcd ... represent that arrangement in which all the letters are in their 
own envelopes. Now if a in any other arrangement occupies the place of an 
assigned letter b, this letter must either occupy a’s place or some other, 


(i) Suppose b occupies a’s place. Then the number of ways in which 
all the remaining n— 2 letters can be displaced is w,_,, and therefore the 
numbers of ways in which a may be displaced by interchange with some one 
of the other x —1 letters, and the rest be all displaced is (n—1) u,_». 
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(ii) Suppose a occupies 6’s place, and 6 does not occupy a’s. Then in 
arrangements satisfying the required conditions, since a is fixed in b’s place, 
the letters , c, d, ... must all be displaced, which can be done in Un—, Ways; 
therefore the number of ways in which a occupies the place of another letter 
but not by interchange with that letter is (n -1) up_,; 


ae Up =(n <7 1)(Up-y +4, =) 3 
This expression can be rewritten as 
Ug — My, =(—1) {up_, —(m —1)uy_5} 
= (= 1)? {tiga — (— 2) tly} 
=(=1)® {tig g — (2-3) tty 4} 
and so on until finally this becomes 
=(-1)"* {ug - 8a} 
=(-1)"- {arg — Quy}. 
But w, is clearly 1 and w, is 0 by the nature of the problem. Hence 
Up =My_, +(-1)"?.1 
Also My, =n(n —1)up_,+(-1)"3. 2 
and n(n —1)u,_,=n(n —1)(n —2)uy_,+(-1)"*. n(n -1) 
and so on until finally 
n(n —1)...4ug=n(n —1)...3u,+(-—1)®. n(n -1)...4 
n(n —1)...8u,=n(n -1)...2u, +(-1)?. n(n —1)...3. 
Using the fact that u,=0 and adding, these equations give 
Un = {n(n —1)...3} — {n(n —1)...4} + {n(n -1)...5}... +(-1)". 1. 
Also the total number of ways of permuting the 7 letters is | %. Thus the 
probability required is u,,~ |” and this is . a 
lev lg He (-1)" 
[Bocl® sald ulS occa) seams 

This problem has been the source of many modifications in 
the Theory of Probability. It has been discussed by Montmort, 
De Moivre, Kuler and Laplace. 

*484. Further reading on the subject of Probability can be 
found in Whitworth’s Choice and Chance, Professor Crofton’s 
article in the Encyclopedia Britannica, and Todhunter’s History 
of the Theory of Probability. 


*EXAMPLES. XXXII. e. 
1. What are the odds in favour of throwing at least 7 in a single 


throw with two dice? 


2. In a purse there are 5 sovereigns and 4 shillings. If they are 
drawn out one by one, what is the chance that they come out sovereigns 
and shillings alternately, beginning with a soverzign? 
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8. If on an average 9 ships out of 10 return safe to port, what 
is the chance that out of 5 ships expected at least 3 will arrive ? 


4, Ina lottéry all the tickets are blanks but one; each person 
draws a ticket, and retains it: shew that each person has an equal 
chance of drawing the prize. 


5. One bag contains 5 white and 3 red balls, and a second bag 
contains 4 white and 5 red balls. From one of them, chosen at random, 
two balls are drawn: find the chance that they are of different colours. 


6. Five persons A, B, C, D, # throw a die in the order named 
until one of them throws an ace: find their relative chances of winning, 
supposing the throws to continue till an ace appears. 


7. Three squares of a chess board being chosen at random, what 
is the chance that two are of one colour and one of another ? 


8. A person throws two dice, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken in 
the case of the tetrahedron; find the average value of the throw, and 
compare the chances of throwing 5, 6, 7. 


9. A’s skill is to B’s as 1:3; to C’sas 3:2; andto D’sas4: 3: 
find the chance that A in three trials, one with each person, will succeed 
twice at least. 


10. <A certain stake is to be won by the first person who throws 
an ace with an octahedral die: if there are 4 persons what is the 
chance of the last ? 


ll. Two players A, B of equal skill are playing a set of games; A 
wants 2 games to complete the set, and B wants 3 games: compare 
their chances of winning. 


12. A purse contains 3 sovereigns and two shillings: a person 
draws one coin in each hand and looks at one of them, which proves 
to be a sovereign ; shew that the other is equally likely to be a sovereign 
or a shilling. 


13. A and B play for a prize; A is to throw a die first, and is to 
win if he throws 6. If he fails B is to throw, and to win if he throws 
6 or 5. If he fails, A is to throw again and to win with 6 or 5 or 4, 
and so on: find the chance of each player. 


14. Seven persons draw lots for the occupancy of the six seats in 
a first class railway compartment : find the chance (1) that two specified 
persons obtain opposite seats, (2) that they obtain adjacent seats on 
the same side. “ 


15. A number consists of 7 digits whose sum is 59; prove that the 


chance of its being divisible by 11 is a ; 


16. Find the chance of throwing 12 in a single throw with 3 dice, 
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17. <A bag contains 7 tickets marked with the numbers 0, 1, 2,...6 
respectively. A ticket is drawn and replaced; find the chance that 
after 4 drawings the sum of the numbers drawn is 8. 


18. There are 10 tickets, 5 of which are blanks, and the others are 
marked with the numbers 1, 2, 3, 4, 5: what is the probability of 
drawing 10 in three trials, (1) when the tickets are replaced at every 
trial, (2) if the tickets are not replaced ? 


19. If m integers taken at random are multiplied together, shew 
that the chance that the last digit of the product is 1, 3, 7, or 9 is - F 


7 : . 4%—2" . : . on—4n 
the chance of its being 2, 4, 6, or 8 is ; of its being 5 is ion 3 
10" — 8" —5"+ 4" 
10” . 


5n 


and of its being 0 is 


20. A purse contains two sovereigns, two shillings and a metal 
dummy of the same form and size; a person is allowed to draw out one 
at a time till he draws the dummy: find the value of his expectation. 


21, A certain sum of money is to be given to the one of three 
persons A, B, C who first throws 10 with three dice; supposing them 
to throw in the order named until the event happens, prove that their 
chances are respectively 


8\2 56 rie Oca; 
13)? 1927 * 13)" 


22. Two persons, whose probabilities of speaking the truth are 


and 2 respectively, assert that a specified ticket has been drawn out 
of a bag containing 15 tickets: what is the probability of the truth of 


the assertion ? 


Da, 


23. A bag contains ‘ counters, of which one is marked 1, 


two are marked 4, three are marked 9, and so on; a person puts in his 
hand and draws out a counter at random, and is to receive as many 
shillings as the number marked upon it: find the value of his ex- 


pectation. 
24. If 10 things are distributed among 3 persons, the chance of 
ticul havi than 5 of them is pi 
a particular person having more than 19683 ° 


25. If a rod is marked at random in » points and divided at 
those points, the chance that none of the parts shall be greater than 


Broth padvis-e. 
nN n™ 
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26. There are two purses, one containing three sovereigns and a 
shilling, and the other containing three shillings and a sovereign. A coin 
is taken from one.(it is not known which) and dropped into the other; 
and then on drawing a coin from each purse, they are found to be two 
shillings. What are the odds against this happening again if two more 
are drawn, one from each purse ? 


27. Ifa triangle is formed by joining three points taken at random 
in the circumference of a circle, prove that the odds are 3 to 1 against 
its being acute-angled. 


28. Three points are taken at random on the circumference of a 
circle: what is the chance that the sum of any two of the arcs so 
determined is greater than the third? 


29. A line is divided at random into three parts, what is the chance 
that they form the sides of a possible triangle? 


30. Of two purses one originally contained 25 sovereigns, and the 
other 10 sovereigns and 15 shillings. One purse is taken by chance 
and 4 coins drawn out, which prove to be all sovereigns: what is the 
chance that this purse contains only sovereigns, and what is the prob- 
able value of the next draw from it? 


31. On a straight line of length a two points are taken at random; 
find the chance that the distance between them is greater than 0. 


32. A straight line of length a is divided into three parts by two 
points taken at random; find the chance that no part is greater than 6. 


33. If on a straight line of length a+6 two lengths a, b are 
measured at random, the chance that the common part of these lengths 
a 


shall not exceed ¢ is ab? where c is less than a or b; also the chance 


that the smaller length 6 lies entirely within the larger a is — ° 
34. If on a straight line of length a+6+¢ two lengths a, b 
are measured at random, the chance of their not having a common 


‘ pl wi (ere i 
part exceeding d is (c+a) (c+) 


» where d is less than either a or 3, 


35. Four passengers, A, B, C, D, entire strangers to each other, are 
travelling in a railway train which contains / first-class, m second-class, 
and  third-class compartments. A and B are gentlemen whose re- 
spective a priort chances of travelling first, second, or third class are 
represented in each instance by A, p, v; C and D are ladies whose 
similar @ priort chances are each represented by J, m, n. Prove 
that, for all values of A, pw, » (except in the particular case when 
Aipiv=l:m:n), Aand B are more likely‘to be found both in the 
company of the same lady than each with a different one. 


CHAPTER XXXITl 
DETERMINANTS. 


485. THE present chapter is devoted to a brief discussion of 
determinants and their more elementary properties. The slight 
introductory sketch here given will enable a student to avail 
himself of the advantages of determinant notation in Analytical 
Geometry, and in some other parts of Higher Mathematics ; 
fuller information on this branch of Analysis may be obtained 
from Dr Salmon’s Lessons Introductory to the Modern Higher 
Algebra, and Muir’s Theory of Determinants. 


486. Consider the two homogeneous linear equations 
a,eo+by=0, 
a +by=0; 


multiplying the first equation by 6,, the second by b,, sub- 
tracting and dividing by x, we obtain 


a,b, — a,b, =0. 
This result is sometimes written 
@, 6 \=0, 
a, b, 


and the expression on the left is called a determinant. It consists 
of two rows and two columns, and in its expanded form each 
term is the product of two quantities; it is therefore said to be 
of the second order. 


The letters a,, 6,, a,, 6, are called the constituents of the 
determinant, and the terms a,6,, a,b, are called the elements, 
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it follows that the value of the determinant is not altered by chang- 
ing the rows into columns, and the columns into rows. 


488. Again, it is easily seen that 
=a Ove 1a 
b, a 


2 2 


, and 


1 a, b, |=—- 


ay O 


2 2 


that is, if we interchange two rows or two columns of the deter- 
minant, we obtain a determinant which differs from it only in sign. 
489, Let us now consider the homogeneous linear equations 
auv+by+c2=0, 
a, +by+c2=0, 
av +by+c,2=0. 
By eliminating x, y, z, we obtain as in Ex. 2, Art. 16, 


Li (6,¢, 7 b,¢,) ats b, (c,@, > x) +6, (a,b, rt, a,b,) rs 0, 


or a, |b, o | +0, |\Ge yah te.| a, 6, ,=0: 
Deel nts Cc, a, a, 0, 
This eliminant is usually written 
a, 6 ¢, |=90, 
@,© DD c. 
a, b, Cs 


and the expression on the left being a determinant which consists 
of three rows and three columns is called a determinant of the 
third order. 


490, By a “rearrangement..of ‘terms the expanded form of 
the above determinant may be written 
MS (6,¢, oa x) u a,(6,¢, x b,c.) %s a,(5,¢, + b,¢,), 
b, b, b, b, 
C6 ¢ c, ¢ 


+a, +a, 
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hence 
Bo Oe gee a do BS 
| a, 0b Cy Pat 0, 0; 
| a, b, c, | Ae aria Gx | 


that is, the value of the determinant is not altered by changing the 
rows into columns, and the columns into rows. 


491. From the preceding article, 


Gb Cf =O, dene leea,| 5...) )|+-03|,5) xe 
GONG, “eo, 6, ¢, oe; ae | 
3 b, C, 
=6,|109 € |—a@,| be a, be aes. (1) 
oe ie ble; bs & | 
Also from Art. 489, 
a, b oc, |=a,| 6, ¢, |—6,| a, ©, |+e,|_a, 4, 2). 
Epa ha 2 BP Lc: a, ¢, eee es 
32 b, c, 


We shall now explain a simple method of writing down the 
expansion of a determinant of the third order, and it should be 
noticed that it is immaterial whether we develop it from the first 
row or the first column. 


From equation (1) we see that the coefficient of any one of 
the constituents @,, a,, a, is that determinant of the second order 
which is obtained by omitting the row and column in which 
it occurs. . These determinants are called the Minors of the 
original determinant, and the left-hand side of equation (1) may 

be written 
a,A,—a,A,+a,A 


37" 3) 


where A,, A,, A, are the minors of a,, a,, a, respectively. 


Again, from equation (2), the determinant is equal to 
aA, <a 6B, hi ¢,C;; 


where A,, B,, C, are the minors of a,, 6,, c, respectively 
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492. The determinant | a, 0}, ¢, 
a, (Ob EC; 


a, , C, 


Gs (5,c, = b,c.) ae b, (c,a, <a C05) +6, (a,b, iF a,p,) 
=—6.(4,c,-—a,¢c,)— a, (¢,b, — ¢,b,) —¢, (b,a, — b,a,) ; 


hence 
(a 6 Calze— | Oa <e, : 
|}@, b « 0 a oC; | 
| a, b, Cc, b, 3 c, 


Thus it appears that if two adjacent columns, or rows, of the 
determinant are interchanged, the sign of the determinant is 
changed, but its value remains unaltered, 


Tf for the sake of brevity we denote the determinant 


a, b, Cy 
a, b, c, 
a, b, c 


by (a,b,c,), then the result we have just obtained may be written 
4,¢,) = ry —(a b c,) 


a 87 


Similarly we may a that 
(c,a,6,) =— (a,¢,b,) = + (a,0,¢,). 


493. If two rows or two columns of the determinant are 
identical the determimant vanishes. 


For let D be the value of the determinant, then by inter- 
changing two rows or two columns we obtain a determinant 
whose value is —D; but the determinant is unaltered; hence 
D=-—D, that is D=0,. Thus we have the following equations, 

a,A,—a,A,+a,d4,=D, 
b,A, —b,A, + b,4,=0, 
cA, —¢,A, + ¢,A,=0. 
494. If each constituent in any row, or in any column, is 


multiplied by the same factor, then the determinant is multiplied 
by that factor. 
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For ma, b 1 C, 
ma, 6b, « 
ma, b ¢, 


=ma,.A,—ma,. A,+ma,.A, 
=m (a,A,-—a,A4,+4,A,) ; 
which proves the proposition. 


Cor. If each constituent of one row, or column, is the same 
multiple of the corresponding constituent of another row, or 
column, the determinant vanishes. 


495. If each constituent in any row, or column, consists of two 
terms, then the determinant can be expressed as the sum of two 
other determinants. 


Thus we have 


ata, 6 ¢ |=|a, 8 | |+]/a, 5 e |; 
a,+a, 6, «© we Tah we; aerbete, 
&+a, 0. 6, aR ME a, 6, ¢; 


for the expression on the left 

= (a, + a.) A, _ (a, + a1.) A als (a, te a) A, 

= (a,A, —a,A,+ a,A,) + (2,4, = a,A, +a,A,); 
which proves the proposition. 


In like manner if each constituent in any one row, or column, 
consists of m terms, the determinant can be expressed as the 
sum of m other determinants, 


Similarly, we may shew that 
a,+a, b+, ¢, 
a,t+a, 6,+8, ¢, 
a,ta, 6,+8, ¢ 


aa 

ea, Pe aes | es Raa e Ae by ce tela Be. a 
a, b, ¢, a, i B; C, Og b, Cy a, 6: C3 
a, b, c, a, B, c, a, b, C, a, B, Cg 
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These results may easily be generalised; thus if the con- 
stituents of the three columns consist of m, n, p terms respec- 


tively, the determinant can be expressed as the sum of mnp 
determinants. 


b+e 


Example 1. Shew that a—b a|=3abe —a’— b? —c3. 
e+a b-c 6b 
a+b e-a ce 
The given determinant | 
=|(0 a¢@ @i=|b' 6 al+|¢,a@ a@|-je¢ 0 «a 
e b b Cu c) 10 ab ob Gc,.0 
@ ht. OG Tay ke b ¢c DU ae 


Of these four determinants the first three vanish, Art. 493; thus the ex- 
pression reduces to the last of the four determinants; hence its value 


= — {c (c?— ab) —b (ac — b®) +a (a - be) } 
= Babe — a? — b3 — 8, 


Example 2. Find the value of | 67 19 21), 


39 13 14) 
81 24 26 | 
We have 
67 19 21 (=| 10+57 19 21 =u 19 21)+{57 19 21 
39 13 14 0+39 13 14 0 13 14 39 13 14 
81 24 26| | 9472 24 26 | 9 24 26 72 24 | 
=| 10 19 21;=|10 19 1942)=;10 19 2 
0 13 14 0,18 193-4 ih) RE | 
9 24 26 9 24 2442] | 9 24 2 
=10/ 13 1/+9)19 2|=20-63=-43, 
ae i ig 1 


496. Consider the determinant 


a, + pb, oP qe, b, Cc, 
a,+pb,+ge, b, ¢, 


a,+pb,+qe, 6, ¢ 


3 3 
as in the last article we can shew that it is equal to 
a, 6, ec, |+| pb, 8; Oe f+ Gc.pi Dea owl's 
a por) Oe: qe, Oe 
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and the last two of these determinants vanish [Art. 494 Cor. ]. 
Thus we see that the given determinant is equal to a new one whose 
first column is obtained by subtracting from the constituents of 
the first column of the original determinant equimultiples of the 
corresponding constituents of the other columns, while the second 
and third columns remain unaltered. 


Conversely, 
a, b, Cr ee | + pb, + gC, b, C, }5 
Maal, a * a,+pb,+qce, 6, ¢, 
a, 6, ¢, a,+pb,+qc, 6, ¢, 


and what has been here proved with reference to the first column 
is equally true for any of the columns or rows; hence it appears 
that in reducing a determinant we may replace any one of the 
rows or columns by a new row or column formed in the following 
way: 


Take the constituents of the row or colwmn to be replaced, 
and increase or diminish them by any equimultiples of the cor- 
responding constituents of one or more of the other rows or 
columns. 


After a little practice it will be found that determinants 
may often be quickly simplified by replacing two or more rows 


or columns simultaneously: for example, it is easy to see 
that 


a, + pb, b, my 9 Cy, Beas |) OF b, ie) 
a,+pb, 6,-qge, ¢, a, “6. 6, 
a,+pb, b,-qce, ¢, fe Ue 


but in any modification of the rule as above enunciated, care 
must be taken to leave one row or column unaltered. 


Thus, if on the left-hand side of the last identity the con- 
stituents of the third column were replaced by ¢,+7a,, c,+7a,, 
¢,+7a, respectively, we should have the former value in- 


creased by 
a,+pb, 6,—ge, ra, |, 
a,+pb, b,-qc, ra 
a,+pb, b,-qce, ra 
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and of the four determinants into which this may be resolved 
there is one which does not vanish, namely 


ph, —qe, ra, 
po, —-Qce, Ta, | 
po, —4|, rat, | 
Example 1. Find the value of | 29 26 22). 
125 81 27 
63 54 46 
The given determinant 
= 38 26 -4|=-8x4x T 26 |) 12 |) 1s 26 2 
~6 31 —4 =2 81.1 | ea te Al 
9 54 -8 3 54 2 bade tnd 
an — 12] Ly 1 726 PY papley 5 Yori we 
0-3 5 1 boas 7 | 
Ok 


[Explanation. In the first step of the reduction keep the second column 
unaltered; for the first new column diminish each constituent of the first 
column by the corresponding constituent of the second; for the third new 
column diminish each constituent of the third column by the corresponding 
constituent of the second. In the second step take out the factors 3 and 
—4, In the third step keep the first row unaltered; for the second new row 
diminish the constituents of the second by the corresponding ones of the 
first; for the third new row diminish the constituents of the third by twice 
the corresponding constituents of the first. The remaining steps will be 
easily seen. ] 


Example 2. Shew that | a—b-—e 2a 2a =(at+b+ce), 
2b b-c-a 2b 
2c 2c e—a—b 

The given determinant 

=|atb+e atbt+e a+b+e |=(at+bt+c)x| 1 a 1 


2b b-c-a 2b 2b b-c-a 2b 


2c 2c c—a-b 2c 2c c-—a—-b 
=(at+bt+c)x} 1 0 0 
2b -—b-c-a 0 
2c 0 —c-a-—b 
=(a+b+c) x 


—b-c-a 0 le eet 
0 —c—a—b 
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[Explanation, In the first new determinant the first row is the sum of 
the constituents of the three rows of the original determinant, the second 
and third rows being unaltered. In the third of the new determinants the 
first column remains unaltered, while the second and third columns are 
obtained by subtracting the constituents of the first column from those of 
the second and third respectively. The remaining transformations are sufi- 
ciently obvious. ] 


497. Before shewing how to express the product of two de 
terminants as a determinant, we shall investigate the value of 


aa, wi 6p, + OY, a,a, ar bf, + “Ve aa, as 6.8, at Ys 
aa, + 6,8, + Coy, G,a,+ 6.8, +Cy, Ga, + 6.8, CY 
a,0, + 6.8, +Cy, @,a,+ b,8, Sry ou nC cts b5. SEY 
From Art. 495, we know that the above determinant can be 


expressed as the sum of 27 determinants, of which it will be 
sufficient to give the following specimens : 


’ aa, 5B, GYs |» Cre “Ye b,B, ’ 
Gt, 4,0, 8,0, aa, 68 2 "Ys a0. Ye bf. 8 
a0, 4,0, 4,0, aa, 6,8 2 Ys aa, so b.8 8 


EGS US rs URE 


these are respectively equal to 


0.0.0.5 a, a, a ? «By, a b e ? «By, a, C, b, > 


the first of which vanishes; similarly it will be found that 21 
out of the 27 determinants vanish. The six determinants that 
remain are equal to 


G10. 0) 
(2,8.75 a a,B7. y a8, a a8, + a8. a a,8,y,) * | a, b, C, 
| a, aie Sa 


that is, ChB core! | Slo uhs o€ Ie 
a, B, Ye a, b, Cy 
a, B, Ys a, b, ¢, 

hence the given determinant can be expressed as the product of 

two other dcterminants. 


498. The product of two determinants is a determinant. 


Consider the two linear equations 
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where X= 4,4, + a,0,) 9 
Bat An agra pais id. 43 Shrebiees (2). 
x, at B,x,+ Bx, 
Substituting for Y, and_YX, in (1), we have 
(ont hAde +m +bB)a=O a) 
(4,0, + 6,8,) x, F (4,0, + 6.8.) x, = 0 
In order that equations (3) may simultaneously hold for 
values of a, and x, other than zero, we must have 
a.a,+bB, aa,+,B, = Sra seece (4). 
a0, + 6,8, a0, + 6,8, | 
But equations (3) will hold if equations (1) hold, and this 
-will be the case either if 


a, 6, | 2 Volick. ahd. weiss ob tite (5), 
a, 6, 

or if X,=0 and X,=0; 

which last condition requires that 
CNT Rs ain can Rebar pene tos (6) 
apse 


Hence if equations (5) and (6) hold, equation (4) must also 
hold; and therefore the determinant in (4) must contain as 
factors the determinants in (5) and (6); and a consideration of 
the dimensions of the determinants shews that the remaining 
factor of (4) must be numerical ; hence 


G; B, Mt ae b.B, aa, + 6,8, 
a, £, a,a,+b,B, a,a,+6 


the numerical factor, by comparing the coefficients of a,b,c, 
on the two sides of the equations, being secn to be unity. 


Cor. ° 


GLO 


2 2 


a°+b? aa,+6,d, 
aa,+bb, a,?+0," 


The above method of proof is perfectly general, and holds 
whatever be the order of the determinants. 


Since the value of a determinant is not altered when we 
write the rows as columns, and the columns as rows, the product 
of two determinants may be expressed as a determinant in 
several ways; but these will all give the same result on ex- 
pansion. bask 
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Example. Shew that MOUSE O CCF lela hoy Vey; 
-A, B, -C, aye Os ce 
A; —B, Cs a, 0b; Cs 


the capital letters denoting the minors of the corresponding small letters in 
the determinant on the right. 


Let D, D’ denote the determinants on the right and left-hand sides 
respectively ; then 


DD'=| a,4,-b,B,+¢,C, 
—4,4,+b,B,-¢,C, 
a,A,-b,B,+¢,C, 


a,A, — b,B,+¢,C, 


— AgAy + byBy — C20, 
a,4,— b,By+¢,Cs 


a,4, — b,B,+¢;C, 
— 2,4, + dB, — ¢3Cy 
a3Ag — b,B,+03C3 


=|D 0 04; [Art. 493.] 
0D O 
0 0D 


thus DD’=D?, and therefore D’= D?. 


EXAMPLES. XXXIII. a. 


Calculate the values of the determinants: 


at iL 1 als 2 TGs 29) oe 3 3 8e3 
Sin yh 8! TAS ie 20) 20). fos 
123 26 25 1b 18 21 39 9 450 
4 |a hg 5. 1.2 -y 6 | la ll 1 
WS My if 4 il enka ae il 
Gif @ y —-« 1 | ee ee Oe) 
To \e—o b—-cac¢—a 8 | b+e a a 
b—¢ c—a a—0b b c+a b 
c—a a—b b—c c ee GAS. 


If w is one of the imaginary cube roots of unity, find the value of 


9, 1 @ o7|. 10. 1 ow @ 
o ow I1 o 1 @ 
oon vere wo o 1 


11. Eliminate /, m, n from the equations 
 al+em+bn=0, ‘'c+bm+an=0, 
and express the result in the simplest form. 


bl+am+en=0, 
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12. Without expanding the determinants, prove that 
ab 


Vs | 0) 6 q\=|7 Y Z|. 
ey s| |@ ao pl |p gr 
indamt i Oot ches Dae 

13. Solve the equations : 
(I)}@ a w(=0. (2)| 15-2 11 10/=0. 
m m m | ll-3¢ 17 16 
Ce, WO | T-@ 14 138 
Prove the following identities : 
14. | b+ce cta at+bi/=2\/a bc} 
OB aE a Py cae | PE Gang 
Yte2 2+" @+Y “cy &@ 
15. |1 @ a? | =(b-c)(e—a) (a—DB). 
I. Ge 
liexcm rcs 
16. |1 1 1 | =(6-c)(e—a)(a—b)(a+b+e). 
i (bv 
Ge Te 
1, @ y @ |=(=#)(e-2)(@-y) (ye +en+ay). 
at yp A 
Ye 2a LY 
18. ce a+b ate |=4(b+c) (c+a) (a+). 
| b+a -2b bdt+e 
| e+a@ e+b —-2c 
19. | (6+¢) a a = 2abe (a+b+e)%. 
bv? (e+a)? 2 
(bs & (a+)? 
20. Express asadeterminant|0 ¢ 6 2, 
c 0 @ 
b a0 


21. Find the condition that the equation le+my+nz=0 may be 


satisfied by the three sets of values (a,, },, ¢) (dy by, ¢y) (aq, bg, Cs) ; 
and shew that it is the same as the condition that the three equations 


ae+b,y+c2=0, 


Agt+b,y+e2=0, avt+b,y+e2=0 


may bo simultaneously satisfied by J, m, n. 
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22. Find the value of 


a+)? abt+cd ca-brdy |x] A end 
ab—ch 67+)2 be+ar -—c 2X a 
ca+brn be-ary +? 6 -@ Xr 


23. Prove that | a+ib c+id ’ 
—ce+id a—ib 
where ¢=/—1, can be written in the form 
| A-1B C-iD |; 
| -C-1D A+iB 
hence deduce the following theorem, due to Euler: 


The product of two sums each of four squares can be expressed as the 
sum of four squares. 


x a—7B y—2 
Nye a+7B 


Prove the following identities : 


24. 1 bct+ad b2c?+a%d? 
1 catbd a*+ bd? 
1 abtecd a’b?+ cd? 
= - (6-0) (c-a) (a—8) (a—d) 0-4) (e-a), 
25. be — a? ca — b? ab—¢ 
—be+catab be-—cat+ob be+ca—ab 
(a+b) (a+e) (b+c)(b+a) (c+a) (c+6) 
=3 (6-—c) (e—a) (a—b) (a+6+c) (be+ca+ab). 
26, | (a-2)? (ay)? (a—2)? 


(6-2)? (b-y® (b-2) 
(c-2)? (e-y)? (ez) 
=2 (b-¢) (¢-a) (4-8) (y—2) (2~2) (#9). 


27. Find in the form of a determinant the condition that the 
expression 


ua + 0B? + wy? + 2u'By + 2v’ya+ 2w'aB 
may be the product of two factors of the first degree in a, , y. 
28. Solve the equation : 


utea w+tabe v'+aca 
w +aba v+b2x w + bea 
vtacce u+ber w+ eg 


=0, 


expressing the result by means of determinants, 
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499, The properties of determinants may be usefully em- 
ployed in solving simultaneous linear equations. 
Let the equations be 
aa+by+e2+d,=0, 
a +b.y+c¢2+d,=0, 
a,e+by+c2+d,=0; 


multiply them by A,, —A,, A, respectively and add the results, 
A,, A,, A, being minors of a,, a,, a, in the determinant 


IDNR bo Cie (Ure Or 
a, b, C, 
G, "D8, 


The coefficients of y and 2 vanish in virtue of the relations proved 
in Art, 493, and we obtain 


(a,4,-—a,4,+4,4,)"+(d,A,-—d,A,+d,A,)=0. 
Similarly we may shew that 
(6,3, - 6B, Be 6,8.) YEE (dB, ~~ dB, a dB.) ra 0, 
and 
(c,C, -—¢,C, +¢,C,) z+ (d,C, —d,C, + d,C,) =0. 
Now a,A,—a,A,+a,4,=— (6,B, —6,B,+6,B,) 
=¢,0,-¢,C,+¢,C,=D; 


hence the solution may be written 


ae -y z -1 
a - d, a, ¢, 4 a, a, % @, 0, e: 
a PO1 8. d, a, ¢, d, a, 6, ie Oe 
d, be, d, a, ©, d, a, 6, it, OAc: 
or more symmetrically 
x " -y a z es —1 
6 6¢, ¢, a, ¢, d, % a, 6, d, | a, b, ¢, : 
O. Fics) th, Gort shad the Gaede. Id. apals dete 
ae og Be ge lla 1g a, 6, d, i Oa 'C 


500. Suppose we have the system of four homogencous linear 
equations : 
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aa+by+cz+du=0, 
ae+byt+cez2+du=0, 
ae+by+c2+du=0, 
agzt+by+cz2+du=0. 

From the last three of these, we have as in the preceding article 


ee s - or % -—u 
pe velrvg ae a aoe a, 6, ©, 
vy «, a, a, ¢, 4d, a, 6, d, a, De, 
b, -e, d, a, ¢, d, aProie ai apebe e% 


Substituting in the first equation, the eliminant is 


a, 6, ¢; d, —6, a, ©, d, +¢, | a, b, d, Be a, b, ¢, = 0. 
b, ¢, d, a, ©, d, a, b, d, a, b, ¢, 
b, ¢, d, a, ¢, d, a, 6, d, a, b, ¢, 


This may be more concisely written in the form 
a, 6b ¢, d, |=9; 


a, b C, d, 
a, b, C, d, 
wf b, f d, 


the expression on the left being a determinant of the fourth order. 


Also we see that the coefficients of a,, 6,, c,,d, taken with 
their proper signs are the minors obtained by omitting the row 
and column which respectively contain these constituents. 


501. More generally, if we have m homogeneous linear 
equations 


G0, +6,0,+6,0,+...... +k,x, = 0, 
Gg, + 5,0, + 6,0, + 1000. +k, =0, 
0,20, + 0 2, + 6,0, + wees +k x =0, 


involving unknown quantities %,, %,, ”,,...%,, these quantities 
ean be eliminated and the result expressed in the form 


shige athe ie pe: 


Cee eeeeno reese eee oes ree 
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The left-hand member of this equation is a determinant which 
consists of n rows and n columns, and is called a determinant of 
the n™ order. 


The discussion of this more general form of determinant is 
beyond the scope of the present work ; it will be sufficient here 
to remark that the properties which have been established in the 
case of determinants of the second and third orders are quite 
general, and are capable of being extended to determinants of 
any order. 


For example, the above determinant of the m™ order is 

equal to 
a,A,—6,B,+¢,0,-d,D,+...+(-—1)*"4,4,, 

or a,A,—a,d,+a,4,—-a,A,+...+(—1)""'a,A4,, 
according as we develop it from the first row or the first column. 
Here the capital letters stand for the minors of the constituents 
denoted by the corresponding small letters, and are themselves 
determinants of the (n—1)™ order. Each of these may be ex- 
pressed as the sum of a number of determinants of the (n—2)™ 
order; and so on; and thus the expanded form of the deter- 
minant may be obtained. 


Although we may always develop a determinant by means of 
the process described above, it is not always the simplest method, 
especially when our object is not so much to find the value of 
the whole determinant, as to find the signs of its several 
elements. 


502. The expanded form of the determinant 


bel b wy 
o b, co, 
a, b, Cs 


27371 2°18 
and it appears that each element is the product of three factors, 
one taken from each row, and one from each column; also the 
signs of half the terms are + and of the other half —. The signs 
of the several elements may be obtained as follows. The first 
element a,b,c,, in which the suffixes follow the arithmetical order, 
is positive ; we shall call this the leading element; every other 
element may be obtained from it by suitably interchanging the 
suffixes, The sign + or — is to be prefixed to any element ac- 


= a,b,c, — a,b,c, + a,b,c, — a,b,c, + a,b,c, — a,b,¢, , 
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cording as it can be deduced from the leading element by an 
even or odd number of permutations of two suffixes ; for instance, 
the element a,c, is obtained by interchanging the suffixes 1 and 
3, therefore its sign is negative; the element a,b,c, is obtained 
by first interchanging the suffixes 1 and 3, and then the suffixes 
1 and 2, hence its sign is positive. 


503. The determinant whose leading element is a,b,c,d, ... 
may thus be expressed by the notation 


Die abd, ..8.. 5 


1 2°3°4 


the = + placed before the leading element indicating the aggregate 
of all the elements which can be obtained from it by suitable 
interchanges of suffixes and adjustment of signs. 


Sometimes the determinant is still more simply expressed by 
enclosing the leading element within brackets ; thus (a,b,c,d, ...) 


. ° . 1-2-3 4 
is used as an abbreviation of = + a,b,c,d,.... 


Example. In the determinant (a,b,c,d,e;) what sign is to be prefixed to 
the element a,b,c,d;e,? 

From the leading element by permuting the suffixes of a and d we get 
a,b.¢34,e;; from this by permuting the suffixes of b and c we have a,b,c,d,e,; 
by permuting the suffixes of c and d we have a,b,c,d,e;; finally by permuting 
the suffixes of d and e we obtain the required element a,b,c,d,e,; and since 
we have made four permutations the sign of the element is positive. 


504. If in Art. 501, each of the constituents b,, c,,... k, is 
equal to zero the determinant reduces to a,A,; in other words 
it is equal to the product of a, and a determinant of the (m—1)™ 
order, and we easily infer the following general theorem. 


If each of the constituents of the first row or column of a 
determinant is zero except the first, and of this constituent is equal 
to m, the determinant is equal to m times that determinant of lower 
order which is obtained by omitting the first column and first 
row. 


Also since by suitable interchange of rows and columns any 
constituent can be brought into the first place, it follows that if 
any row or column has all its constituents except one equal to 
zero, the determinant can immediately be expressed as a deter- 
minant of lower order. 


This is sometimes useful in the reduction and simplification 
of determinants. 


426 HIGHER ALGEBRA. 


Example. Find the value of 
30) geld, 205588) 
Gants 7a Oecd 
TL — 2993623. 
Oe Geely oe 


Diminish each constituent of the first column by twice the corresponding 
constituent in the second column, and each constituent of the fourth column 
by three times the corresponding constituent in the second column, and 
we obtain 


3 lis 205 5s. 
0 35.08 40 

15. =2 36 9 
7 G7, 4 

and since the second row has three zero constituents this determinant 
Ou lea See OO = Sel SetcO eon =ouiLO Lig? bite codeciecekar 2 
15 36 9 8.419.575 8.19. 5 ey eae: 
i eine G7 feud Talia A Ural ere. 


505. The following examples shew artifices which are oc- 
casionally useful. 


Example 1. Prove that 


a =(a+b+c+4d)(a—b+c-—d)(a—b-—c+d) (a+b-c-—d), 


De cand 
on ea odiute 
dood 10 
ade: b "a 


By adding together all the rows we see that a+b+c+d is a factor of the 
determinant; by adding together the first and third rows and subtracting 
from the result the sum of the second and fourth rows we see that 
a-—b+c-—d is also a factor; similarly it can be shewn that a—b-—c+d and 
a+b-—c-—dare factors; the remaining factor is numerical, and, from a com- 
parison of the terms involving a4 on each side, is easily seen to be unity; 
hence we have the required result. 


Example 2. Prove that 
;}1 21 1 #1 |=(a-6) (a-c) (a—d) (b-c) (b-d) (c-d). 


| an Oy, a 

a® o2 cc? @ 

PPO MED 
The given determinant vanishes when b=a, for then the first and second 
columns are identical; hence a—b is a factor of the determinant [Art. 514]. 
Similarly each of the expressions a—c, a—d, b—c, b—d, c—d is a factor of 
the determinant; the determinant being of six dimensions, the remaining 
factor must be numerical; and, from a comparison of the terms involving 
bed? on each side, it is easily seen to be unity; hence we obtain the required 

result, 
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EXAMPLES. XXXIII. b. 


Calculate the values of the determinants: 


1 


| 


a 
a 
a 
a 


1 il 1 2. fe alst OY Xe 

2 oe: Sea Oe 17) of 

SF 6 Ae hie Ak 

4 10 20 | % 10W 6 3 

Lg et 4, 0 1 1 1 

eles L l1 b+te a a 

ioe) el 1 6b ect+a b 

ey pins Se lA ¢ eC a+b 
Keel bonge: | 6. l+a 1 1 

29° 2 14 1 1+6 1 
eh Aly 1 1 l+e 
39 8 38 1 1 1 1 

PMO Es 8. 0 ER OE 

Oz ¥ =H Ot, CBD 

Zo) Ao =e = ¢ 0 a 

y 2 0 -z -b -a 0 
b c d 

a+b atb+te a+b+c+d 


Qa+b 38a4+2b+e 4a+3642c+d 
8a+6 6a4+3b+¢c 10a+6b4+3c+d 
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10. If » is one of the imaginary cube roots of unity, shew that 


the square of 


fo |= 1 | eg), 


Li, os @ 

Ou On Gua 1 1 1 -2 
o ow 1 @ -2 1 1 1 
On We ome co” 1 -2 1 1 


hence shew that the value of the determinant on the left is 3 ./—3. 


up ees h a 


shew that 


(f2—be) 2+ (ch fy) y + (bg hf) 2=0, 

(ch — fg) a+ (9? - ca) y + (af — gh) 2z=0, 

(bg —hf )v+(af—gh)y+(? - ab) z=0, 
abe + 2fgh — af? — bg? — ch? =0. 


428 HIGHER ALGEBRA, 


Solve the equations : 


12. at y+ z=1, 13. avt+ by+ cz=k, 
ax+ by+ cz=k, r+by+ c=, 
ae + by +e%2=F?. e+ by+ez=h, 

14, e+ yt 2+ u=l, 


az+by + cz+ du=k, 
@c+Py+e%2+@2u=h, 
Bz+ by + 2+ Bu=k. 


15. Prove that 
b+e—a—d be-ad be (a+d)—ad(b+c) | 
c+ta-b-d ca-—bd ca(b+d)—bd(c+a) 
a+b—-c-d ab-cd ab(c+d)-cd (a+b) 
= = 2 (6-0) (e—a) (a-b)(a—d) (b-d) (c—d). 


16. Prove that 

a a?—(b-c) be 

2 «6B -(c-a)? oa 

& c-(a-b)? ab 
=(b—c) (¢—a) (a—6) (a+b+c) (+6? +e), 


17. Shew that 


|a bedef|j=(|A B CI, 
lf abede Cc AB 
ip foe Ab (ein ad Bin > a 
bat Cit aU 
Can@se Canyike ©. 0 
rf Chad ¢ of «@ 

where A=a?—d?+2ce —2bf, 

B=e? —B? + 2ac—2df, 


C=? —f2+4 2ae— bd. 


18, If a determinant is of the-n order, and if the constituents 
of its first, second, third, ...n'" rows are the first » figurate numbers of 
the first, second, third, ...n'* orders, shew that its value is unity. 


CHAPTER XXXIV. 
MISCELLANEOUS THEOREMS AND EXAMPLES. 


506. WE shall begin this chapter with some remarks on the 
permanence of algebraical form, briefly reviewing the fundamental 
laws which have been established in the course of the work. 


507. In the exposition of algebraical principles we proceed 
analytically: at the outset we do not lay down new names and 
new ideas, but we begin from our knowledge of abstract 
Arithmetic; we prove certain laws of operation which are capable 
of verification in every particular case, and the general theory of 
these operations constitutes the science of Algebra. 


Hence it is usual to speak of Arithmetical Algebra and Sym- 
bolical Algebra, and to make a distinction between them. In the 
former we define our symbols in a sense arithmetically intelligible, 
and thence deduce fundamental laws of operation; in the latter 
we assume the laws of Arithmetical Algebra to be true in all 
cases, whatever the nature of the symbols may be, and so find 
out what meaning must be attached to the symbols in order that 
they may obey these laws. Thus gradually, as we transcend the 
limits of ordinary Arithmetic, new results spring up, new lan- 
guage has to be employed, and interpretations given to symbols 
which were not contemplated in the original definitions. At the 
same time, from the way in which the general laws of Algebra 
are established, we are assured of their permanence and uni- 
versality, even when they are applied to quantities not arithmeti- 
cally intelligible. 


508. Confining our attention to positive integral values of 
the symbols, the following laws are easily established from a priors 
arithmetical definitions. 
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I. The Law of Commutation, which we enunciate as follows: 

(i) Additions and subtractions may be made im any order. 

Thus a+b—c=a-—c+b=b-c+a, 

(ii) Multiplications and divisions may be made in any order. 

Thus axb=bxa; 
axbxc=bxexa=axcxb; and soon. 


ab+c=axb+c=(a+c) x b=(b+c)xa. 


II. The Law of Distribution, which we enunciate as follows: 


Multiplications and divisions may be distributed over additions 
and subtractions. 


Thus (a—b+c)m=am-—bm+em, 
(a — b) (ec — d) = ac — ad — be + bd. 
[See Hlementary Algebra, Arts. 33, 34.] 
And since division is the reverse of multiplication, the distri- 


butive law for division requires no separate discussion. 


III. The Laws of Indices. 


a” =a"=a". 
(ii) (a™)" = ays. 


[See Hlementary Algebra, Art. 233 to 235.] 


These laws are Jaid down as fundamental to our subject, having 
been proved on the supposition that the symbols employed are 
positive and integral, and that they are restricted in such a way 
that the operations above indicated are arithmetically intelligible, 
If these conditions do not hold, by the principles of Symbolical 
Algebra we assume the laws of Arithmetical Algebra to be true 
in every case and accept the interpretation to which this assump- 
tion leads us. By this course we are assured that the laws of 
Algebraical operation are self-consistent, and that they include in 
their generality the particular cases of ordinary Arithmetic, 


509. From the law of commutation we deduce the rules 
for the removal and insertion of brackets [Hlementary Algebra, 
Arts, 21, 22]; and by the aid of these rules we establish the law 
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of distribution as in Art. 35. For example, it is proved that 
(a — b) (e—d) =ac — ad — be + bd, 


with the restriction that a, b, c, d are positive integers, and a 
greater than 6, and c greater than d. Now it is the province of 
Symbolical Algebra to interpret results like this when all restric- 
tions are removed. Hence by putting a=0 and c=0, we obtain 
(—6) x (—d) =bd, or the product of two negative quantities is 
positwe. Again by putting b=0 and c=0, we obtain ax (—d)=—ad, 
or the product of two quantities of opposite signs is negative. 


We are thus led to the Rule of Signs as a direct consequence 
of the law of distribution, and henceforth the rule of signs is 
included in our fundamental laws of operation. 


510. For the way in which the fundamental laws are applied 
to establish the properties of algebraical fractions, the reader is 
referred to Chapters xIx., xx1., and xxtl. of the Llementary Algebra; 
it will there be seen that symbols and operations to which we 
cannot give any a priori definition are always interpreted so as 
to make them conform to the laws of Arithmetical Algebra, 


511. The laws of indices are fully discussed in Chapter xxx. 
of the Llementary Algebra. When m and n are positive integers 
and m>n, we prove directly from the definition of an index that 


an x a” = Gs a” Be a’ aa a (a”)" = Oe 
We then assume the first of these to be true when the indices 
are free from all restriction, and in this way we determine mean- 
ings for symbols to which our original definition does not apply. 


P 
The interpretations for a’, a°, a" thus derived from the first law 
are found to be in strict conformity with the other two laws ; 
and henceforth the laws of indices can be applied consistently and 
with perfect generality. 


512. In Chapter vin. we defined the symbol 7 or ,/—1 as 
obeying the relation «7=—1. From this definition, and by 
making « subject to the general laws of Algebra we are enabled 
to discuss the properties of expressions of the form a+, in 
which real and imaginary quantities are combined. Such forms 
are sometimes called complex numbers, and it will be seen by 
reference to Articles 92 to 105 that if we perform on a complex 
number the operations of addition, subtraction, multiplication, 
and division, the result is in general itself a complex number, 
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Also since every rational function involves no operations but 
those above mentioned, it follows that a rational function of a 
complex number is in general a complex number. 


Expressions of the form a*, log(a+ty) cannot be fully 
treated without Trigonometry; but by the aid of De Moivre’s 
theorem, it is easy to shew that such functions can be reduced to 
complex numbers of the form A +72. 


The expression ¢**” is of course included in the more general 
form a**”, but another mode of treating it is worthy of attention. 


We have seen in Art..220 that 
e*= Lim (2 + =) when 7 is infinite, 


x being any real quantity; the quantity e*” may be similarly 
defined by means of the equation 


+ ty\" wan ad. 
z! *) , when v is infinite, 


et Lim Q + 


xand y being any real quantities. 


The development of the theory of complex numbers will be 
found more fully discussed in Chapter v. of Barnard and Child’s 
Higher Algebra. 


513. We shall now give some theorems and examples illus- 
trating methods which will often be found useful in proving 
identities, and in the Theory of Equations. 


514. To find the remainder when any rational integral function 
of x ts divided by x —a. 


Let f(x) denote any rational integral function of x; divide 
J (x) by «- a until a remainder is obtained which does not involve 
x; let Q be the quotient, and & the remainder ; then 


ST (x) =Q (e@-a) +f. 


Since R does not involve x it will remain unaltered whatever 
value we give to x; put x=a, then 


S(a)=Q x0+28; 
now Q is finite for finite values of x, hence 


R= (a). 
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Cor. If f(x) is exactly divisible by z—a, then R=0, that is 
f(a)=0; hence #f a rational integral function of x vanishes when 
x=a, wt 1s divisible by x—a. 


515. The proposition contained in the preceding article is so 
useful that we give another proof of it which has the advantage 
of exhibiting thé form of the quotient. 


Suppose that the function is of x dimensions, and let it be 
denoted by 


pe" + pa + pa +p + +p, 


then the quotient will be of x — 1 dimensions ; denote it by 
Gr eG ey |, Gees 
let & be the remainder not containing «; then 
pe tp a +p + po +... +p, 
= (#—a) (q,@" + 9,0" * + 9,0" %+...4+9,_,) +R. 
Multiplying out and equating the coefficients of like powers of a, 
we have 


%=Po> 

q, — Wo =Pyr OF T= 9% TP; 
Yo — WM, = Per OF Yg= 99, + P,; 
Ga— M_e= Pes, OT W,= 99, +P; 


Pee mem ree reese eer eee ree seeeeesesees 


R—aq,_,=~,, of K=ag,_,+p,; 


thus each successive coefficient in the quotient is formed by 
multiplying by a the coefficient last formed, and adding the 
next coeflicient in the dividend, The process of finding the 
successive terms of the quotient and the remainder may be 
arranged thus: 
etre ats te teat es 
aq, aq, aq, aq,» ag, 


G7 PY, OTL 8 GEG jie # 


Thus L=ag,_, +p, = (4q,-¢+ Pani) + Pg X= corre 
=pa"+pa"'+pa°"+...+p,. 


If the divisor is 2 +a the same method can be used, only in 
this case the multiplier is — a. 
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Example. Find the quotient and remainder when 327 — 46+ 31z*+212+5 
is divided by x+2, 


Here the multiplier is — 2, and we have 


Se— 1 Oss lee OS On 21d 
-6 14 -28 -6 12 -24 6 
8-7 14 3-6 12-3 ll 
Thus the quotient is 32°-7a°+1424+32%-6x?+12z-3, and the re- 
mainder is 11, 


516. In the preceding example the work has been abridged 
by writing down only the coefficients of the several terms, zero 
coefficients being used to represent terms corresponding to powers 
of x which are absent. This method of Detached Coefficients may 
frequently be used to save labour in elementary algebraical 
processes, particularly when the functions we are dealing with 
are rational and integral. The following is another illustration. 


Example. Divide 325 - 8x4 — 523 + 26x? - 332 +26 by «3 - 2x?-47+8. 
142+4-8)3-8- 5426-33+426(3-2+3 
3+6+12-24 
-2+ 7+ 2-33 
-2- 4- 8+16 
3- 6-17+426 
3+ 6412-24 
—- 5+ 2 


Thus the quotient is 3z?-2x2+3 and the remainder is -52r+2, 


It should be noticed that in writing down the divisor, the sign of every 
term except the first has been changed; this enables us to replace the process 
of subtraction by that of addition at each successive stage of the work. 


517. The work may be still further abridged by the following 
arrangement, which is known as Horner’s Method of Synthetic 
Division. 

1|3-8-— 5+26-—33+ 26 
2 6+12-24 
4 —- 4-— 8+16 
-8 6+ 12-24 
“38-24 34+ 0- 54+ 2° 


[Exzplanation, The column of figures to the left of the vertical line 
consists of the coefficients of the divisor, the sign of each after the first being 
changed; the second horizontal line is obtained by multiplying 2, 4, —8 
by 3, the first term of the quotient. We then add the terms in the second 
column to the right of the vertical line; this gives — 2, which is the eoeffi- 
cient of the second term of the quotient. With the coefficient thus obtained 
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we form the next horizontal line, and add the terms in the third column; 
this gives 3, which is the coefficient of the third term of the quotient. 


By adding up the other columns we get the coefficients of the terms in 
the remainder. ] 


Ezample. Divide 6a°+ 5atb — 8a3b? — 6a2b3 — 6ab4 by 2a*+3a7b — b% 
to four terms in the quotient, 


2 6+5-8-6-6 


-3|} -94+0+3 
0 6+0-2 
1 3+0]- 1 


12+0-4 
3-2-1+0-4]| +11+0-4 

Thus the quotient is 3a?—2ab-—b?-4a-*b*, and 11b°—4a-%b’ is the 
remainder. 

Here we add the terms in the several columns as before, but each sum has 
to be divided by 2, the first coefficient in the divisor. When the requisite 
number of terms in the quotient has been so obtained, the remainder is 
found by merely adding up the rest of the columns, and setting down the 
results without division. 

The student may easily verify this rule by working the division by 
detached coetticients. 


518. The principle of Art. 514 is often useful in proving 
algebraical identities; but before giving any illustrations of it 
we shall make some remarks upon Symmetrical and Alternating 
Functions. 

A function is said to be symmetrical with respect to its vari- 
ables when its value is unaltered by the interchange of any pair 
of them; thus x+y+z2, be+catabh, a +y?+z2*-axyz are sym- 
metrical functions of the first, second, and third degrees respec- 
tively. 

It is worthy of notice that the only symmetrical function of 
the first degree in a, y, z is of the form M/(x+y+z), where JU is 
independent of x, y, z. 


519. It easily follows from the definition that the sum, 
difference, product, and quotient of any two symmetrical expres- 
sions must also be symmetrical expressions. The recognition of 
this principle is of great use in checking the accuracy of alge- 
braical work, and in some cases enables us to dispense with much 
of the labour of calculation. 

For example, we know that the expansion of (x+y +2)* must 
be a homogeneous function of three dimensions, and therefore 
of the form a? + y° +244 (a’y + ay’ + yz + yo + 2a + 2x’) + Bayr, 
where A and B are quantities independent of a, y, z. 

P H.H.A, 
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Put z=0, then A= 3, being the coettiaent of a*y in the ex- 
pansion of («+ y)”. 
Put «=y=2z=1, and we get 27=3+(3 x 6)+2; whence 
B=4. 
Thus (a+ y+2)° 
=e ty? +29 + Baty + 3xy? + 3y%2 + yz’ + 32°a + 3ex* + Cxcyz. 


520. A function is said to be alternating with respect to its 
variables, when its sign but not its value is altered by the inter- 
change of any pair of them. Thus #—y and 

a’ (b—c)+b°(c—a) +c? (a—b) 


are alternating functions. 


It is evident that there can be no linear alternating function 
involving more than two variables, and also that the product of 
a symmetrical function and an alternating function must be an 
alternating function. 


521. Symmetrical and alternating functions may be con- 
cisely denoted by writing down one of the terms and prefixing 
the symbol 3; thus 3a stands for the sum of all the terms of which 
a is the type, Sab stands for the sum of all the terms of which 
ab is the type; and so on. For instance, if the function involves 
four letters a, b, c, d, 


Ba=a+b+c+d; 


Sab=ab+ac+ad+be+bd+cd; 
and so on. 


Similarly if the function involves three letters a, 4, ¢, 
a*(b —c) =a*(b—c) + B°(c—a) +?(a—b); 
Sa*bc = a*be + b’ca + cab; 


and so on. 


It should be noticed that when there are three letters involved 
Sab does not consist of three terms, but of six: thus 


Seb=07b +a7c+b'e+ a+ a+ c%b, 


The symbol & may also be used to imply summation with 
regard to two or more sets of letters; thus 


Syz (b—c) =y2 (b—c) + za (c—a) + ay (a—b). 
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522. The above notation enables us to express in an abridged 
form the products and powers of symmetrical expressions: thus 


(a+ b+)? = 3a* + 330% + babe ; 
(a+b+c+d)= Xa’ + 330°) + 63abc; 
(a+b+c)*= Sa*+ 430% + 620°’ + 123a°%bc; 
Xa x Sa’ = 3a’ + 3a’d. 


Ezample 1. Prove that 
(a+b)§— a> ~b'=5ab (a+b) (a?+ab+b?). 

Denote the expression on the left by #; then EZ is a function of a which 
vanishes when a=0; hence a is a factor of #; similarly b is a factor of H. 
Again # vanishes when a= —), that is a+b isa factor of H; and therefore 
E contains ab(a+b) as a factor. The remaining factor must be of two 
dimensions, and, since it is symmetrical with respect to a and b, it must be 
of the form Aa?+Bab+Ab?; thus 

(a+b)5-—a5— b5=ab (a+b) (Aa*+ Bab + Ab’), 
where 4 and B are independent of a and b. 

Putting a=1, b=1, we have 15=24+B; 
putting a=2, b= —1, we have 15=5A -2B; 
whence A=5, B=5; and thus the required result at once follows. 


Example 2. Find the factors of 
(B +c*) (b- c) + (c +.a%) (¢ — a) + (a? +58) (a2). 


Denote the expression by H; then E is a function of a which vanishes 
when a=b, and therefore contains a—b asa factor [Art. 514]. Similarly it 
contains the factors b—c and c-—a; thus H contains (b-—c) (¢~a) (a—b) asa 
factor. 


Also since E is of the fourth degree the remaining factor must be of the 
first degree; and since it is a symmetrical function of a, b, c, it must be of 
the form M(a+6+c). [Art.518.] 


«. E=M (b-c) (c—a) (a—b) (a+b+0). 

To obtain M we may give toa, b, c any values that we find most con- 
venient; thus by putting a=0, b=1, c=2, we find M=1, and we have the 
required result. 

Example 3, Shew that 

(ety t2)>—2 —y8 —P=5 (ytz) (z+a) (ety) (?+y?+2+y2+20+ xy), 


Denote the expression on the left by ZH; then H vanishes when y= —z, 
and therefore y+z is a factor of H; similarly z+ and x+y are factors; 
therefore # contains (y+z) (z+) (w+y)asafactor. Also since HZ is of the 
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fifth degree the remaining factor is of the second degree, and, since it is 
symmetrical in x, y, z, it must be of the form 


A(x? +y?+27)+B(yz+2 +2). 
Put c=y=z=1; thus 10=A+B; 
put %=2, y=1, z=0; thus 35=54+2B; 
whence A= B—5, 
and we have the required result. 
523. We collect here for reference a list of identities which 


are useful in the transformation of algebraical expressions ; the 
student should verify these identities. 


be (b— c) =— (b-c) (e-a) (a— 8). 
3a? (6 —c)=—(b-c)(c—a) (a—6). 
Xa (6? — c*) = (b—c) (c—a) (a—5). 
Xa’ (6 —c) =— (b-c) (c—a) (a—b) (a+ b+). 
a’ + b° + c°— 3abe = (a+b +c) (a? +b°+c*— be —ca—ab). 


This identity may be given in another form, 
a’ + 0° + of — Babe =5 (a+b+c){(b—c)?+(c—a)’+ (a— 6b)’. 


(6-—c)*? + (c—a)* + (a— 6)? = 3(6 —c) (c—a@) (a— 0). 
(a+b+c)?-a’®-b'-—c?=3(b +c) (c+a) (a+0). 
Xbe (6 + c) + 2abe = (b+.c)(c + a) (a+ bd). 
3a?(b +c) + 2abe= (b+) (c+ a) (a+). 
(a+b +0¢)(be + ca + ab) —abe=(b+c)(c+a) (a+b). 
2b7c? + 2c*a? + 2a°b*? — at — b* — c* 


=(a+b+c)(b+e-—a)(c+a—b)(a+b-c). 


EXAMPLES. XXXIV. a. 
1. Find the remainder when 32°+ 1lz!+ 90x? — 19% +53 is divided 
by v+5. . 
2. Find the equation connecting a and 0 in order that 
224-7 +ac+b 
may be divisible by «—3. 


3. 


4. 


5. 
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Find the quotient and remainder when 
x —5x*+ 923 — 62? —16x4+13 is divided by 2? -3r+2. 


Find a in order that #°-—'77+5 may be a factor of 
x — Qa — 423 4-192? -31lev+12+a. 


1 


84 792 LB in descending powers of x to four 


Expand a 


terms, and find the remainder, 


Find the factors of 


6. 
cp 


a(b—c)3+b(c—a)3+c¢(a—b)3, 

at (b? — c?) + bt (c? — a?) +c4 (a? — b?). 
(a+6+c)8—(b+ce—a)?—(e+a—b—(a+b—c)%. 
a(b-c)?+b(e—a)?+c¢ (a—b)?+8abe. 

a (bt — ct) +b (c#— at) + ¢ (at — 84). 

(6c+ ca + ab)* — bc? — c?a? — ab’. 

(a+b+c)*— (b+¢)*— (e+ a)t—(a+b)+a'+bt+e4, 
(a+b+c)>—(b+c—a)*®—(e+a—b)5-(a+b—c)§. 
(x —a)° (b—c)? +(x — b)3 (e— a) + (a —c)3 (a — 6), 


Prove the following identities : 


15. 


16. 


1%. 
18. 
19, 


20. 
» (yte)2 (+a) (e+y)?P= Sat (y +2)? +2 (Syz)? — 20%y?2?, 


S (b+e-—2a)?=3 (b+ ¢- 2a) (e+a—2b) (a+6— 2c). 
a(b-c)? b(c—a)? c(a—b)? 
(ea) (a—b) * (a@—b) (6—6) * (6—c) (ea) 
2a 2b 2e , (b=c)(e—a){a—6) _ 
at+b* b+et eta (b+e)(e+a)(a+b) 


=at+bt+a. 


Sa? (b+c) — 2a? -2abe=(b+e-a) (e+a~-b)(at+b-c), 


a (b+e) b3(c+a) (a+b) 
(a6) (a—6) * (6—c)(b—a) * (ea) (-0) 


43 (b—c)(b+c—2a)2=93 (b-c)(b+e—a)?. 


=be+cat+ab. 


& (ab - 2) (ae — 6?) =(2be) (Zbe - a?). 


. abe (a)? — (Sbe)8 = abe 2a? — b2c? = (a? — be) (b? — ea) (c? — ab). 
. 3(b-c)?(b+e—2a)=0; hence deduce 3 (8 — y) (8+ y—2a)’=0, 
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25. (b+c)?+(c+a)?+(a+6)? -3(b+¢)(c+a)(a+b) 
’ =2(a? +b? +c —3abc). 
26. If x=b+c-a, y=c+a—b, z=a+b-c, shew that 
x+y +23 —3xyz=4(a? +b? +¢3 — 3abc). 
27. Prove that the value of a?+6?+c?—3abc is unaltered if we 
substitute s—a, s—b, s—c for a, b, c respectively, where 
3s =2(a+b+¢). 
Find the value of 


8 pee ete aS ee ok CR, 
(a—6)(a—c)(w—-a) (b-c)(b-a)(x—b) (c—a)(c—b)(x—-c) 
29 a2—62-—¢2 62 —¢?-—a? c? — a? —b? 
* (@-B)(a—0)* (B=0)(b=a)* (c—ay(e—6) 
30 (a+p)(a+q) Ms (6+ p)(6+49) (c+p)(¢+q) 
" (a—b)(a—c)(a+2) | (b-c)(b-a)(b+x)  (c—a)(c—b)(c +2)" 
31. > es 32. > € 


(a-6)(a—c)(a—d) (a—6)(a—-c)(a—d)" 
33. If e+y+z=s8, and xyz=p?, shew that 


Cra Breed oe asl ae dae So, 


MISCELLANEOUS IDENTITIES. 


524. Many identities can be readily established by making 
use of the properties of the cube roots of unity; as usual these 
will be denoted by 1, w, w?. 

Example. Shew that 

(+y)? -2? -y? =Tay (x+y) (2 +ay +y")?. 


The expression, #, on the left vanishes when x=0, y=0, a+y=0; 
hence it must contain zy(7+y) as a factor. 


Putting x=wy, we have 
B=((1+0)?- 0? = Qy"={(- o%)'- 0? -y? 
=(-w?-w-1)y’=0; 


hence F contains x — wy as a factor ; and similarly we may shew that it con- 
tains 2 — w*y as a factor ; that is, HZ is divisible by 


(x — wy) (x — w*y), or 22 +ay+y3. 
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Further, E being of seven, and ay (x+y) (a?+2y+72) of five dimensions, 

the remaining factor must be of the form 4 (2?+y?)+ Bay; thus 
(ety)! — 2! —y =ay (w+) (a? + xy +4?) (Aa? + Bay + Ay’), 

Putting z=1, y=1, we have 21=24+B; 
putting x=2, y=—1, we have 21=5A —2B; 
whence CAH saul 

(ety) - 2? ~y =Tay (ety) (x? + ay +")? 


525. We know from elementary Algebra that 
a+b? + —3abe =(a+ b +e) (a + 0? +c? —be—ca— ab), 
also we have seen in Ex. 3, Art. 110, that 
wo +b? +0 —be-—ca—ab=(a+0b+w°'c) (a+b + we); 
hence a® + 6° + c*®— 3abe can be resolved into three linear factors; 


thus 
a? +b? +0? — 3abe = (a+b +c) (a + wh + w'e) (4 + wb + w0). 


Example. Shew that the product of 
a+b? +¢%—3abe and #3 +y3+ 2 -3xryz 
can be put into the form 4*+B?+C°-3A4BC. 


9 


The preduct =(a+6+c) (a+ob+w*c) (a+ wb + we) 
x (c+ y +2) (w+ wy + w°Z) (w+ wy + w2). 
By taking these six factors in the pairs (a+b+c) (w+y+z), 
(a+wb+w°*c) (c+w*y+wz); and (a+ 7b + we) (v+wy +z), 
we obtain the three partial products 
A+B+C, 44+0B+w°C, A+o*B+w(, 
where A=axr+by+cez, B=be+cy+az, C=cxr+ay+bz. 


Thus the product=(4+B+C) (4+wB+°@) (A +°B+ wC) 
= A3+ B3+ 03-34 BC. 


526. In order to find the values of expressions involving 
a, 6, c when these quantities are connected by the equation 
a+6+c=0, we might employ the substitution 


a=h+k, b=wht+o'k, c=0°h + wk 


If however the expressions involve a, b, c symmetrically the 
method exhibited in the following example is preferable. 
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Example. If a+b +¢=0, shew that 
6 (a5 +b® +c5) =5 (a? + b3 +¢*)(a? +5? +¢%). 
We have identically 
(1 +az)(1+b2)(1 +02) =1+p%+ qx? +r2%, 
where p=atbt+eo, g=be+ca+ab, r=abc. 
Hence, using the condition given, 
(1 +ax)(1 +bx)(1 +cex) =1+qz?+r23, 
Taking logarithms and equating the coefficients of 2", we have 
aie (a® +6” +c") =coefficient of x” in the expansion of log(1 + ga* +ra*) 


1 
=coefficient of a" in (qx?+ra*) -5 (qu* + ras)? +3 (qu? + ra*)? — 2. 


By putting n=2, 3, 5 we obtain 


a+b? +0? a®+b§ +c a5 +b5 +5 
iain oe Caahed | =. Se gro ees 
a§+b'+c5 aS xb3+c3 a? +b? +0? 
whence ; = . Ti ast 


and the required result at once follows. 


If a=B-y, b=y-a, c=a—f8, the given condition is satisfied; hence 
we have identically for all values of a, B, y 


6{(B - y)° + (y —a)° +(% — B)*} 
=5{(B — y)® +(y —&)§ + (a — B)5} {(8 — y)® + (y —)* + (@ — B)3} 
that is, 


(B — y)° + (y —a)® + (4 — B)® =5(B - y)(y —a)(@ — B)(a? + B? + y? — By — ya — ax) 5 
compare Hx. 3, Art. 522. 


EXAMPLES. XXXIV. b. 


1. If (2+b+c)*=a*+b%+0%, shew that when n is a positive 
integer (a +b +c)??+1 = qimtl 4 hint] + cant, 


2.  Shew that 
(a +b + wc)’ + (a +w% + we)* = (2a -b -c)(2b —c -a)(2c -a -b). 


3. Shew that (x+y)"-a2"-y" is divisible by xy(x?+ay+y?), if 
n is an odd positive integer not a multiple of 8. 


<. Shew that 
a*(bz — cy)® +b%(ca —az)® +c3(ay — bax)? = 3abe(bz — cy)(ca — az)(ay — bz). 
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5. Find the value of 
(b-c¢) (e—a@) (a— 6) +(b— ae) (¢— wa) (a — wb) +(b — we) (ec — wa) (a — wd). 


6. Shew that (a?+6?+4¢?-be—ca—ab) (2? + y2 + 2—yz- 24 — vy) 
may be put into the form 4?+ B?+C2— BC—CA-— AB. 


7. Shew that (a?+ ab+b?) (a?+2y+y*) can be put into the form 
A?4+ AB-+ B*, and find the values of A and B. 


Shew that 
8. (a+ 2be)? —3(a? + 2be) (b? + Qca) (c? + Qab) = (a + b3 + c — Babe). 
9. (a? —be)§ — 3 (a? — be) (b? — ca) (c? — ab) = (a2 +3 +. 3 — Babe)’. 
10. (a?+b?+c?)84+2 (be+ca+ab)3 — 3 (a? +62 +0?) (be + ca+ab)? 
= (a3 + 63 + c — 3abc)%, 
If a+b+c=0, prove the identities in questions 11—17. 
ll. 2(at+bt+c)=(a?+b2+¢e)2, 
12. a§+b54+e= — 5abe (be+cu+ab), 
13. a°+b8+c=3a7b?c? —2 (be+ca+ab)’. 
14. 3(a?+6?+c?) (a+ b° +0) =5 (a? +63 +c) (at+bt+c4), 


A+ 4c @+h+ P4042 
os 7 — 5 . 2 ° 


b-e c-a.a-b a b c 
16. ‘e =y- Is SF Va ete a tact) =9 
17. (b’c+ca+ a*b — 3abc) (be? + ca? + ab? — 3abe) 
=(be+ca+ ab)? + 27a7b%2. 
18. 25 {(y—2)' + 2-2)" + (@—y) ly - 2)? + (2-2) + (e-y)} 
=2l ((y ~28+(2-2)5 + (2-9) 
19. {(y—2)?+(@-4#P+(@—y)}* - 54 (y— 2)? (@- 2) (wy? 
=2 (y+2— 2x)? (2+ax-2Qy)? (w+ y—2z)%, 


20. (b—c)®+(e—a)§+ (a —b)6 —-3 (b—c)? (c—a)? (a —6)? 
=2 (a+ b? +0? — be —ca—ab)3, 


21. (b-c)'+(c-a)'+(a- 6) 
=7 (b—c) (e—a) (a—b) (a? +6? +0? — be —ca— ab)’. 
22. If a+b+c=0, and x+y+z=0, shew that 


4 (ax + by+cz)? —3 (ax+ by +z) (a+b? +0?) (a4? +7? +2?) 
-—2(b-c¢) (e—a) (a—b) (y-2) (2-«) (v@—y) =54abery1 
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If a+b+c¢+d=0, shew that 
O+F+Afd 38+6+48+d) +++? 
23. = ——_,—-.. - j 
5 3 2 
24. (8+6°'++4d3)2=9 (bed + cda+ dab + abe)? 
=9 (be — ad) (ca — bd) (ab — cd). 


25. If 2s=a+b+e and 2c7=a?+b? +c’, prove that 
> (s— 6) (8 —¢) (a? — a*) + 5abes = (s* — o”) (48° +07). 


26. Shew that (13+ 6227+ 3xy? — 73)3 + (43 + 62y? + 322 — 23)3 
=2Wxy (ety) (Pr +ay +e) 
a 
(a—6)(a—e) (a—d) 
=@4+0 424d? +ab+actad+be+ bd+ed. 


27. Shew that S 


28. Lesolve into factors 
207b?c? + (a8 +- 3 + c*) abe + B33 + Ba? + a5d*, 


ELIMINATION. 


527. In Chapter xxxi1. we have seen that the eliminant of 
a system of linear equations may at once be written down in the 
form of a determinant. General methods of elimination ap- 
plicable to equations of any degree will be found discussed in 
treatises on the Theory of Equations ; in particular we may refer 
the student to Chapters Iv. and v1. of Dr Salmon’s Lessons Jntro- 
ductory to the Modern Higher Algebra, and to Chap. xu. of 
Burnside and Panton’s Theory of Equations. 


These methods, though theoretically complete, are not always 
the most convenient in practice. We shall therefore only give a 
brief explanation of the general theory, and shall then illustrate 
by examples some methods of elimination that are more practi- 
cally useful. 


528. Let us first consider the elimination of one unknown 
quantity between two equations. ,, 


Denote the equations by f(w)=0 and ¢(x)=0, and suppose 
that, if necessary, the equations have been reduced to a form in 
which f(x) and $(a) represent rational integral functions of a. 
Since these two functions vanish simultaneously there must be 
some value of # which satisfies both the given equations; hence 
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the eliminant expresses the condition that must hold between the 
coeflicients in order that the equations may have a common root. 


Suppose that a=a, =f, x=y,... are the roots of f(x) =0, 
then one at least of the quantities ¢(a), (8), p(y), ..-.-. must 
be equal to zero; hence the eliminant is 


$ (2)  (B) o (y) 100+ = 0. 


The expression on the left is a symmetrical function of the 
roots of the equation /(#)=0, and its value can be found by the 
methods explained in treatises on the Theory of Equations. 


529. We shall now explain three general methods of elimina- 
tion: it will be sufficient for our purpose to take a simple 
example, but it will be seen that in each case the process is 
applicable to equations of any degree. 


The principle illustrated in the following example is due to 
Euler. 
Example. Eliminate x between the equations 
az3+bz*+cr+d=0, fa? +gx+h=0, 


Let «+k be the factor corresponding to the root common to both equa- 
tions, and suppose that 


ax? +bar?+cxa+d=(¢+hk) (ax?+lx+m), 
and for+gz+h=(c+k) (fe+n), 
k, l, m, n being unknown quantities. 
From these equations, we have identically 
(aa? + ba? + ca +d) (fa +n) = (ax? + lx +m) (fa*+gae+h). 
Equating coefficients of like powers of x, we obtain 
fl —an+ag-—bf=0, 
gl+jfm—bn+ah—cf=0, 
hl+gm—cn — df=0, 
hm —dn =0: 


From these linear equations by eliminating the unknown quantities 1, m 
n, we obtain the determinant 


f 0 a ag-df |=0., 
g9 f 6 ah-ef 
hg ec -df 

Ok a 0 
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530. The eliminant of the equations f(x)=0, (x) =0 can 
be very easily expressed as a determinant by Sylvester’s Dialytic 
Method of Elimination. We shall take the same example as 
before. 


Example. Eliminate x between the equations 
ax? +b2?+cx+d=0, fa?+gx+h=0. 
Multiply the first equation by xz, and the second equation by 2 and x? in 


succession; we thus have 5 equations between which we can eliminate the 4 
quantities x4, x, x”, x regarded as distinct variables. The equations are 


ax’? + ba?+ cxr+d=0, 


ax4+be+ca2*+dz  =0, 
fe?+gx+h=0, 
fe+ge+the =0, 
fet+ ga + ha? = 0, 
Hence the eliminant is 

0) 9a) bie) a0) 

Cs lad Be at! BU 

OntOs fiediat 

Ng ee vee ae 

‘feu Cue On gO 


531. The principle of the following method is due to Bezout; 
it has the advantage of expressing the result as a determinant of 
lower order than either of the determinants obtained by the pre- 
ceding methods. We shall choose the same example as before, 
and give Cauchy’s mode of conducting the elimination, 


Example. Eliminate x between the equations 
ax + ba?+ca+d=0, fa2+gu+h=0. 
From these equations, we have 


a _ bx? +cu+d 
fF ga+hx ’ 
CARL Buk 
fetg he»’ 
whence (ag — bf) x" + (ah—cf) «-df=0, 
and (ah — cf) a+ (bh -cg — af) x-dg=0. 
Combining these two equations with 
fart+ge+h=, 
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and regarding 2* and @ as distinct variables, we obtain for the eliminant 
‘ij g ho V=0: 
ag-bf  ah-ef -df 
ah-—cf bh-cg-df —-dg 


532. If we have two equations of the form ¢,(z, y)=0, 
¢2(x, y)=0, then y may be eliminated by any of the methods 
already explained ; in this case the eliminant will be a function of z. 


If we have three equations of the form 


$1 (2, y, z)=0, do (x, Y, z)=0, ds (z, y, z)=0, 


by eliminating z between the first and second equations, and then 
between the first and third, we obtain two equations of the form 


ty (x, y) =0, p(x, y) = (0), 


If we eliminate y from these equations we have a result of 
the form f(x) =0. 


By reasoning in this manner it follows that we can eliminate 
n variables between n +1 equations. 


533. The general methods of elimination already explained 
may occasionally be employed with advantage, but the eliminants 
so obtained are rarely in a simple form, and it will often happen 
that the equations themselves suggest some special mode of 
elimination. This will be illustrated in the following examples. 


Example 1. Eliminate 1, m between the equations 
le+my=a, mx —-ly=b, ?+m?=1. 
By squaring the first two equations and adding, 
Pa? + ma? + my? + Py? =a? + 63, 
that is, (2 +m?) (a? +y7) =a? +6? ; 
hence the eliminant: is v+y? =a" +b. 


If l=cos 6, m=sin 6, the third equation is satisfied identically ; that is, 
the eliminant of 


x cos O+y sin 0=a, x sin 9-y cos 0=b 


is e+y=a +b, 
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Example 2. Eliminate z, y, z between the equations 
y2+22=ayz, 2+a%=ben, a+ y*=cry. 
We have Bg oy a Ph ee 
ey c 2 yo 


by multiplying together these three equations we obtain, 
y2 22 2 @® ao 2 
245 Hy Sey era + a ube; 
2+(a?-2)+ (82-2) +(c2-2)=abe; 
. 2+? 4c?-4=abc. 


hence 


Example 3. Eliminate x, y between the equations 
a —yr=pe-qy, 4ry=qripy, P+y=1. 
Multiplying the first equation by x, and the second by y, we obtain 
a+ 3ay°=p (x?+y*); 


hence, by the third equation, 
p=2> + 3zy?. 


Similarly q=3a7y+y%. 

Thus p+q=(c+y)’, p—q=(z-y)%; 
os (p+ q)i+(p-g)i= (ety)? + (e-y)? 

=2 (2? +y"); 


“. (p+q)'+(p—q)8=2. 


Example 4. Eliminate z, y, z between the equations 


Uh ee Sacer Se B's 
iY uc & y 2 
We have apbpcent i —#) ty = 2) +2 (x*-y%) 
xyz 
_ Y—#) (2-2) (ey) 


xyz 
If we change the sign of z, the signs of b and c are changed, while the 


sign of a remains unaltered; 
pon —2)(e+2) (ety) 


hence a= 
xyz 
Similarly b-e- aa Ute) (2-2) (e+y) 
; xyz 
en a—pat2)(e+2) (e—y) 
aye ; 


and 
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(y' ~ 29) — a (t- 9? 
eyes 
a (! VG ) 2 y\? 
= NEE eae ee) 
=— a*b*c*, 
o'. 26%? + 2c?a? + 2a7b? — a4 — b4 — c4 4 a2? = 0, 


o*. (@+6 +c) (o+e-a) (e+a—6b) (a+b-c)=- 


EXAMPLES. XXXIV.c. 


1, Eliminate m from the equations 
mz—my+a=0, my+r=0. 
2. Eliminate m, 7 from the equations 
msz—my+a=0, Wa-—ny+a=0, mn+1=0. 
3. Eliminate m, n between the equations 
mr—ny=a(m?—n*), na+tmy=2amn, m+n*=1, 
4, Eliminate p, g, r from the equations 
prgtr=0, a(gr+rp+p,)=2a-2, 
GUIS Geet 
5. Eliminate x from the equations 
az?-2er+1=0, a+u?-38ar=0., 
6. Eliminate m from the equations 
ytme=al(l+m), my—x=a(1—m). 
7. Eliminate wz, y, z from the equations 
y2=O,, 2o=0*, asy=c?, #4-y?+22=d2, 
8. Eliminate p, g from the equations 
a(pt+g=y, p-q=k(l+pq), «pq=a, 
9, Eliminate x, y from the equations 
w-y=a, v-y=d, -Y=e. 
10. Eliminate x, y from the equations 
ety=a, x2+y'=b%, at+yt=c4. 
11. Eliminate z, y, z, u from the equations 
v=byt+ez+du, y=cz +du+az, 
z=dutaxc+by, u=ax+by+ez. 
12. Eliminate z, y, z from the equations 
ety+2=0, a+ y?+2?=a%, 
B+P+3=b5, +ye+eae, 
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13. Eliminate 2, y, z from the equations 
a Be OE Send i Oy eae ee 
Wat iate tty b, E+) = ao, 
14, Eliminate 2, y, z from the equations 


w(ytz) _ yr(etx)_ 2(wt+y) _ry2 _) 
Cry Bo ROA wale 


15. Eliminate «2, y from the equations 
4(e°+y)=ant+by, 2(2®-y)=axr—by, xy=c 
16. Eliminate x, y, z from the equations 
(y+z)?=4a%yz, (2¢+a)2?=4b%2n, (x+y)? =4exy. 

17. Eliminate x, y, z from the equations 

(w+y—2)(w-y+2)=ayz, (y+2—2) (y-24+2)=ben, 

(2+"-y) (@-"%+y)=cxy. 
18. Eliminate x, y from the equations 
xy=a, u(vt+ty)=b, 2w+y=e. 
19. Shew that (a+6+c)?—4(b+e) (e+a) (a+b) +5abe=0 
is the eliminant of 
aa? + by? + cz =ax+ by + ez=y2+2u+xy=0. 
20. Eliminate x, y from the equations 
BL 


2 2 = OO 
ax? + by? =ax + by Pat e. 


21. Shew that b3c3 + Ba? + a3? = 5arbc? 
is the eliminant of 
ax+yz=be, by+zer=ca, cz+xy=ab, xyz=abe. 
22. Eliminate 2, y, z from 
V+y+eae+ry+z=l, 
Se—p)=) Y-= 2-9) 
23. Employ Bezout’s method to eliminate a, y from 


au + barytony+dys=0, aa+bay+cuy?+dy=0, 


CHAPTER XXXV. 
THEORY OF EQUATIONS. 


534. In Chap. 1x. we have established certain relations be- 
tween the roots and the coefficients of quadratic equations. We 
shall now investigate similar relations which hold in the case of 
equations of the n™ degree, and we shall then discuss some of the 
more elementary properties in the general theory of equations. 


535. Let pya"+ p,x""'+ pa"? +...... +p,_,x+p, be a rational 
integral function of « of m dimensions, and let us denote it by 
J (x); then f(a) =0 is the general type of a rational integral equa- 
tion of the n‘” degree. Dividing throughout by p,, we see that 
without any loss of generality we may take 


ey ey a +p,_e+p,=90 
as the type of a rational integral equation of any degree. 


Unless otherwise stated the coefficients p,, p,,...p, will always 
be supposed rational. 


536. Any value of « which makes f(x) vanish is called a 
root of the equation f(x) = 0, 


In Art. 514 it was proved that when f(x) is divided by 
x-—a, the remainder is f(a); hence if f(x) is divisible by a—a 
without remainder, a is a root of the equation / (x) = 0. 


537. Weshall assume that every equation of the form /(x)=0 
has a root, real or imaginary. The proof of this proposition will 
be found in treatises on the Theory of Equations; it is beyond 
the range of the present work. 
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538. Every equation of the nt» degree has n roots, and no more. 


Denote the-given equation by /(x) =0, where 


a—1 


S(t) =p,x" + pe + pa +... +p. 
The equation /(x)=0 has a root, real or imaginary; let this be 
denoted by a,; then f(x) is divisible se xz—a,, so that 
J (2) = (@— a,) $, (#), 
where ¢, (x) is a rational Be Has of n—1 dimensions. 


Again, the equation $,( (z)=0 has a root, real or imaginary; let 
this be denoted by a, ; then $, (x) is divisible by x—a,, so that 


$, (x) aa (x = a,) $, (x), 


where ¢,() is a rational integral function of m — 2 dimensions, 


Thus JS (x) = (x -a,) (x@—a,) >, (x). 


Proceeding in this way, we obtain, as in Art. 309, 


JS (%) =p, ("—4@,) (e—a,)...... («—a,). 


Hence the equation f(x)=0 has ” roots, since f(x) vanishes 
when a has any of the values a,, a@,, @,,...a,. 


a 


Also the equation cannot have more than xz roots; for if « has 
any value different from any of the quantities a,, a,, a,,...a,, all 
the factors on the right are different from zero, and therefore 
J (w) cannot vanish for that value of a. 


In the above investigation some of the quantities a,, a,, a,,...@, 
may be equal; in this case, however, we shall suppose that the 
equation has still » roots, although these are not all different. 


539. To investigate the relations between the roots and the 
coefficients in any equation. 


Let us denote the equation by 


Da a eo. +p,_.«+p,=9, 
and the roots by a, 8, ¢,...... k; then we have identically 
C+ pa! pa +p, _,e+p, 


= (w—a) (w@—b) (w—c)...... («—k); 


hence, with the notation of Art. 163, we have 


ay at! 


a + pix + pa * + Rivievsints cepae +7, 
(ri "— Sia" su Sx"? — aoa Hie (- LN a ft a iyo 
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Equating coefficients of like powers of x in this identity, 
— p, =, =sum of the roots; 


p,=S, =sum of the products of the roots taken two at a 
time; 


“ 


— p,=S, =sum of the products of the roots taken three at a 
time ; 


Pee eee ee ee eee eee eee eee eee eee ee eee ee eee ee ee eee ees 


(-1)"p, =S,, = product of the roots. 


If the coefficient of x" is p,, then on dividing each term by 
P,» the equation becomes 


a Et ott 4g Pages 4 Pant 4 Pa 0, 
0 Po Po Po 
and, with the notation of Art. 521, we have 
ees ae Sab =? | Sabe = — 72, trees , abe...k=(-1)"Ps, 
Po ° Q Po 


Example 1. Solve the equations 
ctayt+a@2=a3, c+by+b%2=b*, x+cy+ce%=c', 
From these equations we see that a, b, c are the values of t which 
satisfy the cubic equation 
#-2t?-yt-x=0; 
hence z=atb+c, y= —(be+ca+ab), s=abe. 


Example 2. If a, b, c are the roots of the equation 2? +p,27+ p.« + p3=9, 
form the equation whose roots are a?, b?, c?, 


The required equationis (y— a?) (y —b?) (y—c?)=0, 


or (a? — a?) (a? — b?) (2? -c?)=0, if y=2?; 

that is, (a — a) ( — b) (w—c) (cx +a) (2 +b) (cx +c) =0. 
But (7—a) (2 ~b) (2 -¢) =a + p,2* +p. +43 

hence (2+) (© +6) (e+ c) =a — pyx? + py — py. 


Thus the required equation is 
(2? + px" + pax + ps) (x* — pia? + pax — ps) =0, 
or (2° + px)? — (px +p3)?=0, 
or a8 + (2p, — py*) a4 + (p.” — 2p, ps) 2? p,P=0; 
and if we replace «? by y, we obtain 
y? + (2p, —P,”) y? + (Po” — 2p, Ps) y —p-7=0. 
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540. The student might suppose that the relations established 
in the preceding article would enable him to solve any proposed 
equation; for the number of the relations is equal to the number 
of the roots. A little reflection will shew that is this not the 
case; for suppose we eliminate any m-—1 of the quantities 
a, b,c, ...& and so obtain an equation to determine the remaining 
one; then since these quantities are involved symmetrically in 
each of the equations, it is clear that we shall always obtain an 
equation having the same coefficients; this equation is therefore 
the original equation with some one of the roots a, 6, c,...& sub- 
stituted for 2. 


Let us take for example the equation 
x + pic? + pe+p,=0; 
and let a, 6, ¢ be the roots; then 
a+b+c=-p, 
ab+ac+be= p,, 
abe = — p,. 
Multiply these equations by a’, — a, 1 respectively and add; thus 
a” = — pa" — pa — pg, 
that is, a+p.a'+p,at+p,=9, 
which is the original equation with a in the place of a. 


The above process of elimination is quite general, and is 
applicable to equations of any degree, 


541. If two or more of the roots of an equation are con- 
nected by an assigned relation, the properties proved in Art. 539 
will sometimes enable us to obtain the complete solution. 


Example 1. Solve the equation 473 —242?+232+18=0, having given 
that the roots are in arithmetical progression. 


Denote the roots by a—b, a, a+b; then the sum of the roots is 3a; the 
sum of the products of the roots two at a time is 3a2—6?; and the product 
of the roots is a (a?—6*); hence we have the equations 


23 9 
3a=6, 3a? - B= » a(a2— 6?) = r5' 


from the first equation we find a=2, and from the second b= cae and 


since these values satisfy the third, the three equations are consistent, 
Thus the roots are—5, 2, 
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Example 2. Solve the equation 2423 - 142? — 632+445=0, one root being 
double another. 
Denote the roots by a, 2a, 6; then we have 


Sie Mee en ee 
Ba+b=—5, 2a%4+3ab= -F, 2a%=- =, 


From the first two equations, we obtain 


8a? - 2a-—-3=0; 
38 1 5 25 
vs @=7 Or -5 and ae or ip: 


It will be found on trial that the values a= 2S, o=2 do not satisfy 


the third equation 2a7b= — a hence we are restricted to the values 


3° 


Thus the roots are i 4 ->: 


542. Although we may not be able to find the roots of an 
equation, we can make use of the relations proved in Art. 539 
to determine the values of symmetrical functions of the roots, 


Ezample 1, Find the sum of the squares and of the cubes of the rootg 
of the equation 2 —px*+qzu—-r=0, 


Denote the roots by a, b, c; then 
a+b+c=p, be+ca+ab=q. 
Now a? + b?+-c?=(a+6+ c)*— 2 (be+ca+ab) 
=p? —2q. 
Again, substitute a, b, c for x in the given equation and add; thus 
a8 + 8+ 8 — p (a2 +b? +c?) +9 (a+b+c) —3r=0; 
*. +084 c=p (p?— 29) - pg +3r 
=p —3pq t+ 3r. 
Example 2, Ifa, 6, c, d are the roots of 


w+ pa3+q2?+r2+s=0, 
find the value of 2a%b. 


We have a+b+ce+d=-p 
AD + AC +d + B64 DD 4 CO=Q vireeeccsevssevccwrscwevenaves (2), 
- abe + abd+ acd+ bed= — 78 v.r.0s. women tore pe sonleaniessi(G)s 
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From these equations we have 
‘pq =a +3 (abe+abd+acd +bed) 
=2a% —3r; 
. 2a°b=3r—pq. 


EXAMPLES. XXXV.a. 


Form the equation whose roots are 


2 3 
qe Gute: a/3, 2, 0,0, 2,°2, =—3, —3. 


3, S22? 2 =P i0N5: 4, a+b, a—b, -—a+b, —a-6, 
Solve the equations: 

5. «*— 1623+ 862? —- 176% +105=0, two roots being 1 and 7. 

6. 423+162?-9x”-—36=0, the sum of two of the roots being zero, 

7. 423+420x? - 232+ 6=0, two of the roots being equal. 


8. 323-262°+522—-24=0, the roots being in geometrical pro- 
gression. 


9. 2u°-—«?-227-—24=0, two of the roots being in the ratio of 
3: 4. 


10. 2423+ 462?+92-—9=0, one root being double another of the 
roots. 


ll. 8x*-2%-27x%7+62+9=0, two of the roots being equal but 
opposite in sign. 


12, 5423-392?-—267+16=0, the roots being in geometrical pro- 
gression. 


13, 3223 — 48x?+4227-—3=0, the roots being in arithmetical pro- 
gression. 


14, 624-2925 + 40x?—7%—12=0, the product of two of the roots 
being 2. 


15. #t-223-2142+4+227%+40=0, the roots being in arithmetical 
progression. > 


16. 2724-19523 + 4942*-520%+192=0, the roots being in geo- 
metrical progression. 


17. 182+8122+121%+60=0, one root being half the sum of the 
other two. 
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18. Ifa, 6, c are the roots of the equation x? — px? + qa -—r=0, find 

the value of 
O atpte © Fa taa tae 

19. Ifa, b, c are the roots of z3+qz+r=0, find the value of 
(1) (6-c)?+(c—a)?+(a-6)*. (2) (b+¢)-1+(c+a)-!+(a+b)-. 

20. Find the sum of the squares and of the cubes of the roots of 

xt+q2?+7rx2+s=0. 
21. Find the sum of the fourth powers of the roots of 
x+gqu+r=0. 

543. In an equation with real coefficients imaginary roots 

occur in ‘pairs. 


Suppose that f(r)=0 is an equation with real coefficients, 
and suppose that it has an imaginary root a+7b; we shall shew 
that a —7b is also a root. 


The factor of f(x) corresponding to these two roots is 
(x -—a—1b)(x-a+ib), or (x-a)? +6. 


Let f(x) be divided by (x-a)?+6?; denote the quotient by 
Q, and the remainder, if any, by Rx+R’ ; then 


f(z) =Q{(x-a)2 +04 Rr + R’. 


In this identity put c=a+7b, then f(z)=0 by hypothesis; also 
(cx—a)?+b?=0; hence R(a+7b) +R’ =0. 


Equating to zero the real and imaginary parts, 
Ra+R’=0, Rb=0; 
and b by hypothesis is not zero, 
Yo R=0 and fh’ =0, 
Hence f(z) is exactly divisible by (x- a)? +6?, that is, by 
(x -—a—%b)(x-a+7b) ; 


hence «=a —1b is also a root. 


544. In the preceding article we have seen that if the equa- 
tion f(z) =0 has a pair of imaginary roots a+ 7b, then (x —a)* + 0? 
is a factor of the expression f(a). 
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Suppose that a+7ib, c+id, e+ wW,... are the imaginary roots 
of the equation, f(~)=0, and that ¢ (a) is the product of the 
quadratic factors corresponding to these imaginary roots; then 


(2) = {(a — a)? + b}{(a —c)? + A} {(x—e)? +97... 
Now each of these factors is positive for every real value of x; 
hence ¢ («) is always positive for real values of x. 


545. Asin Art. 543 we may shew that in an equation with 
rational coefticients, surd roots enter in pairs; that is, if a+ ,/b is 
a root then a— ,/d is also a root. 

Example 1. Solve the equation 624-1323 - 3572- ++3=0, having given 
that one root is 2—,/3. 


Since 2—,/3 is a root, we know that 2+,/3 is also a root, and corre- 
sponding to this pair of roots we have the quadratic factor x?-42+1. 


Also 6a4 — 1343 — 354% - 2 +3=(a2 -—4@ +1) (62?+112+3); 
hence the other roots are obtained from 
6a?4+11¢+3=0, or (3a+1) (224+3)=0; 


1 3 


thus the roots are gel ys 2+,/3, 2-,/3. 


Example 2. Form the equation of the fourth degree with rational 
coefficients, one of whose roots is ,/2+ wh -3. 


Here we must have ,/2+,/—8, ./2—,/—8 as one pair of roots, and 
—/2+ A — 3, -,/2-.,/-3 as another pair. 


Corresponding to the first pair we have the quadratic factor 7? -2,/2e+5, 
and corresponding to the second pair we have the quadratic factor 


v?+4+2,/204 5. 
Thus the required equation is 


(a? +2 ,/2a +5) (2? -2,/2%+5)=0, 


or (a? + 5)? - 82?=0, 
or oA + Qe? + 25=0. 
Example 3, Shew that the equation 
Aa Ba - 0'@2 H2 
+ + Sa ie a ks 
a-a «£-b 2“-c x-h 


has no imaginary roots, 


If possible let p+ig be a root; then p—iq is also a root. Substitute 
these values for « and subtract the first result from the second; thus 


" Up-a+q?” (p- oP +g (pct +q? + Grae 
which is impossible unless q=0, 


. 
> 
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546. To determine the nature of some of the roots of an 
equation it is not always necessary to solve it; for instance, the 
truth of the following statements will be readily admitted. 


(i) If the coefficients are all positive, the equation has no 
positive root; thus the equation a + a’ + 2x+1=0 cannot have a 
positive root. 

(ii) If the coefficients of the even powers of a are all of one 
sign, and the coettiicients of the odd powers are all of the contrary 
sign, the equation has no negative root; thus the equation 


oe + 2° — Yat + o*® — 3a? + Ta-—5 =0 
cannot have a negative root. 


(iii) If the equation contains only even powers of x and the 
coeflicients are all of the same sign, the equation has no real 
root; thus the equation 2° + 32*+a°+7=0 cannot have a real 
root. 


(iv) If the equation contains only odd powers of a, and the 
coefficients are all of the same sign, the equation has no real root 
except «=0; thus the equation «* + 2a°+3x*+a=0 has no real 
root except «= 0. 


All the foregoing results are included in the theorem of the 
next article, which is known as Descartes’ Rule of Signs. 


547. An equation f(x)=0 cannot have more positive roots 
than there are changes of sign in f(x), and cannot have more 
negative roots than there are changes of sign im £ (— x). 


Suppose that the signs of the terms in a polynomial are 
++—-—+———+-—+-; we shall shew that if this polynomial 
is multiplied by a binomial whose signs are + —, there will be at 
least one more change of sign in the product than in the original 
polynomial. 

Writing down only the signs of the terms in the multiplica- 
tion, we have 


+4+—-—-+-—--+-4+- 
+— 
+4+—-—+—-—-+-4-— 


—-—-+4+-++4+-+4+-+4 
iss soe Sap pie — che 
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Hence we see that in the product 

(i) an ambiguity replaces each continuation of sign in the 
original polynomial ; 

(ii) the signs before and after an ambiguity or set of am- 
biguities are unlike; 


(iii) a change of sign is introduced at the end. 

Let us take the most unfavourable case and suppose that all 
the ambiguities are replaced by continuations; from (ii) we see 
that the number of changes of sign will be the same whether we 
take the upper or the lower signs; let us take the upper; thus 
the number of changes of sign cannot be less than in 


ii oe ee a = pe OR 
and this series of signs is the same as in the original polynomial 
with an additional change of sign at the end. 


If then we suppose the factors corresponding to the negative 
and imaginary roots to be already multiplied together, each factor 
x —a corresponding to a positive root introduces at least one 
change of sign; therefore no equation can have more positive 
roots than it has changes of sign. 


Again, the roots of the equation f(—a)=0 are equal to those 
of f(x) =0 but opposite to them in sign; therefore the negative 
roots of f(x)=0 are the positive roots of f(—x)=0; but the 
number of these positive roots cannot exceed the number of 
changes of sign in f(—«); that is, the number of negative roots 
of f(«)=0 cannot exceed the number of changes of sign in 
f(-@). 

Example. Consider the equation «9+ 528 - 23 +7%+2=0. 


Here there are two changes of sign, therefore there are at most two 
positive roots. 

Again f (— )= —«°+528+a°—7x+2, and here there are three changes 
of sign, therefore the given equation has at most three negative roots, and 
therefore it must have at least four imaginary roots. 


EXAMPLES. XXXV. b. 


Solve the equations: 
1, 3824-10034 42% - 2—6=0, one root being Ret act, ul ta 


2. 6a4—1323-352?-«+3=0, one root being 2 —,/2. 


3. vf+423+522+2x¢—2=0, one root being —14+,/-1. 


THEORY OF EQUATIONS. 461 


4. «4+425+62°+4r7+5=0, one root being ,/—1. 
5. Solve the i ae 2 — x*+8x*—9x—15=0, one root being 
»/3 and another 1—2,/— 


Form the equation of sar dimensions with rational coefficients, 
one of whose roots is 


62.3 LES Ra tie! SAD. 
Sy =,/2-h/ = 2 Oi B06 


10. Form the equation whose roots are £4,/3, 54£2,/—1, 
11. Form the equation whose roots are 14 ,/—2, 2% Noe. 


12. Form the equation of the eighth aes with rational co- 
efficients one of whose roots is /2+./3+,/—1 


13. Find the nature of the roots of the equation 
324+ 1222+ 527—4=0. 


14, Shew that the equation 227 —2*+4”3—5=0 has at least four 
imaginary roots. 
15. What may be inferred respecting the roots of the equation 
— 426+ zt -27-3=0? 
16. Find the least possible number of imaginary roots of the 
equation #°—27°+2'+27+1=0. 
17. Find the condition that «* — px? + qx —r=0 may have 


(1) two roots equal but of opposite sign; 
(2) the roots in geometrical progression. 


18. If the roots of the equation z++pz23+qa2?+re+s=0 are in 
arithmetical progression, shew that p?—4pq+8r=0; and if they are 
in geometrical progression, shew that p’s=7r7. 

19. If the roots of the equation «*-1=0 are 1, a, 8, y,..., shew that 

(1—a) (1-8) (1—y)...... =n. 

If a, 6, c are the roots of the equation 2°—p2*+qxz—r=0, find the 

value of 


20. %a?b?. 21. (b+c)(c+a) (a+). 


22. =(7+%)- 23, ab. 
ec b 


If a, 6, c, d are the roots of a4+pa3+qu*+ra+s=0, find the value of 
24,  >a7be. 25. Sat 
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548. To find the value of f(x +h), when £(x) is a rational 
integral function of x. 


Let J (@) =p," + pt +a PH .... 00 +p,_,©+p,; then 
S(e+h)=p,(e+h)" +p, (eth) '+p,(at+h)* + ...... 
+p,_,(e+h)+>p,. 
Expanding each term and arranging the result in ascending 
powers of h, we have 


2 


iat n=l n-2 : 
Ppt, + Pie et wat DD 


+h {apa +(n—1) pa"? + (n— 2) pyr”? 
Po Py P; 


+...+p,_,} 


au ve {n(n—1)p, 2"? + (n—1)(n—2) pa"? +... + Ip} 


| 
| 


pi 
= = 1) (deo gee : 
+ 3 {n (2 — 1) (nw — 2) lp,} 
This result is usually written in the form 
7 h? vt h® wth h* 
S (a +h) =f (x) + hf" (x) tit (@) + 3S" (@) +. + SF (@)s 


and the functions f(x), /"(«), /’(x),... are called the jirst, 
second, third, ... derived functions of f(x). 


The student who knows the elements of the Differential Cal- 
culus will see that the above expansion of /(x+h) is only a 
particular case of Zaylor’s Theorem; the functions /’(x), f” (x), 
J’ (e) may therefore be written down at once by the ordinary 
rules for differentiation: thus to obtain /"(~) from /(«) we multiply 
each term in f(x) by the index of » in that term and then 
diminish the index by unity. 


page by successive differentiations we obtain /”(a), 
A Renee 


By writing —/ in the place of h, we have 
, Ty ta) Hh, n 
fla b)=f 2) If (0) + SP) — BF" @) teat (IY “f(a. 
tes % 


é 
a 


The function f(#+h) is evidently symmetrical with respect 
to x and i; hence 


S(%+h) =f (h) + af’ (h) + af" +... oe "(h). 
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Here the expressions /’(h), f"(h), f’(h),... denote the results 
obtained by writing / in the place of x in the successive derived 


functions /’(x), f(x), f’’ (x),.... 
Example. If f (x) =2a4— a$ — 22?+ 52-1, find the value of f (w+). 
Here f (x) = 204 - a -2a?+5x2-1, so that f (3)=131; 
F' (x) =8a5 -32?-42+5, and f’ (3)=182; 


Ty = 1208 82-2, and Ay ait 
Bi (x) 
ed 


ee 


=8x-1, an B 


iv 
re 2 
Thus SF (@+8) = 2at + 2305 + 97x? + 1822+ 131. 
The calculation may, however, be effected more systematically by Horner’s 
process, as explained in the next article. 
549, Let f(x) =p,2"+ p20" +p" 7+ ...+p, erp; 
put x=y+h, and suppose that f(a”) then becomes 
GY +99" +9" + +9519 + Wy 
Now y=2—h; hence we have the identity 
pie +p +p +... +p, erp, 
=9,(x—h)’+9,(a@—h)r" +... +9, ,(a@—h) +9,5 
therefore g, is the remainder found by dividing f(x) by x—h; 


also the quotient arising from the division is 
q,(%—h)*"+9,(e@—h)? +... +9,_,- 


Similarly g,_, is the remainder found by dividing the last 
expression by #—h, and the quotient arising from the division is 


q,(2—h)*? +9, (a—h)r r+ 26 +93 


and so on. Thus g,, 9,1, 7,-,)--- may be found by the rule ex- 
plained in Art. 515, The last quotient is g,, and is obviously 


equal to p,. 
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Example. Find the result of changing z into «+83 in the expression 
Qart — a3 — 20° + 5a —1. 


Here we divide successively by «- 3. 


2 -1 -2 5 -1 Or more briefly thus: 

Operon oo Joe apes fh bat AL 5aeed 
5 13 44) 131= 
rae a ve Fe Ble \\ 44.) 188 
1 46/182=4, 2 11 46| 182 
ee Orel 97 

17] 97=4. 7 | 

6 2 | 93 

23=q, 2 


Hence the result is 2a4 + 232° + 9722+1822+131. Compare Art. 548. 


It may be remarked that Horner’s process is chiefly useful in numerical 
work, 


550. If the variable x changes continuously from a to b the 
Function f (x) will change continuously from f (a) to f(b). 


Let c and ¢ +h be any two values of x lying between a and 0. 
We have 
h? 


fle+h)—f (c) = hf’(c)+ af") 40a aes 


and by taking h small enough the difference between f (c+) and 
J (c) can be made as small as we please; hence to a small change 
in the variable x there corresponds a small change in the function 
J (a), and therefore as x changes gradually from a to 6, the fune- 
tion /(«) changes gradually from f(a) to f(b). 


551. It is important to notice that we have not proved that 
J (x) always increases from f(a) to f(b), or decreases from f(a) 
to f(b), but that it passes from one value to the other without 
any sudden change; sometimes it may be increasing and at other 
times it may be decreasing. 


The student who has a knowledge of the elements of Curve- 
tracing will in any particular example find it easy to follow the 
gradual changes of value of f(x) by drawing the curve y =/(a). 


552. If f(a) and £(b) are of contrary signs then one root of 
the equation f (x) =0 must le between a and b. 


As x changes gradually from a to 6, the function /(«) changes 
gradually from f(a) to f(b), and therefore must pass through all 
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intermediate values; but since /(a) and f(b) have contrary signs 
the value zero must lie between them; that is, f(«)=0 for some 
value of a between a and 6. 


Tt does not follow that f(x) =0 has only one root between a 
and 6; neither does it follow that if f(a) and /(b) have the same 
sign /(2)=0 has no root between a and 6. 


553. LHvery equation of an odd degree has at least one real 
root whose sign is opposite to that of its last term. 


In the function /(a) substitute for « the values +, 0, —0o 
successively, then 


f(+a)=+0, f(0)=p, f(-—w)=-o. 
If p, is positive, then /(~)=0 has a root lying between 0 and 
—o,and if p is negative f(x) =0 has a root lying between 0 
and +0. 


554. Every equation which is of an even degree and has tts 
last term negative has at least two real roots, one positive and one 
negate. 


For in this case 


Pic eyaF oO, JOE an oo GO late, 
but p, is negative; hence /(#)=0 has a root lying between 0 
and +, and a root lying between 0 and - a. 


555. If the expressions f(a) and f(b) have contrary signs, 
an odd number of roots of £(x)=0 will lie between a and b; and 
if £(a) and £(b) have the same sign, either no root or an even number 
of roots will lie between a and b. 


Suppose that a is greater than 6, and that a, B, y,...« 
represent all the roots of f(«)=0 which lie between a@ and 6, 
Let $(x) be the pate when f(x) is divided by the product 


(ea) (eB) (ey)... (e—x); then 
J (@)=(% ie —B)(®— y) ++ (@ = «) P(x): 
Hence J (a) =(a—«4) (a— 8) (a@—y) ... (@— K) P(@)- 
I (5) =(b — 4) (6 B) (b - 7)... (B— «) 6). 


Now ¢(a) and (6) must be of the same sign, for otherwise a 
root of the equation ¢(x)=0, and therefore of Jf (#) =0, would 
lie between a and 6 [Art. 552), which is contrary to the hypo- 
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thesis. Hence if J (a) and f(b) have contrary signs, the ex- 
pressions 


(a=) (a—B) (ay) «..(a—), 
(6a) (b-B) (b-y) ... (b-«) 
must have contrary signs. Also the factors in the first expression 
are all positive, and the factors in the second are all negative; 
hence the number of factors must be odd, that is the number of 
roots a, B, y,...« must be odd. 


Similarly if f(a) and /(6) have the same sign the number of 
factors must be even. In this case the given condition is satisfied 
if a, B, y,...« are all greater than a, or less than 6; thus it does 
not necessarily follow that /(«) = 0 has a root between a and 0. 


556. Ifa, b, c,...k are the roots of the equation f(x) =0, then 


J (x) =p, (# — 4a) (a — b) (w@—c) ... (w—&). 
Here the quantities a, b, c,...k are not necessarily unequal. 
If x of them are equal to a, s to b, ¢ toc, ..., then 


J (x) =p, (x — a)" (# — bY (w— ec)... 
In this case it is convenient still to speak of the equation 


J (x) = as having x roots, each of the equal roots being considered 
a distinct root. 


557. If the equation f(x)=0 has r roots equal to a, then the 
equation f'(x)=0 will have r—1 roots equal to a. 


Let iy ) be the quotient when /(a) is divided by (a-a)’; 
then /(«) = (#— a)’ d(x). 


Write «+h in the place of «; thus 
S(a@+h)=(a@-at+h)d(x+h); 


Sf (a) + hf’ (x) + Bf") + 


={(e- ay +r (e- a) 'h+ bo) + hf’ (x) +e) le 


In this identity, by equating the coefficients of h, we have 
J (a) =7(a@ — a)" (x) + (a — a)’ d(x). 


Thus /’(.) contains the factor a—«a repeated »—1 times; that 
is, the equation /'(«)=0 has r — 1 roots equal to a. 
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Similarly we may shew that if the equation f(x) =0 has s 
roots equal to 6, the equation /’(x)=0 has s—1 roots equal to 6; 
and so on. 


558. From the foregoing proof we see that if /(«) contains 
a factor (a - a)’, then /' (a) contains a factor («—a)’~'; and thus 
J (x) and f’(«) have a common factor («—a)"'. Therefore if 
J (x) and f’() have no common factor, no factor in f(x) will be 
repeated; hence the equation f(x)=0 has or has not equal roots, 
according as £(x) and f(x) have or have not a common factor 
involving x. 


559. From the preceding article it follows that in order to 
obtain the equal roots of the equation f(x) = 0, we must first find 
the highest common factor of f(x) and /’ (a). 


Example 1. Solve the equation x4 — 11z3+ 44a? —762+48=0, which has 
equal roots. 


Here f (e) =a4 — 1143 + 440? — 76 + 48, 
S (a) = 403 — 33a? + 88x — 76; 


and by the ordinary rule we find that the highest common factor of f (x) and 
J’ (x) is%—2; hence (x — 2)? is a factor of f(a); and 


SF (a) =(x—- 2)? (a? —7x+12) 
= (a — 2)? (w—- 3) (x - 4); 
thus the roots are 2, 2, 3, 4. 


Example 2. Find the condition that the equation aa?+ 3ba*+3ca+d=0 
may have two roots equal. 


In this case the equations f(x)=0, and f’ (x) =0, that is 
GEA BDF ANCE tO Oh ccnas sen snl viclesaseseeiees (1), 
set. BOBO = neta ean stteddst caaheee ren: (2) 


must have a common root, and the condition required will be obtained by 
eliminating « between these two equations. 


By combining (1) and (2), we have 
bat Deco PO—OUR cbs iasersssesssenessersressn- (3). 


From (2) and (3), we obtain 
x? x tI 


2 (bd — c”) be-ad 2(ac—6)’ 


thus the required condition is 


(be — ad)? =4 (ac — 6”) (bd —c?*). 
Q H.H.A,. 
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560. We have seen that if the equation f(x) =0 has r roots 
equal to a, the equation /’(x) =0 has r—1 roots equal toa. But 
Ft’ (e) is the first derived function of J (x); hence the equation 
f’ (x) =0 must have r— 2 roots equal to a; similarly the equation 
Sf’ («)=0 must have r—3 roots equal to a; and so on. These 
considerations will sometimes enable us to discover the equal 
roots of 7 (x) = 0 with less trouble than the method of Art. 559. 


561. Jf a, b, ¢,...k are the roots of the equation f(x)=0, to 
prove that 


rape EE $e snf eve nL 


rains aioe 1 —k 
We have (x) =(x—a) (a —b) (a—c)... («—h); 
writing « + in the place of a, 


J (a+h) =(@-a+h)(a-—b+h)(w—ce+h)... (a@—k+h)... (1). 
But S(@+h) =S(@) +f ()+55.F'@)* 


hence /"(«x) is equal to the coefficient of A in the right-hand 
member of (1); therefore, as in Art. 163, 


f (a) = (w@-b)(@—e) ... (@—k) + (@—a)(@—c) ... (@—hk)+...; 
that is, f'(2)= S(&) J) pA , F(@) 


ube Dggsang te ott Host. Be 


562. The result of the preceding article enables us very easily 
to find the sum of an assigned power of the roots of an equation. 


Example. If S, denote the sum of the k* powers of the roots of the 
equation 2° +px4+qar7+t=0, 
find the value of S,, S, and S_,. 


ieee J (a)=2° + pat + gat+t; 
then Sf’ (2) = 524+ 4px? + 2qe. 
Now TO) hy (a+p) 2° + (a?+ap) 2+ (a3+ap+q)at+at+ap+aq; 


and similar expressions hold for 


a f(z) Me 
z—b’ 


a-e’ « 


Ss 
& 
| 
e 
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Hence by addition, 
5a* + dpa + 2qu=5at+ (S,+ 5p) a+ (S,+pS,) 2? 


+(S3+pS,+ 5q)%+(S,+pS3+¢S8)). 
By equating coefficients, 


S| +5p=4p, whence S,=-p; 
S.+pS,=0, whence S,=p?; 
S3+pS.+5q=2q, whence S,=-— p*—3q; 
S,+pS;+9qS,=0, whence S,=p4+4pq. 
To find the value of S, for other values of k, we proceed as follows. 
Multiplying the given equation by a*->, 
x + pak) +. gak-8 +. tek 5 = 0, 


Substituting for « in succession the values a, b,c, d, e and adding the 


results, we obtain S,+pS,_1 + VSi_3 + tS;_5=0. 
Put k=5; thus S;5+pS,+9qS,+5t=0, 
whence S;= —p® — 5p*q —5t. 
Put k=6; thus S,+pS5+qS,+tS,=0, 
whence S,=p* + 6p*q + 3q7 + 6pt. 


To find S_,, put k=4, 3, 2, 1 in succession; then 
S,+pS,+qS8,+tS_,;=0, whence S_,=0; 
S,+pS,+5q¢+tS_,=0, whence S_,= — =f 3 
So+pS,+qS_,+tS_,=0, whence S_,=0; 
S,+5p+qS_,+tS_,=0, whence s_.=" - 2 : 


563. When the coefficients are numerical we may also pro- 
ceed as in the following example. 


Example. Find the sum of the fourth powers of the roots of 
x3 — 2? +4 -—-1=0, 


Here SF (e) =a — 22? +a-1, 
S’ (@) =3a? — 4e+1. 
Uh 
age LM ic a 


F(z) w-a z—-b ge 
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hence S, is equal to the coefficient of 2 in the quotient of f’ (x) by f(x), 


which is very conveniently obtained by the method of synthetic division as 
follows: 


1;3-4+41 
2 6-343 
=1 4-24+ 2 
1 4— 242 
10-5+5 
3424+245410+..... 
oe co Wee aoe LO 
Hence the quotient is pietgptmtpgtee 3 
thus 8,=10. 


EXAMPLES. XXXV. c. 


= 


If f(%)=«* + 102° + 3927+ 76x+ 65, find the value of f(«—4). 
If f(#) =a4 —122°+1722-9x¢+7, find the value of f(+8). 

If f(v)=2a4 — 1327+ 102-19, find the value of f(#+1). 

If f(@) =24 + 1623 + 7227+ 64x — 129, find the value of /(#— 4). 
If f(x) =aa* +625 + cx+d, find the value of f(x+h)—f(x—h). 


. Shew that the equation 102° - 1722+2+6=0 has a root 
between 0 and —1. 


7. Shew that the equation «#4 —523+32?+352—'70=0 has a root 
between 2 and 3 and one between —2 and —3. 


Sua co 


8. Shew that the equation vt — 12%2+4+1227—3=0 has a root 
between — 3 and —4 and another between 2 and 3. 


9. Shew that 25+ 524-—20%?-— 19x” -—-2=0 has a root between 2 and 
3, and a root between — 4 and — 5. 


Solve the following equations which have equal roots: 

10. 24-922+47+4+12=0. ll. s*—623+12%?—-10%+3=0. 
12, #—1324+ 6723 — 17122+216%—108=0. 

13, #-934+4a?-34+2=0. 14. 8a4+4e3-18%°+1le—2=0. 
15. 2-395 + 623 — 342 32+2=0. 

16. #8 —2Qax> — 4a* +1243 — 32?-1827+18=0. 

17. «4—-(a+b) &-—a(a—b) +0? (a+b) #—ab=0. 
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Find the solutions of the following equations which have common 
roots: 


18. 2v*-223+2°+3r—6=0, 424 -2234+3x7-9=0. 

19. 40441223 —2?-15r7=0, 624+1323 - 422-152=0. 

20. Find the condition that «”—p2?+r=0 may have equal roots. 

21. Shew that #*+g¢x?+s=0 cannot have three equal roots. 

22. Find the ratio of 6 to a in order that the equations 

ax*+be+a=0 and #-—2724+22-1=0 

may have (1) one, (2) two roots in common. 

23. Shew that the equation 

a+ ne -l+n(n—1) aP-2+ + |n=0 

cannot have equal roots. 

24, If the equation x —10a%a?+b47+c®=0 has three equal roots, 
shew that ab+—90°+c=0. 


25. If the equation 24+ a2°+6bxz?+cx+d=0 has three equal roots, 
6c — ab 


3a? —8b° 
26. If #°+q23+rxv?+t=0 has two equal roots, prove that one of 
them will be a root of the quadratic 
15ra* — 6924 + 25t — 4qr =0 


shew that each of them is equal to 


27. In the equation 7? -w—1=0, find the value of S,. 


28. In the equation #t—x2—7a?+4+6=0, find the values of S, 
and ,. 


TRANSFORMATION OF EQUATIONS. 


564. The discussion of an equation is sometimes simplified 
by transforming it into another equation whose roots bear some 
assigned relation to those of the one proposed. Such transforma- 
tions are especially useful in the solution of cubic equations. 


565. To transform an equation into another whose roots are 
those of the proposed equation with contrary signs. 


Let f(x) =0 be the proposed equation. 


Put —y for «; then the equation f(-y)=0 is satisfied by 
every root of f(x)=0 with its sign changed; thus the required 
equation is f/(— y) = 0. ° 
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If the proposed equation is 
| ee et ie SO +7, 
then it is evident that the required equation will be 
Do" — Py + pay" — ee + (— VY 'p,_y + 1Y'p, = 9, 
which is obtained from the original equation by changing the 


sign of every alternate term beginning with the second. 


566. To transform an equation into another whose roots are 
equal to those of the proposed equation multiplied by a given 
quantity. 


Let f(x) =0 be the proposed equation, and let ¢g denote the 
given quantity. Put y=qa, so that was then the required 


equation is f (%) =0. 


The chief use of this transformation is to clear an equation of 
fractional coefficients. 


Example. Remove fractional coefficients from the equation 
1 3 


3 2 
2a 5 75 t+74=0. 


Put a=f and multiply each term by g*; thus 
3 il 3 
8 _ — gy? — = g? — g3=0. 
2y® —5 ay -~ sey + 7g7=0 


By putting g=4 all the terms become integral, and on dividing by 2, 
we obtain 
y® — 8y*-y+6=0. 


567. To transform an equation into another whose roots are 
he reciprocals of the roots of the proposed equation. 


Let /(x)=0 be the proposed equation ; put yas, so that 
c= ; ; then the required equation is f () = 0. 
One of the chief uses of this transformation is to obtain the 


values of expressions which involve symmetrical functions of 
negative powers of the roots. 
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Example 1, Ifa, b, c are the roots of the equation 


x —px?+qr—r=0, 
find the value of sts 


EL : 
Write : for xz, multiply by y?, and change all the signs; then the re- 


sulting equation ry? — qy?+py —-1=0, 
has for its roots 4 A 4 , i ; 
Gane 
hence ston f, ps B 
a rT Sh 
= Ms = 1 = apr . 
a r2 


Example 2. If a, b, c are the roots of 
x3 + 2a? —-32-1=0, 
find the value of a3 + 6-34 ¢-3, 


Writing F for x, the transformed equation is 
y? + By? - 2y-1=0; 
and the given expression is equal to the value of S, in this equation. 
Here S\= -3; 
S,=(-3)?-2(-2)=13; 
and §,+3S,—2S,-3=0; 


whence we obtain S,= —42. 


568. If an equation is unaltered by changing x into = it 
is called a reciprocal equation. 


If the given equation is 


7 ni nt? 
0 5p te PD, HE Ts +p, +p, «¢+p =0, 


the equation obtained by writing for x, and clearing of fractions 


. 


1S 
pe +p, +p, w+... +p + p+ 1=0. 


If these two equations are the same, we must have 


© Paes — Ps = Ps = P = i . 
Pi Pp, ? P. Pp, ? ’ (Pas p, ’ Ps, DP, ’ Pr p, ? 
from the last result we have p,=+1, and thus we have twa 


classes of reciprocal equations, 
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(i) If p,=1, then 


JE ees Po 33 Ps = Pr—a? ee > 


that is, the coefficients of terms equidistant from the beginning 
and end are equal. 


(ii) If p, =—-1, then 
Pie Pas Ps ae So Pa = Pe eee 3 


hence if the equation is of 2m dimensions p,=-—>p,, or p, =0. 
In this case the coeflicients of terms equidistant from the begin- 
ning and end are equal in magnitude and opposite in sign, and 
if the equation is of an even degree the middle term is wanting. 


569. Suppose that /(«) =0 is a reciprocal equation. 


If f(x) =0 is of the first class and of an odd degree it has a 
root —1; so that f(«#) is divisible by «+1. If ¢(«) is the 
quotient, then ¢ (a) =0 is a reciprocal equation of the first class 
and of an even degree. 


If f(x) =0 is of the second class and of an odd degree, it 
has a root +1; in this case f(x) 1s divisible by x-1, and as 
before ¢ (x) = 0 is a reciprocal equation of the first class and of 
am even degree. 


If f(~)=0 is of the second class and of an even degree, it 
has a root +1 and a root —1; in this case /(«) is divisible by 
«’— 1, and as before (x) =0 is a reciprocal equation of the first 
class and of an even degree. 


Hence any reciprocal equation is of an even degree with 
its last term positive, or can be reduced to this form; which may 
therefore be considered as the standard form of reciprocal 
equations. 


570. A reciprocal equation of the standard form can be re- 
duced to an equation of half its dimensions. 


Let the equation be 


2m—1) 2 


ae” + ba?" + cae + + ha +... +00? +ba+a=0; 


dividing by «” and rearranging the terms, we have 


a(o" +5) +b (+5) +6 (e+) + we R= O, 
x x aw j 
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ety a = (2+ >) (<+:) - (= AS ? 2 


1 


x 


Now 


hence writing z for x + —, and giving to p in succession the values 


1, 2, 3,... we obtain 


2 2 
Ot =e -2, 


1 
? + 4 = 2 (2° — 2) —z= 2) — 323 


th + =e (2 — 32) — (2? — 2) =24 — 427+ 2; 
my : : : 
and so on; and generally «”+— is of m dimensions in 2, and 
x 


therefore the equation in z is of m dimensions. 


571. To find the equation whose roots are the squares of those 
of a proposed equation. 


Let f(x)=0 be the given equation; putting y=’, we have 
x= ,/y; hence the required equation is f(,/y) = 0. 
Example. Find the equation whose roots are the squares of those of the 
equation + px? + poe+p,=0. 
Putting «=,/y, and transposing, we have 
(¥ +P2) /y = — (Pry + Ps) 5 
whence (y? + 2p.y + Po’) y= py°y? + 2p, Psy + Ps” 
or y? + (2p, — py’) y? + (Po? — 2p, Ps) y ~ Ps =9. 
Compare the solution given in Ex. 2, Art. 539, 


572. To transform an equation into another whose roots 
exceed those of the proposed equation by a given quantity. 


Let f(x) =0 be the proposed equation, and let h be the given 
quantity; put y=az+h, so that x=y—h; then the required 
equation is f(y—h) =0. 


Similarly f(y+)=0 is an equation whose roots are less by 
h than those of / (a) = 0. 
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Example. Find the equation whose roots exceed by 2 the roots of the 
equation “s Soh + 3203 4+ 8322+ 762+ 21=0. 


The required equation will be obtained by substituting 2-2 for x in the 
proposed equation ; hence in Horner’s process we employ x+2 as divisor, 
and the calculation is performed as follows: 


4 32 83 76 21 


4. 24 35 6 |9 
<6 eT 0 

4 8 1-13 

aol 

4 


Thus the transformed equation is 
4r4-1327+9=0, or (427-9) (x?-1)=0. 


: 3 3 
The roots of this equation are + 


phon: +1, —1; hence the roots of 


the proposed equation are 


573. The chief use of the substitution in the preceding 
article is to remove some assigned term from an equation. 


Let the given equation be 


Pe + pe +p +... tp e+p,=0; 
then if y =a—h, we obtain the new equation 
Ply th) +p (yth) "+p (yth)y*+...+p,=0, 
which, when arranged in descending powers of y, becomes 
n(n—1) 


py" + (np py" + | pi’ + (n— 1) ph +p fy. =0, 


If the term to be removed is the second, we put np,h+p,=0, 


so that h=— f ; if the term to be removed is the third we put 
° 
n(n—1 
sO ba +(n—1) ph +p, = 0, 


and so obtain a quadratic to find 1; and similarly we may remove 
any other assigned term. 
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Sometimes it will be more convenient to proceed as in the 
following example. 


Example. Remove the second term from the equation 
pxe+qz?+ra+s=0. 


Let a, 8B, y be the roots, so that a+6+y= = Then if we increase 


each of the roots by = in the transformed equation the sum of the roots 


? 


will be equal to — aes that is, the coefficient of the second term will 


be zero, 


Hence the required transformation will be effected by substituting x — 2 
p 


for x in the given equation. 


574. From the equation f(x)=0 we may form an equation 
whose roots are connected with those of the given equation by 
some assigned relation. 

Let y be a root of the required equation and let ¢(a, y)=0 
denote the assigned relation; then the transformed equation cax 
be obtained either by expressing x as a function of y by means 
of the equation ¢ (a, y)=0 and substituting this value of « in 

(x)=0; or by eliminating x between the equations /(«)=0 
and ¢ (x, y) =9. 


Example 1, If a, b,¢ are the roots of the equation «*+pzx?+qx+r=0, 
form the equation whose roots are 


we b 1 1 
“ei-be2 ca’ ab- 
When «=a in the given equation, y=a— in the transformed equation; 
1 a a 
but @-Pees Betas 


and therefore the transformed equation will be obtained by the substitution 
x 
J=ots, OC #= 7 ; 
thus the required equation is 
rye +pr(l+r)y?+q(l+rPy+(1+7r)%=0. 


Example 2. Form the equation whose roots are the squares of the 
differences of the roots of the cubic 
w+qe+r=0. 
Let a, b, c be the roots of the cubic; then the roots of the required 
equation are (b—c)?, (c—a)?, (a—b)% 
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2abe 


Now (b -c)?=b? +c? — 2be =a? +b? +c? — a? = 


b 
=(a+b+c)?— 2 (be+ca+ab) — ees 


Qr 
=-—2q-a°+—; 
9g ag 


also when w=a in the given equation, y=(b—c)? in the transformed 
equation ; 


2r 
== Og —72- ——— s 
y=-2g- 28+ — 


Thus we have to eliminate x between the equations 


e+gqr+r=0, 
and x3 + (2¢ + y) «-2r=0. 
3r 
B btracti =37 50 = z 
y subtraction (q+y)v=3r; or « ee 


Substituting and reducing, we obtain 
y? + Gqy? + 9q7y + 27r? + 49° =0. 
Cor. Ifa, b,c are real, (b—c)?, (c—a)?, (a—b)? are all positive ; therefore 
27r? + 4q° is negative. 
Hence in order that the equation z°+qx+r=0 may have all its roots 
q 


2 3 
real 27r?+ 4¢° must be negative, that is G) oo (2) must be negative. 


If 277?+4q?=0 the transformed equation has one root zero, therefore 
the original equation has two equal roots. 


If 2772+49° is positive, the transformed equation has a negative root 
[Art, 553], therefore the original equation must have two imaginary roots, 
since it is only such a pair of roots which can produce a negative root in 
the transformed equation. 


EXAMPLES. XXXV. d. 


j. Transform the equation 2 —4x?+ — 570 into another with 
integral coefficients, and unity for the coefficient of the first term. 


2. Transform the equation 324-5x5+2?-2#+1=0 into another 
the coefficient of whose first term is unity. 


Solve the equations: 

3. 2at+ a3 —62?+4+4+2=0. 

at — 102° + 26x? - 107+-1=0. 

a — Bat +923 — 9x? + 54 —1=0. 

. 40 — 2405 + 5704 — 7303 +5702 -24¢+4=0, 


Ons 
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7. Solve the equation 323 — 2222+ 48x —32=0, the roots of which 
are in harmonical progression. 


8. The roots of #?—112*+36x—36=0 are in harmonical pro- 
gression ; find them. 


9. If the roots of the equation 23 — ax? + «—b=0 are in harmonical 
progression, shew that the mean root is 30. 


10. Solve the equation 4024 —22x3—21224+2%+1=0, the roots of 
which are in harmonical progression. 


Remove the second term from the equations: 
ll. «?—6z?+10%—3=0. 

12. +4234 2m? -—4%-—2=0. 

13. 2° +524+323+22+2-1=0. 

14, #6 -1227°+3a?-172+300=0. 


15. Transform the equation «° -5 - 3-0 into one whose roots 
exceed by ; the corresponding roots of the given equation. 


16. Diminish by 3 the roots of the equation 
a — 444 +32? -42+6=0. 
17. Find the equation each of whose roots is greater by unity 
than a root of the equation xv — 527+ 6r-3=0. 
18. Find the equation whose roots are the squares of the roots of 
A+ a + 2a + 4+1=0., 
19. Form the equation whose roots are the cubes of the roots of 
w+ 3224+2=0. 
If a, b,¢ are the roots of #3+quv+r=0, form the equation whose 
roots are ; 


207 wha *s*ho-% ve". 21. b7c?, c?a*, o7b?. 

b+e c+a a+b se! il 1 
dF. on ’ B2 3 oe A 23: be+—, a a A ab+~. 
24, a(b+c), b(c+a), c(a+b). Daas Ob 1S) CBS 


BOS aor Sa 9et08 

OiaG hes Git? Gt ae 

27. Shew that the cubes of the roots of #3+ax?+br+ab=0 are 
given by the equation 2 + ax? + b3x + a°b?=0. 

28. Solve the equation 2°—5z*-52°+252? + 4% —20=0, whose 
roots are of the form a, —a, b, — 6, ¢. 

29. If the roots of 23+3p22+3qe+r=0 are in harmonical pro- 
gression, shew that 29¢°=r (8pq —r). 
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Cusic Equations. 


575. The general type of a cubic equation is 
e+ Po? +Qr+Rk=0, 


but as explained in Art. 573 this equation can be reduced to the 
simpler form v+qut+r=0, 
which we shall take as the standard form of a cubic equation. 


576. To solve the equation «*+qa+r=0. 
Let «=y+2; then 
ea=yte2t 3yz(yt2)=y¥ +2 + 3yzm, 
and the given equation becomes 
yt2t (Byzt+¢q)e+r=0. 

At present y, z are any two quantities subject to the con- 
dition that their sum is equal to one of the roots of the given 
equation; if we further suppose that they satisfy the equation 
3yz+q=0, they are completely determinate. We thus obtain 


8 
hehe eee 
> Bis Goel 


hence y’, 2° are the roots of the quadratic 


super ones 
u+rt a7 = 0. 
Solving this equation, and putting 
ee? woe 
aa as 7 aay Bie (1), 
sy ong ECs 
ee ais re: Ae (2), 


we obtain the value of x from the relation x=y+2; thus 
1 


Re a 
Lalas r og \ r af ae ah 
oof Ba n/ G+ Shs {te Lear e 
The above solution is generally known as Cardan’s Solution, 
as it was first published by him in the Ars Magna, in 1545. Cardan 


obtained the solution from Tartaglia; but the solution of the 
cubic seems to have been due originally to Scipio Ferreo, about 
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1505. An interesting historical note on this subject will be 
found at the end of Burnside and Panton’s 7'heory of Equations. 


577. By Art. 110, each of the quantities on the right-hand 
side of equations (1) and (2) of the preceding article has three 
cube roots, hence it would appear that x has nine values; this, 
however, is not the case. For since yz =~, the cube roots are 
to be taken in pairs so that the product of each pair is rational. 
Hence if y, z denote the values of any pair of cube roots which 
fulfil this condition, the only other admissible pairs will be 
wy, wz and w*y, wz, where w, w’ are the imaginary cube roots of 
unity. Hence the roots of the equation are 


yte, wytwz, wy + or. 


Example. Solve the equation x3 -15£=126. 
Put y+z for x, then 
y> +234 (Byz—15) «=126; 


put 3yz—-15=0, 
then y?+2=126 ; 
also y?28 == 125 ; 


hence y*, 2* are the roots of the equation 
t?-126t+125=0; 
y?=125, B=1; 


y=5, z=. 
Thus yt+z2=54+1=6; 
rere ket | ae ee 
== 3+.2),/ 28; 


wy + WZ = — sigs. 
and the roots are Gn Hod tal tone Eom al ae 


578. To explain the reason why we apparently obtain nine 
values for « in Art. 576, we observe that y and z are to be found 


from the equations y°+2°+7=0, yz= —!; but in the process of 


3 ? 
3 
solution the second of these was changed into y*z* =— a7 » which 
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‘ wq wg : 
would also hold af yz =— oak deny hence the other six 
values of « are solutions of the cubics 

e+oget+r=0, v+ou'qrtr=0. 
579. We proceed to consider more fully the roots of tne 
equation #°+gua+r=0. 
Y q° 
i) If —+ 2. 
i) tn a ote 


y and z represent their arithmetical cube roots, then the roots 


is positive, then y*® and 2° are both real; let 


are Yrs, wytwer, wy t we. 


The first of these is real, and by substituting for w and w* the 
other two become 


ef alee Hides bi gh eh smc Batthe jE 4 


2 2 9 
ad ¢° 
(ii) If qt97 is zero, then ¥?=2*; in this case y=z, and 


the roots become 2y, y(w+”), y(m +"), or 2y, —y, —y. 
v q° 
(iii) If qta7 is negative, then 7’ and 2° are imaginary ex- 

pressions of the form a+7b and a—7ib. Suppose that the cube 
roots of these quantities are m+ and m—in; then the roots of 
the cubic become 

m+in+m—in, or 2m; 

(m +m) w+ (m—in)w", or —m—n,/3; 

(m + in) wo? +(m—in)o, or —m+n,/3; 
which are all real quantities. As however there is no general 
arithmetical or algebraical method of finding the exact value of 
the cube root of imaginary quantities [Compare Art. 89], the 


solution obtained in Art. 576 is of little practical use when the 
roots of the cubic are all real and unequal. 


This case is sometimes called the Jrreducible Case of Cardan’s 
solution. 


580. In the «rreducible case just mentioned the solution may 
be completed by Trigonometry as follows. Let the solution be 


1 1 
x = (w+ ib)’ + (a—2b)°; 
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put a=rcosé, b=rsin§@, so that r?=a' +0’, tan d=; 


1 1 
then (a + b)* = {r (cos @ +7 sin 6)}*. 


Now by De Moivre’s theorem the three values of this ex- 
pression are 


r (cos * si 6 H wees 6+ 27 
gtising), r (co 3 ¢sin —, ys 


O+4r .. 6440 
and rs (cos —3 t+ tsin —,- ): 


1 
where 7° denotes the arithmetical cube root of 7, and 6 the 


smallest angle found from the equation tan @ = z ‘ 


1 
The three values of (a — <b)* are obtained by changing the sign 
of z in the above results; hence the roots are 


- Z 6+ 29 zs 6440 
275 cos 5, 273 cos 37? 273 cos —.—. 


BiquapDRAtic EQuaTIONs. 


581. We shall now give a brief discussion of some of the 
methods which are employed to obtain the general solution of a 
biquadratic equation. It will be found that in each of the 
methods we have first to solve an auxiliary cubic equation ; and 
thus it will be seen that as in the case of the cubic, the general 
solution is not adapted for writing down the solution of a 
given numerical equation. 


582. The solution of a biquadratic equation was first ob- 
tained by Ferrari, a pupil of Cardan, as follows. 
Denote the equation by 
a* + Qpa® + gu? + 2ra+s=0; 


add to each side (ax + b)’, the quantities a and 6 being determined 
so as to make the left side a perfect square; then 


a + ps? + (¢ + a”) 0? + 2(r+ab)a+s+b*= (ax +b)’. 
Suppose that the left side of the equation is equal to (2’+pa+k)’; 
then by comparing the coefficients, we have 


p+2k=q+a’, pk=rt+ab, h=s+0d'; 
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by eliminating @ and 6 from these equations, we obtain 
(pk —r)* = (2k + p® —q) (k*—8), 
or 2k? — gk? + 2(pr—s)k—p*s +qs—r1° =0. 
From this cubic equation one real value of & can always be 
found [Art. 553]; thus a and 6 are known. Also 
(a? + pa + k)* = (ax + 6)’; 
. + pe+k=+ (ax +b); 
and the values of x are to be obtained from the two quadratics 
a +(9—a)a+(k—b) =0, 
and a’ +(pta)a+(k+b)=0. 
Example. Solve the equation 
a4 - 203 —52?4+1027-3=0. 
Add a2x? + 2aba + b? to each side of the equation, and assume 
x4 — 2034 (a? — 5) 2242 (ab+5) +0? -3=(2?-ax+k)?; 
then by equating coefficients, we have 
@=uIkeb, ab=—- ks, Pera: 
(24 +6) (k27+3)=(k+5)?; 
2k? 4+ 5k?-4k-7=0. 
By trial, we find that k= -1; hence a?=4, 6? =4, ab= -4, 


But from the assumption, it follows that 
(a? - 2 +k)? =(ax +b)? 


Substituting the values of k, a and b, we have the two equations 
x?-2-1= + (22-2); 
that is, a?-324+1=0, and 2?+2-3=0; 
whence the roots are Bens — : 4 
583. The following solution was given by Descartes in 1637. 
Suppose that the biquadratic equation is reduced to the form 
a+ gai +re+s=0; 


assume = +. gu + THe +s= (a+ ku +l) (a*—ka +m); 
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then by equating coefficients, we have 
l+m—Kk=q9q, k(m—-l)=r, Imes, 


From the first two of these equations, we obtain 
Ima + +2, 2=h+q--; 


hence substituting in the third equation, 
(2° + gk +r) (k? + qk—r) = 48k’, 
or Ke + 2gk* + (¢° — 48) k* — 1? =0. 
This is a cubic in &* which always has one real positive solu- 
tion [Art. 553]; thus when 4? is known the values of 7 and m 


are determined, and the solution of the biquadratic is obtained 
by solving the two quadratics 


a’ +ke+l=0, and «*—ka+m=0. 


Example. Solve the equation 
a4 — 227+ 82-—-3=0. 

Assume xt — 20° + 8a -3= (x? + ka+l)(x?-ke+m) ; 

then by equating coefficients, we have 
l+m-k?=-2, k(m-l)=8, Ilm=-3; 

whence we obtain (Kk? — 2k +8) (k? - 2k — 8) = — 123, 
or k6 — 4k4 416k? -64=0. 

This equation is clearly satisfied when k?-4=0, or k= +2. It will be 
sufficient to consider one of the values of k ; putting k=2, we have 

m+l=2, m—l=4; that is, J=-1, m=3. 

Thus x4 — 207 + 8a —3= (42+ 2x —1)(x? - 20 +3) ; 

hence e?4+22-1=0, and x?-27+3=0; 


and therefore the roots are —1+,/2, 14,/-2. 


584. The general algebraical solution of equations of a 
degree higher than the fourth has not been obtained, and Abel’s 
demonstration of the impossibility of such a solution is generally 
accepted by Mathematicians. If, however, the coefficients of an 
equation are numerical, the value of any real root may be found 
to any required degree of accuracy by Horner’s Method of ap- 
proximation, a full account of which will be found in treatises on 
the Theory of Equations. 
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585. We shall conclude with the discussion of some miscella- 
neous equations. °. 


Example 1. Solve the equations: 
a+y+z+u=0, 
ax +by+cz+du=0, 
ag + by + c?2+d°u=0, 
a®xn+ b’y+c8z+du=k. 
Multiply these equations, beginning from the lowest, by 1, p, g, 7r re- 


spectively; p, g, 7 being quantities which are at present undetermined. 
Assume that they are such that the coefficients of y, z, u vanish; then 


x (a +pa?+gqa+r)=k, 
whilst b, c, d are the roots of the equation 
B+pi?+qt+r=0. 
Hence a’ + pa?+ga+r=(a—b)(a—c)(a—a); 
and therefore (a—b)(a-c)(a—d) e=k. 
Thus the value » is found, and the values of y, z, u can be written down 
by symmetry. 
Cor. If the equations are 
e+y+2+u=1, 
ax + by +cz+du=k, 
aa + by +022 + du=k*, 
aka + by +82 + Bu=k, 
by proceeding as before, we have 
x(a?+pa?+gqa+r)=K+pk?+qk+7; 
(ab) (a—c)(a-d) e=(k—b)(k-c) (k—d). 


Thus the value of « is found, and the values of y, z, u can be written 
down by symmetry. 


The solution of the above equations has been facilitated by the use of 
Undetermined Multipliers, 
Example 2. Shew that the roots of the equation 
(@— a) (wb) (ac) — f?(w — a) — g(a b) - W? (wc) + 2fgh=0 
are all real. 
From the given equation, we have 
(w — a) {(a — b) (wc) — f?} — { 9? (x — b) +h? (x — c) — 2fgh} =0. 
Let », q be the roots of the quadratic 
(a — 6) (w-¢) -f?=0, 
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and suppose p to be not less than g. By solving the quadratic, we have 
22 =6-- Cc As (b= c)P 4 PAs .ant chai eel sac dated solo olese (1); 

now the value of the surd is greater than 6 ~ c, so that p is greater than } 
or ¢c, and gq is less than 6 or c. 

In the given equation substitute for x successively the values 

+O, Pr, Sheer 
the results are respectively 
+0, -(9/p—b-ha/p-c), +(9n/b-G-hle-9), -@, 

since (p— >) (p—¢)=f?=(b-4q) (c-4). 

Thus the given equation has three real roots, one greater than p, one 
between p and q, and one less than q. 

If p=q, then from (1) we have (6-—c)?+4f?=0 and therefore b=c, f=0. 
In this case the given equation becomes 

(x — b){ (a — a) (x —b) - g? — h*} =0; 

thus the roots are all real. 


If p is a root of the given equation, the above investigation fails ; for it 
only shews that there is one root between gq and +, namely p. Butas 
before, there is a second real root less than q; hence the third root must also 
be real. Similarly if q is a root of the given equation we can shew that all 
the roots are real. 


The equation here discussed is of considerable importance; it occurs 
frequently in Solid Geometry, and is there known as the Discriminating 
Cubic. 


586. The following system of equations occurs in many 
branches of Applied Mathematics. 


Example. Solve the equations: 
x y My a 
deh DERG oth 
x y a 
atm - b+hu es C+u 


x y z 
— =e 
at pail toa 


cty 


Consider the following equation in 9, 
et Deere _(8=)) (8-4) (0-»), 
a+0. b+0 c+0 (a+ 6) (b+) (+6)? 


uz, y, # being for the present regarded as known quantities. 
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This equation-when cleared of fractions is of the second degree in 6, and 
is satisfied by the three values 0=\, 0=u, 0=v, in virtue of the given 
equations; hence it must be an identity. [Art. 310.] 


To find the value of x, multiply up by a+6, and then put a+0=0; 


_ _(-@=))(-a-4)(-a-9), 

rape aa ary a Tea 
: _(@+A) (a@+4) (a+4) 
that is, deem Sy (er) a 


By symmetry, we have 
_ (b+) (b+) (6+) 
(b-c)(b-a)” 
(+A) (¢+x) (c+¥) 
(e-a)(c-8) 


and oi 


EXAMPLES. XXXV. e. 


Solve the following equations : 


l. 2#-—187=35. 2. 2#23+722-—1720=0. 
3. 23+63%—-—316=0. 4, 234+21274+342=0. 
5. 2823 -9x72+1=0. 6. 2—1522-3374+847= 


7. 2a3+32?43x7+1=0., 
8. Prove that the real root of the equation 2°+12%—-12=0 
is 23/2—8/4. 
Solve the following equations : 
9, a*-3x?-42x—40=0. 10. «*-10x?-20r—16=0. 
li, 2#+823+92?-82-10=0. 
12, a4+223-72?-82+12=0. 
13. «*t-—32?-62-2=0. 14, «$—223-12774+10r%+3=0. 
15. 4a*— 2023+ 332?-20%+4=0. 
16, 2°— 624-1723 +172?+6x2-1=0, 
17, «*+923+122?— 80% —192=0, which has equal roots. 


18, Find the relation between g and r in order that the equation 
2+qxe+r=0 may be put into the form 24=(x?+axr+ 6). 


Hence solve the equation 
843 — 364 +27=0. 
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19. 2 + 3px*+3qr+r and 2°+2px+¢ 
have a common factor, shew that 
4 (p*—9) (¢?— pr) — (pq—r)?=0. 
If they have two common factors, shew that 
p-q=0, g-pr=0. 
20. If the equation az*+3b22+3cer+d=0 has two equal roots, 


shew that each of them is equal to aes : 


21. Shew that the equation 24+p.2 + g2*+7rx+s=0 may be solved 
as a quadratic if r?=p’s, 


22. Solve the equation 
28 — 1824+ 1623 + 282? — 32x+8=0, 
one of whose roots is ./6 — 2. 


23. Ifa, B, y, 5 are the roots of the equation 
w+ qa? +rxe+s=0, 
find the equation whose roots are 8B+y+6+(Byd)"!, &. 


24. In the equation 24 —p23+ qu? —rx+s=0, prove that if the sum 
of two of the roots is equal to the sum of the other two p* — 4pq+ 8r=0; 
and that if the product of two of the roots is equal to the product of 
the other two r?=p?s. 


25. The equation 2° —- 209z+56=0 has two roots whose product is 
unity: determine them. 


26. Find the two roots of z°—4097+285=0 whose sum is 5. 


27. Ifa, b,¢,...k are the roots of 
I +97" + pot" 2+ ...... + Pp 1% +Pn=9, 
shew that 
(1+?) (1+6?)...... (1+) =(1—p.t+py—-.-)?+ (21 — Ps +P5— »++)% 


28. The sum of two roots of the equation 
aw — 823 + 2147 —207+5=0 
is 4; explain why on attempting to solve the equation from the kvow- 
ledge of this fact the method fails, 


MISCELLANEOUS EXAMPLES. 


1. If s,, s,, s, are the sums of », 2n, 3x terms respectively of an 
arithmetical progression, shew that s,=3 (s)—s,). 


2. Find two numbers such that their difference, sum and product, 
are to one another as 1, 7, 24. 
3. In what scale of notation is 25 doubled by reversing the digits? 
4. Solve the equations: 
(1) (+2) (w@+8) (w- 4) (w@-5)=44. 
(2) w(y+2)+2=0, y(z—2x)+21=0, 2(2e-y)=5. 


5. In an A.P., of which a is the first term, if the sum of the 
first p terms =0, shew that the sum of the next g terms 


_ _%(pt+9)9 
ps Wks 
[R. M. A. Wootwicx.] 
6. Solve the equations: 


(1) (a+b) (ax+b) (a — bx) =(a?x — b?) (a+bz), 


1 i i 
(2) #+(2v —3)8={12 (w@— 1). [Inpia Civin SERVICE.] 

7. Find an arithmetical progression whose first term is unity 
such that the second, tenth and thirty-fourth terms form a geometric 
series. 

8. Ifa, @ are the roots of x’+ 2+ q=0, find the values of 

a’+a8+ Be a® + 6°, at+ a’?B?+ Bt. 
9. If 2v=a+a-! and 2y=6b+6-1, find the value of 
ay + @=1) (y= 1). 

10. Find the value of 

3 


3 
(4+4/15)'+(4— 1/15) 
8 ee 
(6 +4/35) — (6 — 0/35)" 
[R. M. A. Woonwics.] 
11, Ifa and 8 are the imaginary cube roots of unity, shew that 
at+ + a1g1—0, 
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12. Shew that in any scale, whose radix is greater than 4, the 
number 12432 is divisible by 111 and also by 112. 


13. 4Aand Brunamile race. In the first heat A gives Ba start 
of 11 yards and beats him by 57 seconds; in the second heat A gives 
B a start of 81 seconds and is beaten by 88 yards: in what time could 
each run a mile? 

14, Eliminate , y, z between the equations: 

2 —yz=a, y—2a=b4, 2- ay=c, e+y+2=0. 
[R. M. A. Wootwicn.] 

15. Solve the equations: 

au" + bay +cy?=bx? + cry +ay=d. 
[Mara. Tripos.] 


16. A waterman rows to a place 48 miles distant and back in 
14 hours: he finds that he can row 4 miles with the stream in the 
same time as 3 miles against the stream: find the rate of the stream. 
17. Extract the square root of 
(1) (a2+ab+be+ ca) (be+ca+ab+ b*) (be+ca+ab+c?). 
(2) l—w+/22a— 15 - 822. 


10 
18. Find the coefficient of w® in the expansion of (1 - 3x), and the 


4 3 
j i SG ip Bee 
term independent of x in Ge 2 ) . 


19. Solve the equations: 


Qe-3 3e-8  £+3_ 


(1) Pay Orr neg 


(2) v-y?=ay—ab, (x+y) (ax+by)=2ab (a+b). 
[Trrn. Conn, Cams.] 
20. Shew that if a(b-—c) 22+6b(c-a) ay+ec(a—b)y? is a perfect 
square, the quantities a, 6, ¢ are in harmonical progression. 
[St Cats. Coun, Cams.] 


y 5 ae 
(y—2)? + (2-2)? + (a —y)®*=(y+2—-2x)? + (2+ 4 —2Qy)? + (vty — 22), 
and 2, y, z are real, shew that r=y=z. St Cara. Coin. Cams.] 


22. Extract the square root of 3258261 in the scale of twelve, and 
find in what scale the fraction : would be represented by ‘i7. 
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23. Find the sum of the products of the integers 1, 2, 3,... 2 taken 
two at a time, and. shew that it is equal to half the excess of the sum of 
the cubes of the given integers over the sum of their squares. 


24. A man and his family consume 20 loaves of bread in a week. 
If his wages were raised 5 per cent., and the price of bread were raised 
a per cent., he would gain 6d. a week. But if his wages were lowered 
7% per cent., and bread fell 10 per cent., then he would lose 1}d. 
a week: find his weekly wages and the price of a loaf. 


25. The sum of four numbers in arithmetical progression is 48 and 
the product of the extremes is to the product of the means as 27 to 35: 
find the numbers. 

26. Solve the equations : 

(1) a(b—c) 2?+6(c—a) x+e(a-b)=0., 
-a)(e-b) _(e-0)(e-d) 
ga-a—-b6  gf-ce-d ~ 


a @ 


[Matx. Tripos.] 


27. If /a—v+Vb—2+/c—2=0, shew that 
(a+b+¢432) (a+b+c-2)=4(be+ca+ab); 
and if Ja+3/b+/c=0, shew that (a+6+c)?=27abe. 

28, A train, an hour after starting, meets with an accident which 
detains it an hour, after which it proceeds at three-fifths of its former 
rate and arrives 3 hours after time: but had the accident happened 50 
miles farther on the line, it would have arrived 14 hrs. sooner: find the 
length of the journey. 

Z9. Solve the equations: 

2a+y=22, 92—-Te=by, 23+73+23=216. 
[R. M. A. Wootwicu.] 


: 30. Six papers are set in examination, two of them in mathematics: 
in how many different orders can the papers be given, provided only that 
the two mathematical papers are not successive ? 


31. In how many ways can £5. 4s. 2d. be paid in exactly 60 coi 
consisting of half-crowns, shillings and Pupoen ayn aa.” 


32. Find a and 6 so that 23+az2+1llr+6 and 23 ° 
may have a common factor of the form 7+ ps Nese cc 
[Lonpon Universiry.] 
33. In what time would A, B, C together do a work if A alone could 


oe hours more, B alone in one hour more, and C alone in twice 
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34, Ifthe equations ax+by=1, cx?+dy?=1 have only one solution 


a a 
prove that = rt gab and aia Y=3° 


35, Find by the Binomial Theorem the first five terms in the expan- 


[Marn. Tripos.] 


sion of (1-27-42?) 2- 


36. If one of the roots of z?+px+q=0 is the square of the other, 
shew that p§—g(3p—1)+q?=0. 
[Pemp. Conn. Cams.] 


37. Solve the equation 


at —52°—62—5=0. 
[QueEn’s Cott. Ox.] 


38. Find the value of a for which the fraction 
2 -axz*+19%-a—4 
2 —(a+1) 2?4+23¢2-—a—7 
admits of reduction. Reduce it to its lowest terms. [Maru. Triros.] 


39. Ifa, b,c, x, y, 2 are real quantities, and 
(a+b+c)?=3 (6e+ca+ab—-x?—-y? — 2), 
shew that a=b=c, and 2=0, y=0, z=0. 
[Curist’s CoLz. CamB.] 
tte 
40. What is the greatest term in the expansion of ( - 3°) when 


v 


the value of x is z [Emm. Coin, Cams.] 


41, Find two numbers such that their sum multiplied by the sum 
of their squares is 5500, and their difference multiplied by tle difference 


of their squares is 352. [Curist’s CoLL. CaMB.] 
14674 3c? 
42. If z=da, y=(A-1)b, z=(A-SB)e, \= Baha? express 


2?+47?+-2 in its simplest form in terms of a, b, c. 
[Sipyey Cou. Cams.] 


4°. Solve the equations: 
(1) o4+30?= 162+ 60. 


(2) Pte—c=e4+ 2 —yat+y—2z=1. 
[Corpus Cont. Ox.] 


44, If, y,z are in harmonical progression, shew that 
log (+2) +log (a —2y+z2)=2 log (a —2). 
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45. Shew that 
Made 35/1 
ae eg a 


Bu+2y  8y+22_ 32+20 
3a—2b 3b-2c 3c—2a’ 


G)+ ea =5 (2-3) 9/3. 


[Emm. Coin. Cams.] 


1.3.5 
2.4.6 


46. If 


then will 5 (aty+z)(5e+ 4b - 3a) = (944+ 8y + 13z)(a+b+c). 
[Curist’s Cot. Cams.] 


47. With 17 consonants and 5 vowels, how many words of four 
letters can be formed having 2 different vowels in the middle and 1 
consonant (repeated or different) at each end? 


48. A question was lost on which 600 persons had voted ; the same 
persons having voted again on the same question, it was carried by twice as 
many as it was before lost by, and the new majority vote was to the former 
as 8 to 7: how many changed their minds? [Sr JoHn’s Coty. Cams.] 


49, Shew that 
1-2 
(l+a)? a ries One 13a! 
me oS abe 


see 
(1—) [Curist’s Cott. Cams.] 


50. A body of men were formed into a hollow square, three deep, 
when it was observed, that with the addition of 25 to their number a 
solid square might be formed, of which the number of men in each side 
would be greater by 22 than the square root of the number of men in 
each side of the hollow square: required the number of men. 


51. Solve the equations: 
(1) Vata 2+2V(a—a2=3 Va? — 22, 
(2) (w- a)? (w—b)} — (w—6)} (wd)? = (ac)? (b-d)}, 


52. Prove that 


2 2.5 2.5.8 
3/4 = ert 
V4=146 + 69 + § 19-18 tee 
[Stpney Coun, Cams.] 
53, Solve /6(5%-+6) —./5 (6z—11)=1. 
. [QurEns’ Cotn. Cams.] 


MISCELLANEOUS EXAMPLES, 495 


_54, A vessel contains a gallons of wine, and another vessel con- 
tains 6 gallons of water: ¢ gallons are taken out of each vessel and 
transferred to the other; this operation is repeated any number of 
times : shew that if ¢(a+6)=ab, the quantity of wine in each vessel 
will always remain the same after the first operation. 


55. The arithmetic mean between m and m and the geometric 


mean between a and 6 are each equal to es find m and n in terms 


of a and 6. 


56. If, y, z are such that their sum is constant, and if 
(2+4—2y) (w@+y — 2z) 
varies as yz, prove that 2 (y+z)—« varies as yz. 
[Emm. Conn. Cam3.] 
57. Prove that, if n is greater than 3, 
1.2.°C,-—2.3.°C_,+3.4."°C_,=...... +(-1)"(r+1)(r7+2)=2."3C,. 
[Curist’s Conn. Cams.] 
58. Solve the equations: 


(1) 722-148 —-2=/4r—34/50—4, 


3 1 

(2) 4{(x2® —16)#+ 8} =22+ 16 (x? — 16)4. 

[St Joun’s Conn. Cams.] 

59. Prove that two of the quantities x, y, 2 must be equal to one 
Wad eae OY 6 
l+yz° l+en lt+ay ~ 

60. In a certain community consisting of p persons, @ per cent. can 
read and write; of the males alone 6 per cent., and of the females alone 
¢ percent. can read and write: find the number of males and females in 
the community. 


another, if 


Olt _(*\F* crew that ab baat) = (2\* 
° “&>= i ; e a a+b? pes b A 
[Emm. Coun. Cams.] 


62. Shew that the coefficient of ##” in the expansion of 
(1—#+2?-.2#*)-1 is unity. 


63. Solve the equation 


CRS TONE ie! a 
pit bape owe ae ee be 


[Lonpon UNIVERSITY.] 

64, Find (1) the arithmetical series, (2) the harmonical series of 

n terms of which a and 0 are the first and last terms; and shew that 

the product of the r® term of the first series and the (n—r+ 1)" term of 
the second series is ab. 
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65. Ifthe roots of the equation 


pe P 
( -q+4) v?+p (1+¢q)e2+q (q—-1)+ pee 
are equal, shew that p?= 4g. [R. M. A. Wootwicx.] 
66. If a?+6?=7ab, shew that 


oe (5 (a+ »} = 5 (log a+ log). 
[QuxEn’s Cott. Ox.] 
67. If is a root of the equation 
a’ (1—ac)— x (a? +c?) -—(1+ac)=0, 
and if m harmonic means are inserted between a and c, shew that the 
difference between the first and last mean is equal to ac(a—c). 
[Wapnam Co... Ox.] 


68." Tf 182053" 2Pi=573 16; find). 2. 


69. A person invests a certain sum in a 6} per cent. Government 
loan: if the price had been £3 less he would have received } per cent. 
more interest on his money; at what price was the loan issued ? 


70. Solve the equation: 
{(a?+a+1) = (a +1)8— a5} {(2? —v+1)8— (224+ 1)8 +25} 
=3 {(74+2?+1)8—(2*+1)8- x5}. 
[Mzrton Co... Ox.] 
71. If by eliminating « between the equations 
w+ar+b=0 and sy+l(e+y)+m=0, 
a quadratic in y is formed whose roots are the same as those of the 


original quadratic in w, then either a=2/, and b=m, or b+m=al. 
[R. M. A. Woo.wicu.] 


72. Given log 2=-30103, and log 3=°47712, solve the equations: 


(1) oa 6 (2) VF rene, 


73. Find two numbers such that their sum is 9, and the sum of 
their fourth powers 2417. [Lonpon UNIVERSITY. ] 


74, A set out to walk at the rate of 4 miles an hour; after he had 
been walking 2? hours, B set out to overtake him and went 4} miles 
the first hour, 4? miles the second, 5 the third, and so gaining a quarter 
of a mile every hour. 1n how many hours would he overtake A! 


75, Prove that the integer next above (./3+1)2™ contains 2™+1 ag 
a factor. 
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76. The series of natural numbers is divided into groups 1; 2, 3,4; 
5, 6, 7, 8, 9; and so on: prove that the sum of the numbers in the 
n® group is (z — 1) +n3. 


77. Shew that the sum of n terms of the series 


Be zee Lely 8 1 das ati / 1 \e 
s*p (3) es G) erry 6) einnsifcs 
is equal to 1— Wied, Ove oo ay 
[R. M. A. Wootwicu.] 


78. Shew that the coefficient of w* in the expansion cf ee! a 
1—-2+2 
n n-1 n-2 
(=1)9 3-1) 5 2¢-1)4; 
according as 7 is of the form 3m, 3m+1, 3m+2. 


79. Solve the equations: 
LYz 


fie ei cetaces 
ec xtyt+e" 


y Z x 
+o =t4-4-=274+y74+253. 
CEC LES BOP 
[Univ. Coun. Ox.] 


80. The value of xyz is 74 or 32 according as the series a, «, y, 2, 
b is arithmetic or harmonic: find the values of a and 6 assuming them 
to be positive integers. [Merton CotL. Ox.] 


a o 
(2) 4245 


81. Ifay—bx=c/(x—a)?+(y—6)?, shew that < and y are connected 
by a linear relation if c?<a?+ 6b, 

82. If (7+1)? is greater than 5x-1 and less than 7x —3, find the 
integral value of «x. 


83. If P is the number of integers whose logarithms have the 
characteristic p, and @ the number of integers the logarithms of whose 
reciprocals have the characteristic — g, shew that 


logy P — logy, @=p—qr+1. 


84. In how many ways may 20 shillings be given to 5 persons so 
that no person may receive less than 3 shillings ? 


85. A man wishing his two daughters to receive equal portions 
when they came of age bequeathed to the elder the accumulated interest 
of a certain sum of money invested at the time of his death in 4 per 
cent. stock at 88; and to the younger he bequeathed the accumulated 
interest of a sum less than the former by £3500 invested at the same 
time in the 3 per cents. at 63. Supposing their ages at the time of 
their father’s death to have been 17 and 14, what was the sum invested 
in each case, and what was each daughter’s fortune ? 
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86. A number of three digits in scale 7 when expressed in scale 9 
has its digits reversed in order: find the number. 


[Sr Jonn’s Cott. Cams. ] 


87. If the sum of m terms of an arithmetical progression is 
equal to the sum of either the next ” terms or the next p terms, prove 


that (m+n)(= -=)=(m +p)(- --). 


[St Joun’s CoLi. Cams. ] 
88, Prove that 


1 Sane tee eee! 
iy apt (2z—a)? (wy? \y-2' 2-x  @-y/) 

[R. M. A. Wootwicu.] 

89. Ifm is negative, or positive and greater than 1, shew that 

143" 45™4 000... +(2n—1)™> n™+1, 
[Emm. Cott, CamB.] 
90. If each pair of the three equations 
w— pet =0, 29— pyetg,=0, 2? — pert gs=0, 
have a common root, prove that 
Pr + po + ps? + 4 (G14 9249s) =2 (P2PstPsPit PiP2)- 

[St JoHy’s Coz. CamB.] 


91. A and B travelled on the same road and at the same rate from 
Huntingdon to London, At the 50 milestone from London, 4 over- 
took a drove of geese which were proceeding at the rate of 3 miles in 2 
hours ; and two “hours afterwards met a waggon, which was moving at 
the rate of 9 miles in 4 hours. £ overtook the same drove of geese at 
the 45" milestone, and met the waggon exactly 40 minutes before he 
came to the 31" milestone, Where was B when A reached London 2 

[St Jony’s Coun, Cams] 

92. If a+b+c+d=0, prove that 


abe + bed + eda +dab=\/ (be — ad) (ca — bd) (ab — ed). 
[R. M. A. Woorwicu.] 


93, An A. P.,aG.P., and an H. P. have a and 6 for their first two 
terms : shew that their (x +2)" terms will be in G. P. if 
nt2_gM+2 yay 
bam gay A [Marx. Tripos.] 


94, Shew that the coefficient of z in the expansion of 
x (xa ves (we — b) 
in ascending power of w is ——. at and that the coefficient of 1" 


in the expansion of ‘a =a is 2"! (724 4n +2). 


[Emm. Con. Cams] 
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95. Solve the equations : 


ae ey rere ate » @+y? : ry=34: 15. 
2 Ve—y 
[St Jonn’s Cort, CamB.] 
‘ Mi UE I : 
96. Find the value of 1 a eg a,000 the form of a quad- 
ratic surd. [R. M. A. Wootwicu.] 


97. Prove that the cube of an integer may be expressed as the 
difference of two squares ; that the cube of every odd integer may be 
so expressed in two ways; and that the difference of the cubes of any 
two consecutive integers may be expressed as the difference of two 
squares. [Jesus Coxn, CamB.] 


98. Find the value of the infinite series 


1 oS test h 
atetiatiet [Emm. CoLt, Cams.] 
a c a c 
99. If ty if rey Be ee eeeeee ’ 
and WL cela apts tao 
Y*=FORP Ie ee ; 
then bx—dy=a-c., Curist’s Cou. Cams. 
uy 


100. Find the generating function, the sum to n terms, and the 
nm‘ term of the recurring series 1+52+727+17273+3lat+....... 


101. Ifa, b,c are in H. P., then 
a+b  e+6 


—— >4, 


(1) 2a-b  2c-b 
(2) b?(a—c)?=2 {c? (b—a)?+a? (c-b)*}. [Pemp. Cott, Cams] 


102. If a, 6, care all real quantities, and x? — 362% + 2c? is divisible 


by x - a and also by « — 6; prove that either a=b=c, or a= —2b= —2e. 
[Jesus Cot. Ox.] 


103. Shew that the sum of the squares of three consecutive odd 
numbers increased by 1 is divisible by 12, but not by 24. 
ac—b*, 2ZLOhye 
is the greatest or least value of au?+2ba-+e, 


104. Shew that 
according as a is negative or positive. 
If et+y+Atype+ 2a? + wy? = Quays (wty+z), and #, y, 2 are all 
real, shew that #=y=2. [St Jonn’s Con. Cams] 
R H.H.A, 
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iy go 
105. Shew that the expansion of — Jegh : teisth 


1.3 pa, Sahel rs 
JIA 6 24s 6.0 10 


x Be 
2 


106. Ifa, 8 are roots of the equations 
aw +px+ q= 0, gen + pra” at gq" as 0, 
where z is an even integer, shew that a 8 are roots of 
a 


w™+1+(e+1)"=0. [PrmMB. Cott. CamB.] 
107. Find the difference between the squares of the infinite 
continued fractions 


rine b- py Ot ' hie! d 
OT Oa4 Qa+ Qa+ 


[Curist’s Cott. CamB.] 


108. A sum of money is distributed amongst a certain number of 
persons. The second receives 1s. more than the first, the third 2s. 
more than the second, the fourth 3s. more than the third, and so on. 
If the first person gets 1s. and the last person £3. 7s., what is the 
number of persons and the sum distributed ? 


109. Solve the equations : 


Ds Oa Ae eg MED oo elles) 
iL) Se a - - — = - os 
q) at b+e bt ota pe 

e+y? p x Ly d 
(2) cagat Ceuta ae pipea FOU AS: 


110. Ifa@>6>0, and ~ is a positive integer, prove that 


2S 
a*—b">n(a—b) (ab) 2, 
[Sx Cara. Cou. CaMB.] 


763 : 
111. Express 396 28 @ continued fraction; hence find the least 
positive integral values of x and y which satisfy the equation 


396a — 763y = 12. 
112. To complete a certain work, a workman 4 alone would take 
m times as many days as B and C working together; B alone would 
take x times as many days as A and C together ; C alone would take 
p times as many days as A and B together: shew that the numbers of 
days in which each would do it alone are as m+1:n+1:p+l. 
Ww P 


Prove also —~— + + == 
m+l1 n+l pt+l ~ [R. M. A. Wootwio. ] 
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113, The expenses of a hydropathic establishment are partly con- 
stant and partly vary with the number of boarders. Each boarder 
pays £65 a year, and the annual profits are £9 a head when there are 
50 boarders, and £10. 13s. 4d. when there are 60: what is the profit on 
each boarder when there are 80? 


114, If 2y=2z-y, and z? is not greater than 1, shew that 


28 0 4 46 
4 (<4 — +.) =p+ F454... 
[PrrERHOUSE, CamB.] 
115. If 


are unequal, 


1 
Ce ae eae and «zy=c*, shew that when a and c 


(a? —c?)2?— 6?c? =0, or a?+-b?=0. 


LUCY Sif (l+a+2?)"=1+h,0+h 2? +..., 
and (= 1) =a 66a) 1 et Ss — 1: 
provethat (1) 1-4,+4,-...... =1, 

| Br 
(2) 1—Aye, + hyty—...... pt tev s 


[R. M. A. Woonwicu.] 
117. Solve the equations : 


(1) (@-y)+2ab=ar+by, xy+ab=br+ay. 
(2) 2-y?+2=6, Qyz—ze+2Qey=138, x-y+z2=2. 
118. If there are m positive quantities a,, d,...d,, and if the 


square roots of all their products taken two together be found, prove 
that 


rey ay -1 
Vay + N/ yg +o 0. 0 <*F (a ta,+ PF Behe +4); 


hence prove that the arithmetic mean of the square roots of the 
products two together is less than the arithmetic mean of the given 
quantities. [R. M. A. Wootwic.] 

119, If b’ct+a%*=a°>*, and a@?+0?=27+y?=1, prove that 
b4x8 + ayo = (b2at+a%*)?, = [Inpra Civit Service.] 


120. Find the sum of the first 2 terms of the series whose 7** terms 


ce (a+7°b) a—". 


are erie gl 


(St Jonn’s Coin. Cams. ] 


z2+2 


121. Find the greatest value of a4 8046" 
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122. Solve the equations: 
(1) 1+at=7(1+2)4 
(2) 3ay4+22=22+ €y=2y2+32=0. 


123. If a, a, a, a are any four consecutive coefficients of an 
expanded binomial, prove that 


gy ag + &, 2a, 
A+, Ast, Agta, 


[QuEENS’ Cou. CaMB.] 


x +72? -x-8 
124. Separate (retiree) 
find the ge=oral term when (3x — 8)/(x? -4%+4) is expanded in ascend- 
ing powers of 2. 


into partial fractions; and 


125, In the recu:ring series 


:- BBB+ aS at 8 + seats 


the scale of relation is a quadratic expression; determine the unknown 
coefficient of the fourth term and the scale of relation, and give the 
general term of the series. [R. M. A. Wooiwicz.] 


126. Ifs, y, 2 are unequal, and if 
at Na 
Eat and opt oe ow ; 
y 2 


(y-2) 


then will 2a-—3e= ae and #+y+z=a, [Maru. Trivos.] 


127. Solve the equations: 
(1) ayt+6=22—-2°, ry -9=2y-y?. 
(2) (ax)loea—(by)logd, log x — logy, 
128. Find the limiting values of 
(1) vVa2+a?—»/a8+a4, when c=o, 
Na+ 2x — 1/32 


(2) inane , when z=a. [Lonpon Unrversity.] 


129, There arc two nimbers whose product is 192, and the quotient 
of the arithmetical by the harmonical mean of their greatest common 
measure and least common multiple is 528: find the numbers. 


[R. M. A. Wootwicu.] 
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130. Solve the following equations : 


(1) J13a+37- /132-37= V2. 
(2) bV1—-2+eV/1—-y?=a, 
eV/1—2 +a decal 
a V1—y? + bV/1—2?=c. 
131. Prove that the sum to infinity of the series 


1 Loom ehaSap 2a we 
BS a4+ 955 7°" is 53 32 [Marx. TrrPos.] 


132. A number consisting of three digits is doubled by reversing 
the digits; prove that the same will hold for the number formed by 
the first and last digits, and also that such a number can be found in 


only one scale of notation out of every three. [Maru. TRIpPos.] 
133. Find the coefficients of x? and 2” in the product of 
1+23 ‘a 
(i—2*)(1—2) and i —2L2+2%. [R. M. AG Woo.wicu. | 


134, <A purchaser is to take a plot of land fronting a street; the 
plot is to be rectangular, and three times its frontage added to twice 
its depth is to be 96 yards. What is the greatest number of square 
yards he may take? [Lonpon University. ] 


135, Prove that 
(a+b+e+d)'+(a+b—c—d)*+(a—b+e-—d)'+(a—b—c+d)4 
—(a+b+e-—d)- (a+b—c+d)*— (a-b+e+d)*-(-a+b+c+d)4 
=192 abcd. 
[Trin. Coun. Cams.] 


136. Find the values of a, 6, ¢ which will make each of the ex- 
pressions 2t+a0°+ba*+ca+1 and #t+2ax3+2bxr?+2ce+1 a perfect 
square. [Lonpon Universiry.] 


137. Solve the equations: 
3 /—— 3 a 
ay Nete~ Ve=9 sg yenes, 
Naty+ Ja-y 
NOt OES (ele. & 2 
2 Qe? +1 + 4/22? —- 1 =—___., 
(2) / rear 
138, A farmer sold 10 sheep at a certain price and 5 others at 10s. 


less per head; the sum he received for each lot was expressed in pounds 
by the same two digits: find the price per sheep. 
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139. Sum to n terms: 
(1) (Q2n~1)4+2(2n—8)+3(2n-5)+.... 
(2) The squares of the terms of the series 1, 3, 6, 10, 15.... 
(3) The odd terms of the series in (2). [TRrin. Cont. CaMB.] 
140. If a, 8, y are the roots of the equation a tgete=0 prove 


that 3 (a? + B? + y?) (ao + B°+y>)=5 (a3 + 8% + 9) (at +h*+y/). 
[St Jonn’s CoLn. Cams.] 


141. Solve the equations: 


(1) x(8y-5)= 4 (2) #8 +y8+8=495 
y(2a+7)=27) © et+y+2= sf. 
2yz=105 


[Trry, Cott. Cams.] 


142. Ifa, b,c are the roots of the equation 2°+92?+7r=0, form the 
equation whose roots are a+b—c, b+c—a,c+a—b. 


143. Sum the series: 


(1) n+(m-1)e+(m—2)a?+...420"%+42"-1; 
(2) 3-—x-227- 1623 — 2824-67625 +... to infinity ; 


(3) 6+9+14+423+40+... to terms. 
[Oxrorp Mops.] 


144. Eliminate 2, y, z from the equations 
ew toylte-taa-l, etyt+z=b. 
e+P+A=o%, 2+434+8=a8, 
and shew that if 2, y, z are all finite and numerically unequal, 6 cannot 


be equal to d. [R. M. A. Wootwicx.] 


145. The roots of the equation 327(22+48)+16(z3-1)=0 are not 
all unequal: find them. [R. M. A. Woo.wicx.] 


146. A traveller set out from a certain place, and went 1 mile the 
first day, 3 the second, 5 the next, and so on, going every day 2 miles 
more than he had gone the preceding day. After he had been gone 
three days, a second sets out, and travels 12 miles the first day, 13 the 
second, and so on. In how many days will the second overtake the 
first? Explain the double answer. 


147. Find the value of 
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148. Solve the equation 


23 + 3aa" +3 (a? — be) 7+ +63 +3 —3abe=0. 
[Inp1a Crvin SERVICE, ] 


149. If is a prime number which will divide neither a, b, nor 
a+b, prove that a~*b—a"—3b? + a"—4b3— ...4+ab"—2 exceeds by 1 a 
multiple of . [St Jonn’s Con. Cams.] 


150. Find the zt» term and the sum to n terms of the series whose 
sum to infinity is (1 — abs)(1 —ax)—2(1 — ba)—2. 

[Ox¥orD Mops.] 

151. If a, b, c are the roots of the equation #°+ pxr+q=0, find the 


; P+ e+a2 +h? 
equation whose roots are Fc ad ae 


[Trin. Cont. Cams.] 

152. Prove that 
(y+2—2x)8+ (2+ 2 —2Qy)*+ (a +y — 22)! = 18 (4? +4242 — ye— 2H — xy). 
[Crarge Conn. Cams. ] 


153. Solve the equations: 


(1) 23—302+133=0, by Cardan’s method. 
(2) a —4a*— 1023+ 40x? + 94-36 =0, having roots of the form 
ain 120,16. 

154. It is found that the quantity of work done by a man in an 
hour varies directly as his pay per hour and inyersely as the square 
root of the number of hours he works per day. He can finish a piece 
of work in six days when working 9 hours a day at 1s. per hour. How 


many days will he take to finish the same piece of work when working 
16 hours a day at 1s. 6d. per hour ? 


155. If s, denote the sum to m terms of the series 
Te YIOT FH gt, fi 
and o,_, that to m—1 terms of the series 


1 1 1 


Posi 8 3.2.5 bad 560°! 


shew that 188,7)—1 —8,+2=0. 


[Maep. Coin. Ox.] 
156. Solve the equations: 
(1) (12a —1)(6a—1)(4¢—1)(8a—-1)=5, 
1 (w+1)(x#-3) ; (w+3)(~7-5) 2 (w+5)(7—-7) 92 
2) 5 (w+2)(w—4)' 9 (w+4)(@—6) 13 (w+6)(~-8) 585° 
[St JoHn’s Conn. Cams." 
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157. A cottage at the beginning of a year was worth £250, but it 
was found that by dilapidations at the end of each year it lost ten per 
cent. of the value it had at the beginning of each year: after what 
number of years would the value of the cottage be reduced below £25? 
Given log,)3= "4771213. [R. M. A. WooLwicu.] 


158. Shew that the infinite series 


Tey ae C19 


pre 
Iq +46 46.19 4.8. tie 


yer D9 2.5.8 DD. Sis LL 
EPG 6. 12 16. 1,18, 16 jimh. 1S. aa 
are equal. [PerERHOUsE, CamB.] 


159. Prove the identity 


{i _&  a(@= a) #(@—a)(e=B8) 


a) 
7" aB aby a oeh 


{i+ 4 EEO, Serer, 
a aB apy 

aw? g2(e2—@2) 42 (42 — a?) (22 — 8? 
Le Se oe - ae ee 


[Trin. Cott, CamB.] 


160. If is a positive integer greater than 1, shew that 


n> — Bn? + 60n? — 56n 
is a multiple of 120. [WapHamM CoLL, Ox.] 


161. A number of persons were engaged to do a piece of work 
which would have occupied them 24 hours if they had commenced at 
the same time; but instead of doing so, they commenced at equal 
intervals and then continued to work till the whole was finished, the 
payment being proportional to the work done by each: the first comer 
received eleven times as much as the last; find the time occupied. 


162. Solve the equations: 


te Dae spent 
(1) y-3 2-3 2473" 


(2) y+2—-ax(y+z2)=a?, 
24 a —y (z+4)=b% 
m+y?—2(at+y)=e. [Pems. Coun, Cams.) 
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163. Solve the equation 
a?(b—c) (a —b)(a—c)+03 (c—a)(“—c)(4-a) + (a—b)(a@—a)(e—b)=0; 
also shew that if the two roots are equal 


1 1 1 


Va ae Jb ste a =0. [Sr Jony’s Cou. Cams.] 


164. Sum the series: 


(1) 1.2.44+2.3.543.4.6+... to” terms. 
1s A 
(2) E BE! bf to inf. 


165. Shew that, if a, b,c, d be four positive unequal quantities and 
s=a+b+c+d, then 
(s — a)(s — 6) (s—e) (s—d) > 8labed. 
[PurERHousE, CamB.] 
166. Solve the equations: 
ee 28 5 = a aed 
(1) Vata-Vy-a=5 Wa, Va-a-Vy+a= 3 Ja. 


(2) atyteaottyt+ an, (P+y+2)=3. 
[Maru. Tripos.] 


167. Eliminate /, m, from the equations: 
le+my+nz=ma + ny +le=ne+ly +mz=h? (P +m? +n?) =1, 


168. Simplify 
a(b+ce-—a)?+...+...+(b+¢e-a)(c+a—b)(a+b—c) 
a (b+c—a)+...+...—(b+¢e-a)(e+a—6b)(a+b-c)° 
é [Maru. Tripos.] 
169. Shew that the expression 


(a= ye)8+ (y?— 20)8-+ (2 — ay)? 8a ya) (y2— 20) (2 — ay) 
is a perfect square, and find its square root. [Lonpon Universirty.] 


170. There are three towns A, B, and (; a person by walking 
from A to B, driving from B to C, and riding from C to A makes the 
journey in 154 hours; by driving from A to B, riding from B to OC, and 
walking from C to A he could make the journey in 12 hours. On foot 
he could make the journey in 22 hours, on horseback in 8} hours, and 
driving in 11 hours. To walk a mile, ride a mile, and drive a mile he 
takes altogether half an hour: find the rates at which he travels, and 
the distances between the towns. 
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171. Shew that n’—7n>+14n3—8n is divisible by 840, if » is an 
integer not less than 3. 


172. Solve the equations: 
(1) Ve?+ lay +r/y? +122 =33, e+y=2. 


u(y-2)_, ne) op, aaah ie a(u—2)_ 9 


2-4 > 2-4 wy v-y 
[Maru. Tripos.] 


(2) 


173. Ifs be the sum of 2 positive unequal quantities a, b, c..., then 


s $ 8 ne 
Pe eee ee 
s—a 8s—b 8-c n-1 


[MarxH. Trrpos.] 


174, A merchant bought a quantity of cotton; this he exchanged 
for oil which he sold. He observed that the number of cwt. of cotton, 
the number of gallons of oil obtained for each ewt., and the number of 
shillings for which he sold each gallon formed a descending geometrical 
progression. He calculated that if he had obtained one cwt. more of 
cotton, one gallon more of oil for each cwt., and 1s. more for each 
gallon, he would have obtained £508. 9s. more; whereas if he had 
obtained one cwt. less of cotton, one gallon less of oil for each ewt., and 
ls. less for each gallon, he would have obtained £483. 13s. less: how 
much did he actually receive ? 


175. Prove that 
3(b+ce—-a—2x)'(b—c)(a—2) =16(b—c)(e- a) (a—b)(w—@) (w@—b) (a0). 
[Jesus Con. CamB.] 
176. Ifa, 8, y are the roots of the equation 23 — px?+r=0, find the 


equation whose roots are ety ; ae ; enh [R. M. A. Wootwicn.] 
& ue 


177. If any number of factors of the form a?+6? are multiplied 
together, shew that the product can be expressed as the sum of two 
squares, 


Given that (a? + b*) (c? +d?) (e? +f?) (g?+h2) =p? +9, find p and g in 
terms of a, b, ¢, d, e, f, g, h. i ONDON Tae teterd 


178. Solve the equations 
e+ys61, e—-Y=91, [R. M. A. Woonwicx.] 


179, A man goes in for an Examination in which there are four 


papers with a maximum of m marks for each paper; shew that the 
number of ways of getting 2 marks on the whole is 


1 
3 (m+ 1) (Qm?+ 4m +3), [Maru. Tripos.] 
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180, If a, 8 are the roots of #?+pxr+1=0, and y, 8 are the roots 
of 2°+gx%+1=0; shew that (a—-y)(8—y)(a+)(8+8)=¢?— p2 
[R. M. A. Woonwicu.] 
181. Shew that if a,, be the coefficient of #™ in the expansion of 
(1+.2)", then whatever x be, 
_ (n-1)(n—-2)...(n—m+1) 
i= 


m—1 


Ay — A + Ay — 200+ (—1)™- 1a, 


oo 
[New Cou. Ox.] 


182, A certain number is the product of three prime factors, the 
sum of whose squares is 2331. There are 7560 numbers (including 
unity) which are less than the number and prime to it. The sum of 
its divisors (including unity and the number itself) is 10560, Find the 
number. [Corpus Coun. Cams.] 


183, Form an equation whose roots shall be the products of every 
two of the roots of the equation #3 - az?+br+c=0. 


Solve completely the equation 


20° + a+ 74+-2=1203 + 122%, 
[R. M. A. Wootwicu.] 


184. Prove that if 7 is a positive integer, 


ie Jee gh Aaa =2"|n, 


185. If (6,/6+14)"+1=, and if F be the fractional part of J, 
prove that VF'=20%*1, [Emm. Coun. CamB.] 


n—n(n—2)" + 


186. Solve the equations: 
(1) at+y+z=2, v+y2+2=0, B+yP+3=—1, 
(2) @—(y—2)?=a%, 9° (2-2)? =B, 2—(e—yPae. 
[CuRist1’s Cott. Cams.] 


187, Ata general election the whole number of Liberals returned 
was 15 more than the number of English Conservatives, the whole 
number of Conservatives was 5 more than twice the number of English 
Liberals. The number of Scotch Conservatives was the same as the 
number of Welsh Liberals, and the Scotch Liberal majority was equal 
to twice the number of Welsh Conservatives, and was to the Irish 
Liberal majority as 2: 3. The English Conservative majority was 10 
more than the whole number of Irish members. The whole number of 
members was 652, of whom 60 were returned by Scotch constituencies, 
Find the numbers of each party returned by England, Scotland, Ire- 


land, and Wales, respectively. [St Jonn’s Cont. Cams] 


188. Shew that a5(c—b)+05(a—c)+c(b—a@) 
=(b—c)(c-—a)(a—b) (3a +307b+ abc) 
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189, Prove that | a? 3a? 3a 1 |=(a-1)6 
[a a®4+2a 2a+1 1] 
a 2a+1 a4+2 1 
[1 3 3 1 [Batt Cott. Ox.] 
the oll l i ; : 
190. If—+-+ + 0, prove that a, b, ¢ are in harmonical 
a e a—-b c—b 
progression, unless b=a+ce. [Trin. Cont. Cams.] 


191. Solve the equations: 


(1) #8 —132?+157+189=0, having given that one root ex- 
ceeds another root by 2. 


(2) w#t—4x?2+8x+35=0, having given that one root is 
a+/—3. [R. M. A. Wootwicx.] 


192. ‘Two numbers a and 6 are given; two others a, 6, are formed 
by the relations 3a,=2a+6, 3b,=a+2b; two more ay, 6, are formed 
from @,, b, in the same manner, and so on; find a,, 6, in terms of a and 
6, and prove that when n is infinite, a,=b,. [R. M. A. Wootwicu.] 


193. If v+y+z2+w=0, shew that 
wa (w+ x)? + y2(w— x)? +wy(w+y)? 
+2a(w—y)?+we(w +2)? + ay (w —2)?+4a0yzw=0, 
[Martu. Tripos.] 
bc -a? : P ‘ 
194. Ifa+ aha be not altered in value by interchanging 
a and 6 (a, 6 and ¢ being unequal), it will not be altered by interchanging 
a and ¢, and vice versa ; and it will vanish if a+b+c=1. 
[Matu. Tripos.] 


195. On a quadruple line of rails between two termini A and B, 
two down trains start at 6.0 and 6.45, and two up trains at 7.15 and 
8.30. If the four trains (regarded as points) all pass one another 
simultaneously, find the following equations between ,, 7, v3, U4, their 
rates in miles per hour, 


30, 4m+5x2,__ 4m+102, 
Heyl, ky+%, 0, +2, 


where m is the number of miles in AB. [TRin. Coun. CamB.] 
196. Prove that, rejecting terms of the third and higher orders, 


(1-2) #4+a-y)? 
140-2) (1-9) 


1 1 
=1+ 5 (ety) +5 (82? + ay +372). 


[Trin. Cott. Camp.] 


MISCELLANEOUS EXAMPLES. 511 


197. Shew that the sum of the products of the series 
a, a—b, a—2), ...... . a—(n-1)b, 


taken two and two together vanishes when 7 is of the form 3m?—1, 
and 2a=(3m—2)(m+1)b. 

198. If is even, and a+, a—§ are the middle pair of terms, 
shew that the sum of the cubes of an arithmetical progression is 


na {a*+(n?—1)B}. 
199. Ifa, b, ¢ are real positive quantities, shew that 
11,1  @&+08+¢é 


hy uae a@b3¢3 


[Trin. Coun, Cams.] 


200. A, B, and C'start at the same time for a town a miles distant; 
A walks at a uniform rate of w miles an hour, and B and C drive at a 
uniform rate of v miles an hour. After a certain time B dismounts 
and walks forward at the same pace as A, while ( drives back to meet 
A; A gets into the carriage with C and they drive after B entering the 
town at the same time that he does: shew that the whole time occupied 


@ 3v+u 
—. =—— hours. [PETERHOUSE, CAMB. | 


201. The streets of a city are arranged like the lines of a chess- 
board. There are m streets running north and south, and n east and 
west. Find the number of ways in which a man can travel from the 
N.W. to the 8.E. corner, going the shortest possible distance. 

[Oxrorp Mops.] 


202. Solve the equation V7+27+/55—a2=4, 
[Batu Conn. Ox.] 
203. Shew that in the series 
ab+ (a+x)(b+2)+(a+2x)(b+22)+...... to 2n terms, 
the excess of the sum of the last » terms over the sum of the first n 
terms is to the excess of the last term over the first as n” to 2n—1. 


204, Find the n** convergent to 


205, Prove that 


(a—2)*(y —2)8-+ (a—y)*(z - w+ (a—2)*(e—y)* 
=2 {(a—y)P(a—2)(@—y)(a@—2) + (a2)? (a-a)P(y -2)°(y — 7)? 
+ (a—2)(a—yP@—«)P(2-y)}. 
[PETERHOUSE, CaMB.] 
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206. If a, 8, y are the roots of «2+ ¢gx+r=0, find the value of 
matn  mB+n , my+n 
ma-nr MmB-nh My—N 
in terms of m, n, q, ”- [QuEENs’ CoLL. CamB.] 


207. In England one person out of 46 is said to die every year, 
and one out of 33 to be born. If there were no emigration, in how 
many years would the population double itself at this rate? Given 


log 2=3010300, log 1531 =3'1849752, log 1518=31812718. 


208. If (l+r7+2?)"=a)+a,+aov°+...... » prove that 
n(n —1) n 
1.2 ‘Lincs 

unless 7 is a multiple of 3. What is its value in this case? 
[St Joun’s Conn. Cams.] 


Bp sNOpayt 


pag —iescnor aye 0, 


209. In a mixed company consisting of Poles, Turks, Greeks, 
Germans and Italians, the Poles are one less than one-third of the 
number of Germans, and three less than half the number of Italians. 
The Turks and Germans outnumber the Greeks and Italians by 3; 
the Greeks and Germans form one less than half the company; while 
the Italians and Greeks form seyen-sixteenths of the company: deter- 
mine the number of each nation. 


210. Find the sum to infinity of the series whose n‘* term is 
(n+1) 2-1! (n+2)-1(—a)"*1, [OxrorD Mops.] 
211. If is a positive integer, prove that 
2 2_1)(n2— 92 
EPICS NCC ey 
n(n? —1) (nm? — 2°)...... (n? — 7?) 
[p(r+l si 


+(=1)" 


[PemB. CoLu. CaMB.] 
212. Find the sum of the series: 


(1) 6, 24, 60, 120, 210, 336,...... to 2 terms. 
(2) 4—9v+ 162? — 2523+ 362 — 492°+...... to inf, 


1.35 8.5. 5. a9 
CS on Por eer 


213. Solve the equation 4a 62+2 8r+1 
62+2 9x+3 12% —|==0) 
82+1 122 162%+2 
[Kine’s Conn. Camp.] 
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214. Shew that 
(1) a®(1+0?) +0?(1+e)+e(1+4a*) >6abe, 
(2) n(aPt¢4bPta4cPtd+ ,..)>(aP+bP+cP+...)(aI+b%+c1+...), 
the number of quantities a, b, c,... being n, and p and q being positive. 
215. Solve the equations 
ye=a(ytz)+a 
2V=a(z2+£)+B>. 
Ly =a(e+y)+y (Trin. Corn. Cams.] 
216. If be a prime number, prove that 
1 
1(2"-141)+2 (a +5) +3 (a + 3)+ ote — Ll) ee + i) 
-_ q —_— 
is divisible by z. ([QUEEN’s CoLL. Ox.] 
217. In a shooting competition a man can score 5, 4, 3, 2, cr 0 


points for each shot: tind the number of different ways in wnich he 
can score 30 in 7 shots. [PemB. Cott. Cams. | 


218. Prove that the expression «° —bx?+cu?+du—e will be the 
product of a complete square and a complete cube if 
12b 9d 5e @ 


5 Damier? aalcts 
219. A bag contains 6 black balls and an unknown number, not 
greater than six, of white balls; three are drawn successively and not 
replaced and are all found to be white; prove that the chance that 
a black ball will be drawn next is ao [Jesus Conn. CamB.] 


220. Shew that the sum of the products of every pair of the 
squares of the first 7 whole numbers is sat n(n? —1)(4n? — 1) (5n +6). 
[Carus Cott, Came.] 


— 2 = 2 Be 
i gee eg Ly oy 
that a(b—c)+B(e-a)ty(a—b)=0. 


=0 has equal roots, prove 


222. Prove that when z is a positive integer, 


n—2 n=$ 4 a 8n—4) er 
| 


Q=2"- Wee: ae 2 
cS ee eee’) yas Ot aaa 


{[Cuarn Coin. CaMB, 
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223. Solve the equations: 
(1) a2 +2y2=y24 Qen=22 + 2ry+3=76. 
(2) wtyt+z=at+b+e 
ag +- Gh + Z =3 
GEO Me 
ax+ by+cz=be+ca+ab , 
[Curist’s CoL.. CamB.] 


224. Prove that if each of m points in one straight line be joined 
to each of in another by straight lines terminated by the points, then, 
excluding the given points, the lines will intersect mn (mn — 1)(n—-1) 
times. [Marn. Trrpos.] 


225. Having given y=v7+2?+%, expand wv in the form 
ytay? + by? + cyt+dy>+...... 5 
and shew that a?d — 3abe+2b3= —1. [Bauut, Coin, Ox.] 


226. A farmer spent three equal sums of money in buying calves, 
pigs, and sheep. Each calf cost £1 more than a pig and £2 more 
than a sheep; altogether he bought 47 animals. The number of pigs 
exceeded that of the calves by as many sheep as he could have bought 
for £9: find the number of animals of each kind. 


227. Express log 2 in the form of the infinite continued fraction 
Weed len OA caer m2 
Ta ae 1s les siowretae a i335 [EuLER.] 
228. Ina certain examination six papers are set, and to each are 
assigned 100 marks as a maximum, Shew that the number of ways 
in which a candidate may obtain forty per cent. of the whole number 
of marks is 


[Oxrorp Mops.] 


[5 [240° i390 +1 [3s 


Ae jee . 


229. Test for convergency 


Belieo eo Mle OR aeee 


A epee a il te erils 
2° 9,4°6 | Sp4,6.6°00 ard Color 1a Era 


3. 
4. 

230. Find the scale of relation, the n‘* term, and the sum of n 
terms of the recurring series 1+ 6+ 40+ 288+ 


eoeeoee 


Shew also that the sum of n terms of the series formed by taking 
for its r* term the sum of r terms of this series is 


2 4 
3 (2?"—1)+ 72 (29" —1)— s . [Catus Coun. Cams. ] 
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231. It is known that at noon at a certain place the sun is hidden 
by clouds on an average two days out of every three; find the chance 
that at noon on at least four out of five specified future days the sun 
will be shining. [QuEEN’s CoLL. Ox.] 


232. Solve the equations 
a+ (y-2)P2=a? 
y+ (2-2 =6"). 
2+(e-y)P=C [Emm. Conn. Cams.] 
233. Eliminate «x, y, z from the equations: 
Bry — ae —ye—ya PP -mm—zy 
a b ¢ 


, and ax+by+cz=0. 
[Marx. Trivos.] 


234, If two roots of the equation 23+px*+qxr+r=0 be equal and 
of opposite signs, shew that pg=r. [QuzENS’ Cou. Cams.] 
235. Sum the series: 
(1) 14+237+3%2?+...... alec a 
25 52 5n?4+12n+8 
Cy re ee Pad Beas 
dak RC ie UR a aa 72 (n +13 (n+ 2)" 
[Emm. Conn. Cams.] 


236. If (1+a%s4) (1+ 52%) (1 +a%!®) (1+ a'2%)...... 


=1+4+A,7*+ A, + A,ol+...... 
prove that A,,,,=a@'A,,, and A,,—a"A,,; and find the first ten terms 
of the expansion. [Corpus Conn. Cams.] 


237. On a sheet of water there is no current from A to B but a 
current from B to C’; a man rows down stream from A to Cin 3 hours, 
and up stream from C to A in 34 hours; had there been the same cur- 
rent all the way as from B to C, his journey down stream would have 
occupied 23 hours; find the length of time his return journey would 
have taken under the same circumstances. 


238. Prove that the n convergent to the continued fraction 


ae aD _ 3et143(—1)st1 


ecccce 18 Bet (-1t 


[Emm. CoLt. CamB.] 


2+ 2+ 2+ 


239. If all the coefficients in the equation _ 
a+ yt) + Dot? + 6 Dn =f (#)=0, 


be whole numbers, and if f(0) and f(1) be each odd integers, prove 
that the equation cannot have a commensurable root. 
[Lonpon University.] 
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240. Shew thet the equation 
Vae+a+Vba+B+Vcxr+y=0 
reduces to a simple equation if ./a+./b+,/e=0. 
Solve the equation 
N82? — 120 — 89 + N22? - 8x — 15 - N22? — 3 +20=0. 


241. A bag contains 3 red and 3 green balls, and a person draws 
out 3.atrandom. He then drops 3 blue balls into the bag, and again 
draws out 3 at random. Shew that he may just lay 8 to 3 with 
advantage to himself against the 3 latter balls being all of different 
colours. [PEM Coin. CAMB.] 


942, Find the sum of the fifth powers of the roots of the equation 
a4 — 72 +4a -3=0, [Lonpon UNIversity.] 


243. A Geometrical and Harmonical Progression have the same 

p, gt, r™ terms a, b, ¢ respectively: shew that 
a(b—c)loga+b (ce—a) log b+¢(a—b) loge=0, 

[Curist’s Colt. CamB.] 

244, Find four positive numbers such that the sum of the first, third 

and fourth exceeds the second by 8; the sum of the squares of the 

first and second exceeds the sum of the squares of the third and fourth 

by 36; the sum of the products of the first and second, and of the 


third and fourth is 42; the cube of the first is equal to the sum of the 
cubes of the second, third, and fourth, 


245. If 7, Trai Troy be 3 consecutive terms of a recurring series 
connected by the relation 7),,.=a7),,,—07,,, prove that 


- {P2441 — OT Tn tbT,?| =a constant. 


246. Eliminate wz, y, 2 from the equations: 


1 Ge ue ma 2 2 yd 62 | 
COURS 6 40" EE SE pee 
wo fy? 4 i CF, sinadtr| 


[Eum. Cont, Cams.] 
947, Shew that the roots of the equation 


7° 
4 — pa +a? -re+—=0 
Br 


are in proportion, Hence solve zt—124°+472-—722+36=0, 
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248. A can hit a target four times in 5 shots; B three times in 4 
shots; and C twice in 3 shots. They fire a volley: what is the pro- 
bability that two shots at least hit? And if two hit what is the pro- 
bility that it is C who has missed ? [Sr Cars. Coit. Cams.] 


249, Sum each of the following series to ” terms: 
(4-014-074-9284 797 eis; 


2 2.2 1 : 6.28 13. 24 
UNS eae we GIR PLY Oe 


(3) 34+24+92?+2°+3382t+2°4+1290°+....... 
[SrconD Pusiic Exam, Ox.] 


250. Solve the equations: 


(1) p+yz+2 =az, (2) xe(yt+tz—-x2)=a, 
ierisnan| seee-y=b| 
w+ ay+y?= a2. 2(a@+y~z)=c. 
[PureRHousE, CAMB. ] 


lece aa) ii 4 f 
7/59 ra eg pay te mba? and m is an odd integer, shew that 
ores 1 
at * br" gr ~ at te bn +c 4 


If u6 — v6 + 5u?v?(u* — v?) + 4uv (1 — u4v*) =0, prove that 
(u? — v?)® = 16u?v? (1 —u8)(1—v8), [Pump. Coun. Cams] 


252. If c+y+2=3p, yet+cr+ay=39, xyz=r, prove that 
(yAe—x)(2+a—y)(a@t+y—z)= —27p?+ 36p¢q — 87, 
and (yt2—-a2)+ (e+ a-—y)+(a+y—2)?=27p3 — 249, 


253. Find the factors, linear in , y, z, of 


{a (b+¢) 2? +6(c+a) y*+¢ (a+b) 27}? —4abe (a? +4?+2*)(au? + by? + cz”). 
[Carus Con, Cams.] 


wy +e atyte 3 atytz aty+e 
_ 254, Shew that Se) > gryVe > (=e) : 
[Sr Jony’s Conn, Cams.] 
255. By means of the identity {1 - remit = ae , prove that 
r=n 
Las (n+f=T)l 
5a Tea 


[Pzms. Coit. CamB.] 
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256. Solve the equations: 
(1) ax+by+e=zataytb=yzt+br+a=0. 
(2) #2 +y +2 -uU= id 


e+y-2-w= 6, 
e+pP—2+uU=218, [ 
wy+2u= 465. 


257. If p=q nearly, and n>1, shew that 


(n+])pt(n-1)q_ ey. 
(n—l)p+(n+1)q 


ui 
ee agree with unity as far as the 7“ decimal place, to how many 
q 


places will this approximation in general be correct? [Matx. Tripos.] 


258. <A lady bought 54 lbs. of tea and coffee; if she had bought 
five-sixths of the quantity of tea and four-fifths of the quantity of 
coffee she would have spent nine-elevenths of what she had actually 
spent; and if she had bought as much tea as she did coffee and vice- 
versa, she would have spent 5s. more than she did. Tea is more ex- 
pensive than coffee, and the price of 6 lbs. of coffee exceeds that of 
21bs. of tea by 5s.; find the price of each. 


259. If s, represent the sum of the products of the first m natural 
numbers taken two at a time, then 


2 1 aa ll 
gi tap tet pp tee = 9g & 
[Carus CoLn. CamB.] 
ea ge ea @ R 


pa+2qab+rb? pac+g(be—a®)—rab pa 2gca+ra2’ 
prove that P, p; Q,q; and R, r may be interchanged without altering 
the equalities, [Marx. TRrPos.| 
261. If a+8+y=0, shew that 
a4 84 BME M8 By (a + BM YM) +5 (08 + BP y2) (aA 4 BMH 4 9 AH), 
[Carus Cott. Cams.] 
262. If «, B, y. 5 be the roots of the equation 
vt + px + ga*+re+s=0, 
find in terms of the coefficients the value of > (a —B)?(y—8)%. 
{Lonpon UNIvERSITY.] 
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263. A farmer bought a certain number of turkeys, geese, and 
ducks, giving for each bird as many shillings as there were birds of 
that kind; altogether he bought 23 birds and spent £10. lls. ; find 
the number of each kind that he bought, if geese are cheaper than 
turkeys and dearer than ducks, 


264. Prove that the equation 
(yt2—8x)3 +(z+a—8y)3 +(a+y—82)$ =0, 
is equivalent to the equation 
u(y —2)?+y(z-a)*?+2(x-y)?=0. 
[St Joun’s Coxu. Cams.) 


: a b c d 
265. If the equation fie corm Coes a 


equal roots, then either one of the quantities a or b is equal to one of 


have a pair of 


the quantities ¢ or d, or else 7 + ; = , + i Prove also that the roots 
Qab 
are then —a, —a,0; —b, —6,0; or 0, 0, ee 


[Marx. TRrPos.] 
266. Solve the equations : 
(1) #+y+z=ab, x-14+y-142-1=a7-1b, ayz=a’, 
(2) ayet+by+ce=bex+ ca+ax=cxy+ar+by=a+b+e. 
[Seconp Pusiic Exam. Oxrorp.] 


267. Find the simplest form of the expression 
as ps 


(a—Bya—y)(a—d)(a-e) Bigeye é(B=«) 7 


* ]—aye—B)e—yNe— 0)" 


[Lonpon University.] 


268. In a company of Clergymen, Doctors, and Lawyers it is 
found that the sum of the ages of all present is 2160; their average 
age is 36; the average age of the Clergymen and Doctors is 39; of the 
Doctors and Lawyers 32,8; of the Clergymen and Lawyers 36%. If 
each Clergyman had been 1 year, each Lawyer 7 years, and each 
Doctor 6 years older, their average age would have been greater by 
5 years: find the number of each profession present and their average 


ages. 
269. Find the condition, among its coefficients, that the expression 


Ox? + 4a y + 6a.vy? + 4a.ry? + ayy4 


should be reducible to the sum of the fourth powers of two linear 
expressions in w and y. [Lonpon Univzrsiry.] 
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270. Find the real roots of the equations 
“gt+e+wt=at, vww+u(y+z)=be, 
ytw+u=b*%, wut+v(z+x)=ca, 
24+v+v=c, w+w(e+y)=ab. 
[Matu. Trrros.] 


271. Itisarule in Gaelic that no consonant or group of consonants 
can stand immediately between a strong and a weak vowel; the strong 
vowels being a, 0, w; and the weak vowels e and 7%. Shew that the 
whole number of Gaelic words of n +3 letters each, which can be formed 


of m consonants and the vowels aeo is ue where no letter is re- 
n+ 
peated in the same word. [Carus Coin. Cams.] 
272. Shew that if x?+y?=22?, where a, y, z are integers, then 
Qe=r(l2+2k—-k?), 2y=r(k?+2k—-P), 2z=r(l? +k?) 
where 7, 1, and & are integers. [Carus Coty. CamB.] 
é y Bre a Ba FG} - 
INES, Find the value of we te 34 Ba T+ eeccce to inf. 
[Curist’s Cott. Cams.] 


274, Sum the series: 


ieee in 
‘Deseur(EN Ces RES CRS NCES ATT 


275. Solve the equations ; 
(1) Qaye4+-8=(2v—1)(3y+1)(42—1) +12 
= (2@+1)(3y—1)(42+1)-+80=0. 
(2) 8ua—Qoy=ve+uy=3u?+22=14; 2y=10u. 


276. Shew that a+r ab ac ad 


ab b24+r ~~ be bd 
ac be +r ed 
We ba ok 


is divisible by \3 and find the other factor. [Corpus Coun. Cams.] 
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277. If a, b, ¢,... are the roots of the equation 
T+ Pye) + prot? + + Dy 0 + Pa=03; 
find the sum of a3+63+¢3+..., and shew that 


pled Sala! salar eee aga fp eas re 
ete oe eS tap, Peer PP) 


Pn 
[St Jonn’s Coun. CamB.] 


278. By the expansion of oe , or otherwise, prove that 
_ a, , (82=-1)(Bn-2) _ (82 -2)(3n—-3)(3n—4) 
SS eateliaes i 1.2.3 
(382 — 38) (82 — 4) (8n —5) (82-6) 
eee 1.2.3.4 Po can 


when 7 is an integer, and the series stops at the first term that vanishes. 
[Matx. Trrpos.] 

279. Two sportsmen A and B went out shooting and brought 
home 10 birds. The sum of the squares of the number of shots was 
2880, and the product of the numbers of shots fired by each was 48 
times the product of the numbers of birds killed by each. If A had 


fired as often as B and B as often as A, then B would have killed 5 
more birds than A: find the number of birds killed by each. 


280. Prove that 8(a3+6?+c3)?>9(a?+ be) (b?+ ea) (c?+ab). 
[Pems. Conn, CamB.] 
281. Shew that the 2» convergent to 
2 4 6 2 Fi 
esl a ile PE wr. Sal aa 
3— 4-—5- D2" (n- 1)! 


What is the limit of this when x is infinite? {Kine’s Couu. Cams] 


982. If 2 is the n™ convergent to the continued fraction 
aS eae 
a+ b+ e+ a+ b+ e+ °° 
shew that 5n43=5Psn+(be+1) Q5n- [QuEENS’ Cot. CamB.] 
283. Out of n straight lines whose lengtas are 1, 2, 3, ... » inches 


respectively, the number of ways in which four may be chosen which 
reill dora a quadrilateral in which a circle may be inscribed is 


a {2n (n—2)(2n-5)-34+3(-1). = [Maru. Tripos.] 
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284. If uy, wv, are respectively the arithmetic means of the squares 
and cubes of all numbers less than 2 and prime to it, prove that 
n3 — 6nuy+4u,=0, unity being counted as a prime. 

[Sr Jonn’s Couy. Cams.] 

285. If n is of the form 6m —1 shew that (y—z)"+(z2—2)"+(x£—y)™ 
is divisible by a?+y?+2—yz—zxr—ay; and if nis of the form 6m+1, 
shew that it is divisible by 


(e+y+2—yz—20 — xy). 
286. If S is the sum of the m™ powers, P the sum of the products 


m together of the m quantities a, d, @3,...@,, Shew that 
|n-1.S8>\n-m.|m.P. 
[Caros Cou. CamB.] 
287. Prove that if the equations 
e+qxe—r=0 and rv >—29?x? — 5gra—2¢3—7?=0 


have a common root, the first equation will have a pair of equal roots; 
and if each of these is a, find all the roots of the second equation. 


[Inpra Crvit SERVICE.] 


288. If wx 2a?—3a2+y / 2a? — 3y? +2 /2a?—32=0, 
where a? stands for 2? + y*+2", prove that 
(@ty+2)(—a@+y+2)(@-y+2) (wt+y—z2)=0. 
[Trin. Conn. CamB.] 


289, Find the values of 2, 2,...”, Which satisfy the following 
system of simultaneous equations: 


L Ly est 
Go, eae ee 
Oy He Cm 
ai w+ -—— =i! 
CS ae ae 
x vg Ln 
si Ue Nees koe edp = 
ib ae ea ee 


» [Lonpon University.] 


290. Shew that {| yz—a? e-y? wy-2\=| 7? w uP 
2am y® ay—2 yz— 2x Pee ale 
Ly 2 ye—a*. 20—y? Oo UE aT Real 


where P =a? +y? +2, and w=yz+en + vy. 
[Trin. Cott. CamB.] 
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291. <A piece of work was done by A, B, C; at first A worked alone, 
but after some days was joined by &, and these two after some days 
were joined by C. The whole work could have been done by B and C, 
if they had each worked twice the number of days that they actually 
did. The work could also have been completed without B’s help if A 
had worked two-thirds and C four times the number of days they actually 
did; or if A and B had worked together for 40 days without C; or if 
all three had worked together for the time that B had worked. The 
number of days that elapsed before B began to work was to the 
number that elapsed before C began to work as 3 to 5: find the 
number of days that each man worked. 


292. Shew that if S, is the sum of the products r together of 


2 —s 
LR O52 WES axle 


1 
CER Ss NG Po ey: 
=f sf 2 ‘i 
[St Jonn’s Cott. Camp. ] 


293. If a, b,c are positive and the sum of any two greater than 
the third, prove that 


=e = b = D\e 
(14°5*)"(145") (+2) 21 
a b ¢c 
[St Jonn’s Cont. Cams.] 


294. Resolve into factors 
(a+b+c)(b+e-a)(e+a—b)(a+b—c)(a?+b? +e) - 8a7b*c?, 
Prove that 
4{at+Bt+yt+(at+B+y)} =(B+y)+(y+a)+(a+f) 
+6(B +)? (y+a)?+6(y+a)?(a+P)?+6 (a+)? (B+y). 
[Jesus Coin. Cams.] 


995. Prove that the sum of the homogeneous products of 7 dimen- 
sions of the numbers 1, 2, 3, ..., and their powers is 
alee IDs skaeet he ao gnt rng MVM =2) gn ard —... ton terms}. 
n—-1 il Ih 
[Emm. CoLn. Cams.] 


296. Prove that, if n be a positive integer, 


3n (3n— 3) = 3n (3n = 


faa eae | 9 ik 


oe +...=2(-1)"% 
[Oxrorp Mops.] 
297. If «#(2a—y)=y (2a—z)=z2 (2a - u)=u(2a—x)=b*, shew that 


e=y=z=u unless 6?=2a", and that if this condition is satisfied the 
equations are not independent. (Maru. Tripos.] 
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298. Shew that if a, b, c are positive and unequal, the equations 
ax+yz+2=0, za+by+z2=0, yz+er+e=0, 
give three distinct triads of real values for x, y, 2; and the ratio of the 
products of the three values of # and y is b(b—e) : a(e—a). 
[OxForD Mops.] 


29 uee it A=axr-—by—cz, D=bz+cy, 
B=by-cze-ax, E=cxr+az, 
C=cz-ar—by, F=ay+bz, 
prove that ABC- AD?— BE? -CF?+2DEF 


=(a?+ 0? +0?) (axr+by+e2)(2+y7?+2). 
[Seconp Pusiic Exam. OxForp.] 


300. A certain student found it necessary to decipher an old 
manuscript. During previous experiences of the same kind he had 
observed that the number of words he could read daily varied jointly 
as the number of miles he walked and the number of hours he worked 
during the day. He therefore gradually increased the amount of daily 
exercise and daily work at the rate of 1 mile and 1 hour per day 
respectively, beginning the first day with his usual quantity. He found 
that the manuscript contained 232000 words, that he counted 12000 
on the first day, and 72000 on the last day; and that by the end of half 
the time he had counted 62000 words: find his usual amount of daily 
exercise and work. 
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20ew aera, Ls a1, —38, 4,1. ODE MBO SN ora, 
25. +a(b?—c?), +b(c?-a*), +c(a?- bd’). 
26. be(b-—c), ca(c—a), ab(a—b). 
II. Paezs 19, 20. 
3 
a 48 2d TID. (2) BOOP De Boas 
) ( Tey 
8 a(b+c) 
13.) Ob; 7 14. 0, 3, 8. 15. mucin eon 
13: 3; 19. '6;9, 10, 15; 20. 3 gallons from A; 8 gallons from B. 
21. 45 gallons. 23 kaos 24. a=4b. 

25. 64 per cent. copper and 36 per cent. zinc. 3 parts of brass are taken to 
5 parts of bronze. 26. 63 or 12 minutes. 
III. Pacus 26, 27. 

1. 54. 2. 9. 3. 14. 4. 12. 7. 60. 
8 36 
9. y=2n——. 10. y=5a+—- Il. 4: 
32: 2 as ae 14. 36. — 15. 1610 feet; 305-9 feet 
o 16 pblbe. i th Pie” ade 
16. 2244 cubic feet. 17, 4:3. 
18. The regatta lasted 6 days; 4%, 5%, 6% days. 
20. 16, 25 years; £200, £250. 21. 1 day 18 hours 28 minutes. 
22. The cost is least when the rate is 12 miles an hour; and then the cost 


per mile is £,3,, and for the journey is £9. 7s. 6d. 
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19. 
23. 
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IV. a. Pagss 31, 32. 


* 10-7 
yt a oa G3 3. 0. 4. ie) . 5, 
- 42. I= “S185. “+ 82 °1325,8; | 9. The 
21 

820a — 16806. 11. n(n+lja—n*b. iz: g (11a - 96). 
ae eee 14 deel o<3), 16 Se <8 eee 
w—a+l1, w? -27+2,..., x. 17. n?. 13° 3: 19 «5. 
612. 21. 4, 9, 14. 2 derdondle 23. 495. 24, 160. 
p(p +1) aes 

Swope 26. n(n+l1l)a = 

IV. b. Paces 35, 36. 

10 or -8. 2 8or -13. 8). 220s Ss cee 

First term 8, number of terms 59. 

First term 74, number of terms/54. 

Instalments £51, £53, £55,... Tos 8. 25. 
ao (2 t= Sanle) 10. n2 12 

2(1-2) dae a - -—(p+q). 

3, 5, 7,9. [Assume for the numbers a-3d, a—d, a+d, a+3d.] 

2, 4, 6, 8. 15. pt+q-m. 16. 12 or-17. 17. 6r-1. 
10p - 8. 21. 8 terms. Series 14, 3, 44,...... 
3, 5, 7; 4, 5, 6. 23. ry=(n+1—-r)z. 

V. a. Paass 41. 42. 

2059 1281 
[a58 2. 312 3. 1914. 4. —682. 

1093 1 § 4\3n 

a SiS ee) Tees (ies ‘ 

G3 6. rac 1). Xl {1 G) } 8. 364(./3+1). 
1 463 3 2 
= (585,/2 — 292). 10. ——_-. = sa 
5 (5852 ~ 292) 3 tie a 

16 7 u 64. 
SSHhoon rls. (kb “Suh Sg gay ae : 

3 7 go 35 14. eB 
27 | I 3(3 +/3) 
58 16. -999. es 3 ° 18. ae . 
7(7+/42). 20. 2. 217 GG 249 36sees gn 28 we 
2. 24. 8, 12,18. 25. 2, 6,18. 28. 6, —3, 14,...... 


14. 


20. 


19. 


11. 
15. 


11. 
16. 
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V. b. Paces 45, 46. 


1-—a" _ na®™ 8 l+az 
(L-o8) in’ ca Times 
it n 1 
Se a 5. 6. 6. daa 
Aes 10. 40, 20, 10 i 
(1-r) (1-br)* lth. re eee 
eae 1 2 (7m _ iu = 
w(a*—1)  n(ntl)a a3, fe), ey tary 1) 
z-1 2 a1 ay-1 
2 1 23 
4p?a + 5 (1 = xm) sal aes 16. 78° 19. 1. 2nt?_QnrtHi+@, 
(1+a) (a%c™ -1) ar (77—1) ) 
ac—1 : ie N pare PI pai 


Visas —BAGHSs 152553: 


256282 a 2 
1) 5. A 33. . 64, 7$. SER ih ERO 
(1) 5. (2) 84. (8) 838 2 67% 8 rs) gt 
6 and 24. 5. 4:9. 10. n?(n+1). 
1 
qu (n+l) (n?+n+3). 12. -” n (n+1) (2n+7). 
F in (n+1) (n?+3n+1). 14. ; (37414 1) — 2"41, 


4rt1_4—n(n+1) (n?-n-1). 
The n term=b+c¢ (2n—1), for all values of m greater than 1. The first 
term is a+b+c; the other terms form the A.P. b+ 3c, b+5c, b+7e,.... 


ies 22. 5 (20+ n= Id) Jo® +(n-1) apes 1) at ' 

VI. b. Page 56. 
1240. 2. 1140. 3. 16646. 4, 2470. 5. 213821. 
52. 7. 11879. 8. 1840. 9. 11940. 10. 190, 
300. 12. 18296. 14. Triangular 364; Square 4900. 
120. 16. n-1. 


VII. a. Pace 59. 


333244. 2. 728626. 3. 1740137. 4. e7074. 5. 112022. 
334345. 7. 17832126. 8. 1625: 9. 2012. 10. 342. 
tt190001. 12. 231. 13.. 1456. 14,7071, 15. eee. 
(1) 121. (2) 122000. 


VII. b. Paaus 65, 66. 


20305. 2. 4444, 3. 11001110. 4. 2000000. 5. 7388. 
34402. 7. 6587. 8. 8978. 9. 26011.” ~ 10. 37214: 
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11. 30034342. 12. 710te3. 13. 2714687. 14. -3046. 15. 15-106. 
2s A 5 2 5 
. 0195. 4s pee a Se 
16. 20°73. 17. 125-°0125 18 8 19 3° 8 
20. Nine. 21. Four. 22. Twelve. 23. Hight. 24. Eleven. 
25. Twelve. 26. Ten. 30. 2427428, 
31. 39-38-37 — 36 — 354 334.3241. 
VIII. a. Pacus 72, 73. 
24+, /2+,/6 3+,/6+,/15 
i, SNe 2 
4 6 
: an/b + ba — Jab (a+ (a+b) es 1+ /a?-1+4,/2a (a- 1) 
‘ 2Qab i a-1 
5, 30/30+5,/15-12-10,/2 g N2tN8+N5 
: 7 : é 5 ‘ 
cts 1 2S Ft 5 
7. 38433, 2243 .2438 22433 22492, 
be ea Se 3 a 
8. 56-56, 234 58, 23— 56.24 58, 23-28, 
nu wi 91 11 0 Sun 
9. a® —asbs+asb?—...+a8b4—d4, 10. 3343841 
1 1 8 
11, 23-22, 7442. 72-74, 
nw 1 2 a ae 2 1 
12. 53 +53 , 34453. 344....453.34434, 1-3+3 
bares 5 8 1 7 bee 
14, 17-33, 224 38 22-3 . 22433, 23 38.22, 
Lae ahs atest 
15. 32, 22-33. 2+438, 22-3 , 22433, 22 38, 93 
47:51 Hk Bee. } 2 6 2 iw 
16. 5 (8°-8648°— 8F4-58—1), 17. 25426 4296496429619614 
81 . 
ed 
37+ 86+ 36 
18. —. 19. /5+,/7-2. 
3 5 
20. J5-/7+2,/3. 21. 1+,/3-,/2. 22. 1+ an 5° 
23. 2+,/a—»/3d. 24. 8-/7+/2-/3. 25. 14+,/3. 
26. 2+,/5. 27. 3-2,/2. 28. ,/14-2,/2. 
29, 2/3 +4/5. 30. 3,/3-,/6. 31. af ee NE: 
30. va ws ae af ae eae es 
2 2 
34. (ee Ve) a 
— ah 
1 
36. 11+56,/3. 36. 289. mi 
J a7. 30/3. 


ES 


43. 


3/3 +5, 


3+, /5= 523607. 


3a +/ b= 3a? 


2a 
+(24+3,/-1). 
#2(1= ,/—1). 


352? +132—12=0. 
(p? — q?) x? + 4pqa —p?+¢q?=0. 
a? +10¢%+13=0. 


a+62+34=0. 
eta — 
Qazi + 


3, 5. 


a?c?z? — 


2ab+b?=0, 
(4-a?) 2? - 


ANSWERS, bzy 
$9. 3. 40. 8,/3. 
42, 2?+14+i/4+a-2,3/2+ 3/2, 
a-1 
44. 


2 


VIII. b. Packs 81, 82. 


2. —13. 3. e2V=1_ e-2V=1, 
3+,/=2 
5, 2a? 8. -19=6,/10. 
dar /—1 2 (8a?-1) /-1 
8. —osaes 9. ee e 
a +z z?41 
12. 3/—1. 12. 100, 
14. +(5-6,/-1) 15 a ee 
17. +(a+,/-1). 18. +{(a+b)-(a-b) ¥-]}} 
4/6. , 
20. 5-342 a1. 4, 
og, 22 (3a*-¥), 
= a? +b? 


IX. a. Pages 88—90. 


2. mna*+(n*?—m*) «—-mn=0. 
4. x2?-1474+29=0. 
6. 2?+2px+p?-8q=0. 
8. 224+ 2axr+a?+b?=0. 
10. 62?+112?-197+6=0. 
2ax=0. 110 —82?+172-4=0. 
10 a—b 
5. 2, —— . o>. 
1 ‘ 9 16 au 
4 = he ) 
igh eee ee as 20. VE aed ( bed é 
a ac 
phere le 24. — 2 (p*—2q) «+p? (p?-4q)=0. 
b (b? — 3ac) - 
(2) a ea 27. nb?=(1+n)* ac. 


(b? — 2ac) (a? +c?) 2+ (b? — 2ac)?=0. 


a? —Amnx — (m? - n?)?= 


Jana — 2s 


qa 2 (z= 44) (p 


q 


IX. b. Paaus 92, 93, 


6. ba?-2Qax+a=0. 
=4). gy i= 4974 + 29" Le 
(2) a ; 1, 3 
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IX.-e. Pace 96. 


1 -2, P22 EN 5. (In' — Un)? = (lm - I'm) (mn! - m'n). 
7. (aa’ — bb’)? +4 (ha! + lib) (hb! + h'a) =0. 

10. (bb' — 2ac’ — 2a’c)? = (b? — 4ac) (b’ — 4a’c’); which reduces to 

(ac’ — a'c)? = (ab’ — a’b) (be' — b'c). 


X.a. Paazs 101, 102. 


1 1 1 1 | 
ae 4°79 2 a 2 Sass Z 4 az 
25 fe al! 
on as i 
i BOs (GY: 7 27, 147° 8. 35: 13° 
a 92355 u 
9. 9° 4° lo. —-1, zg: OO 2, 0. 12 ocd. 
13. —4, 14. +3 15. 0. 16 3» 450. 
E 3 3: /=47 
17, 9, —7, 1+ /-24. 18. 2, -4, -1#,/71. 19 3, -5, 9 
Tt “V2,/65 B 5 22,/70 
20. 4, 55 roo 2, —8, -343,/5. 22. 3, =on ee 
1 8+,/148 14. 7+,/37 > 1 5+n/201 
23. 5, 3» Se 4 ae (5 See — pe SS. 2, 5, rn : 
7 8+,/415 raat 
26. 5, =a? er ee iy a8. 5,5. 
18 a a 4) 
29. i; a yc 30. a, 2? at 31. 2, as 
10 5 
32. 4, ae SS.) 0,05: 34. 6, as 
-3+,/5 : 1 -1+,/-35 -1+'-3 
$5. 1, — ae 36. 3,35 feel 87. 2+,/3, ae 
1 1 2a 
38. 2, re) 5, —5 39. 3a, —4a. 40. a 
at, 0. 1,5. ie ie a 
2 2 
By ey 
43. 5) 5: 44. 3, -1, 45. +1; 
46. 13. 47. 4, ' 48. 0, peas 
65 
p—/b)? +4 eri iR 
, pects gh a z \ 
19. ? (Ja+n/b)?-4 50 5. 51. 5, ’ Foros © 


1 14,/=31 
62. ee . 


5 


11. 


12. 


13. 
14. 
15. 


16. 


18. 
20. 


22. 


24. 
26. 


27. 


28. 


29. 


30. 


32. 


$4. 


35, 
36. 


37. 


38. 


89. 


ale aa) 


8 _1b 8 97 
Z=5, — - 9 4, a at 2. B= 2) ig? Y= if 79° 
rok, 8, Jk 2a CER PES ESI RESO) jes aaah oes 
R= 3,228 — 2,9: 6. w=45, 5; y=5, 45. 
= 9, 43 y=4,' 9. 8. ee ES yi se eee 
r= +2, 43; y= +3, £4. 10. =#5, £33 yo23, £4. 
r= +2, £1; y==+1, +3. 


ogee 2/5: 


r=5, 3,44,/-97; 


ANSWERS. 


Xt, bit Pacis: 106.107 


33 
v=; a6 a/ 2%. 


y =3, 5, 44 ,/-97. 


2=4, -2, =, /—1541; y=2, —4, +,/—15-1. 
m=4, -2, &,/-1141; y=2, -4, +,/-ll-1. 


4 1 

5B? 53 y = 20, 5. 
xz=6, 4; y=10, 15. 
= 16M y= 157 16% 


t= 


C=O a — 4. 
Opie eyiaa Oe 
C= Oo, A ois al, 


17. 
19. 2%=729, 
218 -c=9;5 4; 
23. a=1,> 
25. 

582 


%=2; a Ha 2D 


343; y=343, 729. 
y =A, 9. 


2 
3 i= 2 3° 


c= +25; y=+9. 


w=+5, +4, “3, £2; y=+5, +4, +10, +8, 


107 1, 48 
ie ies demas Ft 
eee 143 | 


z=4 


z= —6, 
2=0, 9, 3; y=0, 3, 


Oe 


10 
#5, 533 


1 
=p =; = 
a al BY 4 
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123,/-143 
aiigpoan WS 
4 
15 9 
9. 31. waa; il, 22° y=0, 2, 99° 
pe en 33. 2=2; 8/4,25 y=2, 2/4, 6 


3 fr 
1 
ee 


T= AB, +,/-18; y= +3, f= 18) 


r=y= +2, 


b/a 


_ afb 


Or a+, fie 
b(-1+,/38) | 


a ? 


2 ; y=a,a 
a(2b—a). = 


> Ja+,/b’ 
(l+/3). 


b (2a =) 


Uy? 
a a 


_ anfo 
rJa-/b 


H.H.A, 
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12. 


13. 


16. 


ae Coders 


ii. 
13. 
16. 
se 
18. 
19. 
20. 
21. 
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a=0, ta,/7, £a,/13, £80, a; y=0, +DA/7, £bA/13, Hb, = 3d. 


a=) es te y= + 2a ie 
«= > lS _ ; = races . °° . 
/16at =a? -1 u »/16a4 = a? - 1 
X. c. Paces 109, 110. 
w= 23; y=; 2= 24, 2. ob} y= ly Za" 
225, =1; y=1, = 5; «=2. 4 2=8, <3; y=3; 2=3, —8. 
151 11 
Pe aL ye eel rep 
a= +43; y= F2; 2=+5. %. f= 09 Y= 215 2=2e 1. 
r ; : . 1 
x=8, —8; y=5, —5; 2=3, -3. 9. 2=3; y=4; z=53 u=5- 
Ty 2se= oe 11. 2=5, -—7; y=3, -—5; 2=6, —8 
11 
z=1, -2; y=7, -3; 2=3, rae 
a= 4, 73 y=6, 5 e=2, -6. 14. x=a, 0,0; y=0,a, 0; z=0, 0,4, 
a /3#/ -9 a - 5/34n/-9 | 
x ROY a EY 6 > e 
a /3+a/ -9 
z=—,, — ~—_*— a. 
NB 3 
&,/—1 —11+,/-15 
z=a, — 2a, te 63 y =4a, a, sath 5 
zg=2a, —4a, (1+ ./-1d)a. 


xX. d. » PAGE) 113. 


w=29, 21, 13, 5; y=2, 5, 8, 11. 
v=hr3, 6, 7,93 ye24, 19, 14, 9, 4: 


v=20, 8; y=1.8. 4. x=9, 20, 31; y=27, 14, 1. 
P= 30,0 Y— Oy oe 6. «=50,3; y=3, 44. 
z=Tp-5,2; y=5p-4,1. 8 2=13p-2, 11; y=6p-1, 5. 


z=21p—9, 12; y=8p—-5, 8. 105 2={ip,; 173 y=S3ph 13, 
2=19p—16, 3; y=23p-19, 4. 12. x=T77p—74, 3; y=30p— 25, 5, 
11 horses, 15 cows. 14. 101. 15. 56, 25 or 16, 65. 

To pay 3 guineas and receive 21 half-crowns. 

1147; an infinite number of the form 1147 +389 x 56p. 

To pay 17 florins and receive 3 half-crowns. 

37, 99; 77, 59; 117, 19. 

28 rams, 1 pig, 11 oxen; or 13 rams, 14 pigs, 13 oxen. 

3 sovereigns, 11 half-crowns, 13 suillings. 


S&B opp 


25. 
27. 


Ss Pap EEE 


ANSWERS, 533 


XI. a. Pages 122—124, 


12. 2. 224. 3. 40320, 6375600, 10626, 11628. 

6720. 5. 16. 6. 40320; 720. 7. 15, 360. 

6, 9 120. 10. 720. 11. 10626, 1771 

1440. 13. 6375600. 14. 360, 144. 15. 230300. 

1140, 231, 17. 144. 1s. 224, 896. 19. 848, 

56, 21. 3860000. 22. 2052000. 23. 3869600. 

21600. 25. ate oe 26. 2520. 27. 5760. 
EOS PO ae, 

3456. 29. 2903040. 30. 25920. 82. 41, 

1956. B46 ad « 


XI. b. Paces 131, 132. 


(1) 1663200, (2) 129729600. (3) 3326400. 2. 4084080. 
151351200. 4. 360. 5. 72. 6. 125. 
mn. 8. 531441. 9. p™ 10. 30. 
Aa ja+2b+3c+d 
1260. 12. 3374. 13. ag Ie $= 
wee Cie? 
4095. 16. 57760000. 17. 1023. 18. 720; 3628800, 
|mn 
127. 20r— Sipe 21. ———. 22. 64; 325. 23. 42, 
(myn 
= ed -2 -1)(q-2 
(1) p(p-1)_ aq Yai (2) p(p-1)(p-2)_g(q-1)(q-2) 
2 2 6 6 
Se ee 26. (p+1)"-1. 
113; 2190. 28. 2454. 29. 6666600. 30. 5199960. 


XIII. a. Paces 142, 143. 


wv — 1524+ 9023 — 2702? + 405 — 243. 

8124+ 216a3y + 21607? + 96ry? + 16y4. 

32a — SOx4y + 8003 y? — 402?y? + 10ry4—y?. 

1-184? + 135a4 — 540a8 + 1215a® — 14580)” + 72912, 

x + 5a9 + 1009+ 1027 + 5x8 + 25, 

1— Tay + 21a%y? — 35a%y3 + 85a4y4 — Q1a5y5 + Torys — wy", 


16 — 482? + 5424 -— 27x eee F 
80a2 64a 64 
6_ 5 4 Son eee deed 
729a® — 972a° + 540a4 — 160a? + 3 27 + 799° 


Ta Qlz? 85a3 8524 Q21e® Fao 2g? 


+ot+ to tae t+ crt at ine 
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G4a6 320 2022 135 243 | 729 

729 27 + 3 + da? ~ Bat T 6408" 

il Ghee Thi Rie Uihews FAR he 2 ‘A ites 
U. oe Bie ie Veen epee (Ot Terre See 


10. 


8 
al 10 45 120 210 252 210 120 45 z £00 ol 
(AcE te ete ete ats pty, 

13. — 357502). 14. —112640z%. 15. — 31227, 
1 fa 5a)3 (8y)2?, 17. 40a7b8 190 i 

6. 73 (8y)°’. . moe. - gz Ot 

6,/10 
ie. ee aes. 21. Qe44+240?+8, 
z abs 
22. 2a (164 — 20x?a? + 5a‘). 23. 140,/2. 
42 
24, 2 (365 — 3682+ 6322 — 2°). 25. 252, 26. — aM, 
27. 110565a4, 28. 84a, 29. 1365, —1365. 
1890” 21, 7 
30. —S—,-7ga% 81. Gg: 32. 18564, 
33 spel: ae 34 1)” ss 
"|b (w=7) |S (e472) pnkd) n | 2m" 
XIII. b. Paces 147, 148. 
Lome hesg sy 2. The 12%, 3. The 6%, 4, The 10% and 11%, 
5. Thes"=62, 6, The4and 5= — po 8 #2, y=8, mab. 


10. 1482 +20? + 823 — 2624 — 82° + 2006 — 827 + 28, 
11. 272° — 54a05+117a2a4 — 1160323 + 117ata2 — 54052 + 27a8. 
|\n (2Qn4+1 


Ath n—-T+1 | ee 2n+1, 
12. SI jpodpp—rti” a 13. (- 1 pel [n= x 
14. 15. 2r=n% 
XIV. a. Pace 155. 
1 1 1 3 2 1 
ey Mg ty one 
1 l+5% 3* + 7g Oy Se gttgr- 16” 
2 3 8 
De ee een LS A Aras 
eal Pad a5 Ion” 4 11-2224 324-428, 
5. L-2—at—3 a’ 6. Lies ont a8, 
3 5 2 10 
és oe eee Cpe an 
ee G+5e 97" 8 1- Gaur a7 7" 
a 9 5 5 
CR eae - aT hide 13 
9 ltats 54 to. 1 2a+5 aid 


23. 


24. 
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Lu 3 5 5 x 1 ul 
=(1--~2+=2?-— 23). ign 3414 2 
5( 1. on i) ( aa isa? laze *)* 
9 1 1 
4(140—Jars5 at) 14. ag (L+et gates 2°) 
o> 2 3 22 5 2° 429 77 
eat (14345 ata 3) tice aja dialed lk 
1040 1604 
a; oe 19. 57345 20. (r+1)at 
+1 +2 3 SENG hee = 
(r ~ = ae + ) a a2. (— 1) 1.3 m2 3) a, 
(pst 8-5.2. oe  (Br-14) 
— 1848213, - a 2, 
XIV. b. Paces 161, 162. 
(ear hBBeT@r-Y, 9 CHI (+2) (+8) (r+4) 
le iad 
_,1.2.5... (8r-4) 2.5.8... (3r-1) 

mx hie: See EE NS a = 1 tin ete AMA Yala aan 
(-1)" = an, 4 (-1) 3 jr a". 
(-yr et) (r+2) or 6. 3.5.7... (2rt+1) 

ke Ir 
ur r+1 
(- ibe arti . x”. 8. grt2 a". 
2.1.4...(3r—5) 3" “yp 1 s8 eB ins (20-1) 
oe ir we OY oe 
2.5.8... (37-1) |. (n+1) (2n+1)... (r—1.n4+1) at 
er,” 12, oe —_... — ce 
r r awn 
The 3"4, 14. The 5%, 15. The 13%, 16. The 7, 
The 4 and 5t*. 18. The 3'4, 19. 9°89949. 
9°99333. 21. 10°00999. 22. 6°99927. 23. °19842. 
100138, 25. -00795. 26. 5°00096. 27, 1- a. 
2 \ 5a 1 5 343 
3 (+32): 29. 1- >: 30. 776" 31. 1-550" 
cs » : 29, 297 
XIV. c. Paces 167—169. 
—197. ; 2. 142. iol (211, 


(—1)" (n?+2n+2). 6. /8= (1-5 q, 
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1. (a -3) =" (a -3) 
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B iiodl 


pie in 


14. Deduced from (1 - #3) — (1 — 2)3=32 - 32, 16. (1) 45. (2) 6561. 
18. (1) Equate coefficients of 27 in (1+2)"(1+a)+4=(1+2)"1. 
2 
(2) Equate absolute terms in (1+<)" (2 +5) =a? (1+2)"*. 
20. Series on the left-+(-1)"q,2=coefficient of 2" in (1—«?)-4. 
2: 
Qi, 22-1 _ : me 
2 Te 
[Use (cy) +6, + Cyt ...Cn)?— 2 (C9¢y + 640g + ...) = Cg? +02 +652 +...¢,,2]. 
XV. Pages 173, 174. 
1. -—12600. 2. —168. 3. 3360. 4. —1260a*bd%e4, 
5. -9. 6. 8085. Rao. 8. 1905. 
9. -10. 10. - : . in. =f, 12. - na 
59 211 7 
13. is’ 14. —-1. 15. = 16. 1-5 2-52. 
17. 1-20%+4094 54-2008, 18, 16 (1-jettartes O ata +8 iF 
XVI. a. Paces 178, 179. 
16 1 3 
1. 8, 6. 2. 2,—1. 3 sae ce 4 -4, as 
4 4 2 1 5 7 4 2 
B. aT Bs &" peeraey 54g Bea cee 8 8 
2 3 
8. 6loga+9logb. 9. 3 log ats logd 
4 1 2 u 
10. ~ 9 log at logo. 11. — 3 log a— 5 log d. 
12, - log a—logb. 13. zloga. 14. —5loge. 16. log& 
loge ‘s 5loge ; 
ae, loga-—log b* * Qloga+3 log b 
log a+log b _4logm  __ilogm 
; 2. s=—— ,y=- . 
ae 2 loge —loga+logb log a » Y= ~ Tog 
1 : log (a— 6) 
22, loga=5 (a+b), logy=z(a— 2b). log (a+b) 


1. 
9. 
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XVI. b. Paces 185, 186. 


dba han ta Ya lt gl 

-8821259, 2-88 

Soe T, 

Second decimal place; units’ place; fifth decimal place. 

18061800. 6. 1-9242793. 7. 1-1072100. 8. 2°0969100, 
1-1583626. 10. -6690067, 11. °3597271. 12. -0563520. 
15052973. 14. -44092388. 15. 1-948445, 16. 191563-1. 
1:1998692. 18. 1:0039238. 19. 9-076226. 20. 178-141516. 
9 23. 301. 24. 3-46, 25. 429, 26. 1:206, 27. 14-206. 


91959, 38821259, 58821259, 68821259, 


pe __log3 log2 
— r “Jog 3 — log 2° Y~ log 8 —log2’ 
_ 3 log 3-2 log 2 log 3 5 
= 4 (log 3 — log 2)? ¥=Z(log 3 —log2)' a. peek 
log 2 _ pelo Tee 
Blog 7 Leh br 3 = 5-614. 
XVII. Paces 195—197. 
log, 2. 2. log, 3—log, 2. 6. °0020000006666670. 
ef ev". 10. 8450980; 1-0413927; 1-1139434. In Art. 225 put 


n= 650 in (2); n=10 in (1); and n=1000 in (1) respectively. 


12. 


eee 


Be ep 


2 {jtsier 
(-1y2 “elle at. 13. Rs wae Anil ar 
r r 
(2x)? | (2a)$ (2a)" ) 
2 }1+ 2 ar es a . 
at a (x8 > x 
is ae Ries .+(- LF [a 18. se +log, (1-2). 
*69314718; 1-09861229; 1:60943792; a= -—log, (1 - is) ='105360516; 
4 ag ane 2 es 
b= — log, (a - 0) = 040821995; c=log, (2 + 36) =°012422520, 
XVIII. a. Pace 202. 
£1146. 148. 10d. 2. £720. 3. 14-2 years, 
£6768, 7s. 104d. 5. 9°6 years. 8. £496. 19s. 43d. 
A little less than 7 years. 10. £119. 18s. 53d. 
XVIII. b. Pace 207. 
6 per cent. 2. £3137. 2s. 22d. 3. £110, 
8 per cent. 5. 28% years. 6. £1275. 7. £926. 28. 


£6755. 13s. 9. £183. 18s. 10. 3} percent. 11. £616. 9s. 14d. 
£1308..12s. 44d. 15. £4200 
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22. 


10. 


12. 


16. 


bo AS be 


HIGHER ALGEBRA. 


XT Xica.—RaGes Gis wore, 


a3+2b3 is the greater. 12. 2*?>or<2x?+2+2, according as «> or <2, 
The greatest value of « is 1. 15. 4; 8. 
44.55; when x=3. 23. 9, when z=1. 


XTX. by BAGES 218 219) 


1 »/2a 
3° 13. -1. 14. a/3+1" 15. /a. 


0. Len ta< 18.Ane4. 


XXI. a. Paaus 241, 242. 


Convergent. 2. Convergent. 3. Convergent, 
a<1, or r=1, convergent; x>1, divergent. 

Same result as Ex. 4. 6. Convergent. 7. Divergent. 
a <1, convergent; «>1, or x=1, divergent. 

Divergent except when p> 2. 

“<1, or x=1, convergent; «>1, divergent. 

If <1, convergent; z>1, or e=1, divergent. 

Same result as Ex. 11. 13. Divergent, except when p>1 
a2<l1, or x=1, convergent; x>1, divergent. 

Convergent, 16. Divergent. 

(1) Divergent. (2) Convergent. 

(1) Divergent. (2) Convergent. 


XXI. b. Pace 252. 


x<1, or x=1, convergent ; x>1, divergent. 
Same result as Ex. 1. 3. Same result as Ex. 1. 


1 1 
Tice aa or @ Pe convergent ; 7> - divergent. 


“<e, convergent ; t>e, or x=e, divergent. 


10. 


11. 


eG Goh fe 


11. 


10. 


ANSWERS. 


a<1, convergent; +>1, or x=1, divergent. 7. Divergent. 


1 1 1 
rx, convergent ; >=, or =e: divergent. 


az<1, convergent; x>1, divergent. If.«=1 and if y-a-— is positive, 


convergent ; if y—a-— is negative, or zero, divergent. 


«<1, convergent; >1, or x=1, divergent. The results hold for all 


values of g, positive or negative. 
a negative, or zero, convergent; a positive, divergent. 


XXII. a. Pace 256. 


5 (4x2 2). Ss) Ee; in (n+l) (n+2) (n+3). 
on (ntl) (n+ 2) (8n+5). 4. n® (2n?-1). 

apnint 1) (2n+1) (8n?+3n-1). 6. p?=q?. 

b3=27a7d, c2?=27ad?, 8. ad=bf, 4a%c - b*=8a'f. 


abe + 2fgh — af? — bg? —ch?=0. 


XXII, b. Pace 260. 


1434+ 42? + 723, 2. 1-Tx- a? - 4323, 
i as Bie rae le 5% be 21 
gtat- gt tie - 4. ghgtt sg vt iee. 
1-ax+a(a+1) x? - (a? +2a?-1) x, 
G=1,.0=—2, % -a=1,0=—-I, c=2. 
The next term is + :00000000000003. 

a” 


(1—a) (1— a”) (1-@8)......(1-a")* 


XXIII. Pacus 265, 266. 


i gerd es git slat Vio gia 
1-32 1-22" B25 da43° ae ED 
a OE . beaut 8 
Gal eo 2 een Oe eet) BEES) 
Nae gal g" 
w-1l 2+2 (%+2)?" 

171 cow {UL 7. 
eet Te (gRi)  Ae+e1y 16 (@=8): 
4in+3 15 “<t, oe eat 
e+l 2+5° * * 9242¢-5 2-3" 


5 7 1 3 
@-1)'~ @-1?* @-1p*e-1" 
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NN pans py newt 
w-1 241" (e@+1)? (@+1)3* (c+1)* 


4 aud 1 ca By’ r r) -? 
peas tee gn“ hee 


11 1 (- 1)r-1 Py 
8 ea" ra 3 (4+ Sear) a 


11. 


12. 


13. 


Z Pats sp ae 
we legos - seni yr! 3 (a wai) 


sae : Ses : r-1 
6. Tee fae” Toaghts Oe oe Tz 
4 1 $3 4 oe 
6. saga sara toca alr tst cure 
1 11 a 
Me Fay t seep a A) a. 


1 
18. ust ee Bothy pile Wigs 


+a (l+a)? 2432 2r 
3 1-32 1p 
19. + 2 (142%) } r even, 5 ae 2 


2 (@—1) 
= = 2 . 2 
20. : ieee, (r?+1)2". 


y?-3}27; rodd, -= Slt y= “ya 


art? prt? 2 

ae a SS ae 

(a —b) (a—c) * (=e) tte) Fea ee 
5 2 1 F ibe! 5r+9) 

22. aS Sel s—e (es * Law? y+3- ee oe. 
ae } 1 1 

z(l-z) U+art” ae r 


(2) a - i _ 1 DOOLE 1 
fetes l+a®4z 142° l+ach° 


23. (1) 


24. 1 1 } co antl ee) 
x 


—_-__... BB pet ee SOE 
(1-2) (1-2?) (l-2)? (- 1-2? 1—anri + [gry 


XXIV. Pace 272, 


1+32 Q+u 

Grants:  Tpaoeay OP 

2-32 7-202 27 Re a 

8. Tags oe) (1+ 202". + i eee pears gh an 
3 -12e¢+ 112? 1 

5. i bea lie®— bys) OP +2" +1". 6. Beh B35 5 (88 — 1) 29-1, 


7. (2.8%2-8 graye i, 2(L— Set) _ 8 (1-2) 
Eee 1-2 

1- 4%" oe 1 — 3%x" 

ict tee 


8. (4°72 ae Sie) eet 


10. 
2 
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1—a 1-8t2" 1-—2%7" 
l-«x “e 3a i SPYy > 


Q2n— 
Sunes S(-1)"- +g DD. 


(1 + gr-1_ i gl; 


Un — BUy_y + BUy—g— Un—g=03 Ug — 4Uy_) + 6tty_g — 4tig_g + Un—4= 0. 


S,=S»—2, where 2=sum to infinity beginning with (n+1) term, 


This may a ‘be shewn to agree with the result in Art. 325. 


13. 


2. 


16. 


(2n+1)?+5 2 (genet +1), 


XXV. a. Pacus 277, 278. 


2 18 15 28 828 674 
ip” Ue VP See Ii le} 
i 2 7) 95 48~y She 615 
2° 5’ 17’ 22° 105’ 232° 1497° 
8 10 18 36 85 121 1174 
12 Se Arie 262 Sia 5oS 
“iy ao A 
Ge EL OE 1S ATS Bee Pye 
seh 2 1 1d wer 
St Sa es” 80's 
Ad Seed A te 33 


2 es ‘ ig NL See Bee Pe 


8+ 3+ 3+ 64+ 14+ 2+ 1+ 10’ 208 


- i 11, 259 fe We A) ae 
34 6+ 3’ 60° 24? 99588” A6L© I9e" 
1 1 1 
n- acres (e—1)+ rears ft and the first three convergents are 
n—-1 n? -n’?+n-1 
4 peat ae, n? z 


XXV. b. Paces 281—283. 


apie 2, at 
(203)? 2 (1250)?° TS 
1 1 1 1 a? +3a+3 


a+ (a+1)+ (a+2)+ a+3° a430+4a¢c" 


We CO i 
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XXVI. Pacss 290, 291. 


*=711t+100, y=775t+109; «=100, y=109. 
e2=519t-—73, y=455¢t-64; = 446, y=391. 
© =393t+ 320, y=436¢+ 355; «=320, y=355. 


5 4 
Four. 5. Seven. 6. 7? 9° 
sy whl ee. a Pea Sr 
Tone” 19) 8° 4 8° 19' 84.19" 
£6. 13s. 9. 2=9, y=8, z=3. 10. 2=5, y=6, 2=7 
e=4, y=2, 2=(. 12. "2=259y=9,.2=1. 
1.2 


e=s, 1,2, 6 ley, Sy, 5 
v=1, 3, 2; y=5, 1, 3; z=2, 4, 3. 
280¢ + 93. 16. 181, 412. 

Denary 248, Septenary 503, Nonary 305. 

@=11) 1099, 656.4, 3570= 00,005 15, 04, 05 se 2s 

The 107% and 104* divisions, reckoning from either end. 

50, 41, 35 times, excluding the first time. 

425, 22. 899. 23. 1829 and 1363. 


XXVII. a. Pages 294, 295. 


1 ett gl 3 1  _ 2889 
ian” ie" et ie Vitae ae Cy 

ae 485 ee 99 
2+55 Ty} 98 4. Chak eae ee 35° 
ped alg 2 8070 Pee Vee re ee cee Le et) 

34 64 7 1107 a Pigs Gigs Tia er: rm Ce 
spore 

es, DS as Ges? Bar 
pol We lel eed 197 

125 PES ES re TS eS De 

Lest 1351 rt oh Weer Brak 198 
3+5y 647? 390 10.5 +5 Ts de sopra 
yeh eell ClS Up a1 4 Alans 182 

1+ 2+ 24 24 14 12+’ 24 
ipso foe ted 1 


Wsteuliel ee Pee 


Aes WSS es Das Wes TIS Gee OO! GS 


BP ue hs ts Ei 1 1 5291 
Bi 14. oe Ve Os coarns » = Fog Sa 72 d6abs 
it Sn NE AM see oe nd rely eo 
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1 1 1 1 


a7; (652 984 S7528p * 18. Go: *@4 saa)" 

ro, £030, ao, 1877, dye sles Joo abe 

~ 401 * 433 " 24 24+ 24+ 
Poel yy Leal > 1 

seksi ES ke ay ee ore a 

wie age” ae tS Oe eer 


34+ 34 °°7 14+ 24+ 34+ 34+ 34+ 
26. Positive root of #2+32z-3=0. 27. Positive root of 3a? -10%-4=0. 
28. 4,/2. 30. ; . 


XXVIII. b. Paces 301, 302. 


1 1 i : 8a* + 8a?+1 
Poe Qa+ 2Qa+'’? 8a2+4a 
1 1 a 1 : 8a? -8a+1 
24+ 2(a-1)+ 2+ 2(a-1)+"’ 8a-4 
tea i 1 1 _ 2a?-1 
1+ 2(a-1)+ 1+ 2(a-1)+°"’ 2a 
oe See 

2a+ 2+ 2a+ 2+ 8a? + 4a 

1 1 1 1 | 2a%+4ab+1 
beat bee 2a ae  eeeabt-2p 
1 1 1 1 _ 2an-1 
1+ 2(n-1)+ 14+ 2(a-1)+°"’ § 2n 
432a5 + 180a? + 15a 
14444 +36a?+1 


a, od. 


2 a-1+ 


5. a+ 


6 a—-1+ 


XXVIII. Pace 311. 


or 1, y=4; z=7 or 5, y=6. 5 Ft | 
=1,11; c=7, y=9, 19; x=10, y=18, 22. 
6, 11; y=12, 7, 4, 8. 4 EB Pa a0 eat ieee 
9, 27, 17, 13; 11595) y= Lot, bt; 29,19) 13,13. 
lien 8. £2=170, y=39. 
=32, y=5. 10. «=164, y=21. Is (t= 4 yi), 
2x = (2 +/3)" + (2—n/3)"; 2/3 . y=(2+/3)"— (2—,/3)”; n being any 
integer. 
13. 2e=(2+,/5)"+(2—,/5)"; 2/5. y=(2+r/5)"—(2-2/5)"; m being any 
even positive integer. 
14, Qr=(444/17)"+ (4—/17)"; 2/17. y=(44n/17)" — (4-,/17)"; n being 
any odd positive integer. 
The form of the answers to 15—17, 19, 20 will vary according to the 
mode of factorising the two sides of the equation. 
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15. 
17. 
19. 
21. 


12. 


14. 


z=m?—3n?, y=m? —2mn. 16. c=-—m?+2mn+n*; y=m?-n?, 
x=2mn, y=5m? —n?. 18. 53, 52; 197163438, 8; 04: 
m2 —n?; 2mn3 m+n. 20. m?—n?; 2mn+n’*. 


Hendriek, Anna; Claas, Catriin; Cornelius, Geertruij. 


XXIX. a. Paces 321, 322. 


in(n+1) (n+2) (n+3). 2. 5M (n+1)(n+2)(n-+3) (n+4). 
Gn 2) (3n +1) (8n +4) (8n+7) +50 = 7 (27m? + 90n? +45n — 50). 
F(m+1) (n +6) (n+7). 5. F(n +1) (n+8) (n+ 9). 
Pe, 7. eeere, 

Wade? tore? 

Al Ao eA Lo 5h a ee 1 . - 
12” 4(n+1) Qn+3)’ 12° * 247 6(8n+1)Gn+4)* 24° 
By ot. Qne ied eet 2 *4 
47 2(n+1)(n+2)? 2° * 6 n+3 1 ~+3)(t4? 6 
e.3 1 3 


n 
dani IGG hae ee ee 


Fo (@= 2) (n+) (n+2) (20+). 


1 
7g (+1) (n+2) (Bn + B6n2+ 151n +240) - 32, 
(n- 1) n(n+1) (n+ 2) 


1 
~n? (n? — 
z” (n?-1). 15. 


m(m+1)(m+2) on 


6 Q@n+1) as 3 n+1" 
ee Sata - @ED aE 20. nels oe 
XXIX. b. Paces 332, 333. 
8r2+n; n(n+1)*. 2. 5n?+3n; 5m (n+l) (5n+7). 
n? (n-+1); 5 (n+1) (n+2) (8n+1). 


—4n? (n= 3); —n(n+1) (n?-3n—2). 
n(n-+1) (n-+2) (n-+4); 3M (n-+1) (n+ 2) (n+3) (4n+21). 


1+? 1l-2+62? —223 . 2-a2+27 

(Cen s A fede , at a¢liseayian 
l-z 1+ 11x + 112?+ 23 9 

(i+)? e 10. fa deer 3 = zp S vf ER z 

25 


Ba° 13. 3.2°+n+2; 6(an—1) 449), 


14. 


16. 


iv. 


18. 


20. 


22. 


24. 


26. 


28. 


30. 


32. 


1. 


20. 


22. 
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n? — (n+ 1)?; Gb (3n3 + Qn® — 15n — 26). 15. 31+; B8a aie, : 
Qn] _ 7? —- Qn; att 4 En (n+) (2n+ 7). 
Ati se iSha re at ka tC) By 
2 2 6 
tt a appol bate soit’ 19 eter) 2" 
(l-2z)? 1-2 " (l-2)3 (1-2)? 2(1—a) ~ 
or ees wo trl a2 
m+1° 27° gee TS: 
n(n +1) (32° + 27n? + 58n + 2) oe (n+1) (12n® + 33n? + 37n +8) 
15 . * 7" a 60 "Se Bee = = saa 
m (+1) (9n?+13n+8) 1S : 
12 : SUES aeee (2n+1) 
Qnrtl A S 
sa jn+2" 27. (n? -n+4) 2 —4, 
$08 608 Ons 3 
~1) 344143, En or 
ite hing 9°. 3 -2.4.6...... (n+) 
n 1 1 1 
at chang n = ide ee 
erik: ey 2 (n+ 1) (n+2) ° 3"° 
1 n+l 33 7 n+4 1 
2 +2: ; (n+1) (n+2) * Qi" 


XXIX. c. Pacers 338—340. 


1 a l-« 
3 (-e *)— 4, 2. 1+ —— log (1-2). 
1 1 
pes —e7t jee Fete — — 
pee TR. *  (F=2)[ra1° 
r 
(1+2) & g, (249) 7 1 
r 

n(2n-1). 9. 0. 10. 4. 
log.2 - 3 « 12. 3(e-1). 13. e*-log(1+2). 

wn Pn on 0 TH nt. 12 
OO setae pC) 6 a ig oe is" 
15e, 17. (1) ntl 

i 1 2+(-1)" 
(1) 5(1-rpaam) 7) 08 (eo) 
(1+<)? _3t+2 1) 27-3 
aren log (1+<) wes 21. n(n+1) : 


1 (- 1)" Tye 3 Fire 2n+3_ ; 
ay; {tt setae () ae ae) ener : 
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XXX. a. Pacus 348, 349. 


t; SGP 1542 2. 1617, 180, 1859. 6. 48, 
eo OBE , 33. 8987. 
XXX. b. Paces 356—358. 
20. x#x=139t+61, where ¢ is an integer. 
XXXI. a. Pacss 367—369. 
2 epee. ot 18. 1; it can be shewn that g,=1+p,. 
Ge RR ; . us 
XXXII. a. Paces 376, 377. 
1 5 8 1 3 
1 (1) 9? (2) 36° 2. 663° 3. BAP 4. 3° 
A 7 
ee oD . . 2. a 
5. 2to3. 6 270725 ° 8. 43 to 34, 9. 736 30/725 
2197 1 2 
10. 20825 . Li; 952 to "WSs 14. 6 ° 15. Tks 
te 11 n(n-1) 
* 4165" (m+n) (m+n-1)° 
XXXII. b. Pacus 383, 384. 
5 16 52 16 8 
1. 36 . 2. 5505 . 77 . 4 a1 . 5. is . 
72 2197 2816 4651 209 
8 589° ™ () sog05' ©) zigs- = 7776-  Bags 
1 91 10 63 tad 
10. 7 11. 216° 13. T9° 14. 256° 15. 39° 
160 12579 22 18 
16. 37° 37? 37° Lis 35° ARO 18. n—3 to 2, 
45927 
} 3 5 i te 
19. 13 to 5 20 50000 
XXXII. c. Paces 389, 390 
2133 5 cy oa e | 1 
1. sj05° 2. 5G: 3. 9- 3 4. eee 5. 5: 
A 4 7 , 1 
6. ie 22d. 7. 63 . - 8. 27 e 9: 11 to 5, 10. . 3 ° 


11. 


14. 


10. 


15. 


28. 


32. 


10. 
20. 
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20 aaa 
A £5; B £11. 12% 7° 13. 44 shillings. 
250 276 3 1 
(1) 1776 ’ (2) 7776 e 15. 4d. 16 q a 17. J+ 3 m, 
XXXII. d. Paces 399, 400. 
ve 1 12 2 4 
5 . 2 35 . 3 17 . 4 B 5 , Cc 1B . 
2 32 377 uh 
ai (n+1) 6. 7B 7 550° ts} 2s 3d. 9 i 
it 40 ih 3 7 
; Wl. 7: 12. 5. 13. £1. 14 (1) 33 Q) 5 
n—-1 n—1 : 13 
£8, ae ee et hee, nas 
XXXII. e. Paces 405—408. 
i 12393 275 
Te oy” 12500" 504" 
Sef b\2— (5 \eaf5y* 16 1 
1 7 (5) ; (3) ; (3) if mI" 8. 6; each equal to 6° 
13 343 169 155 
28 . 10. 1695 . 1. 1 t0.5. 13. A, 394 H Bs 324° 
tn 34 25 149 33 1 
7? 21° 16 a3 1 par’ —***_- 1000" 80" 
One guinea. 22. an 23. niodd) shillings. 26. 19tol. 
1 1 1265 5087 a—b\2 
4 . 29. 4 . 30. 1286 ’ 5144 . 31. ( a ) °. 
Na 
If b> os the chance is 1-3 (=) : 
2 a] 
BAS 
If be the chance is ee : 
2 a 
XXXIII. a. Paces 419, 420, 421. 
tf 250; 8m, 1. 4. abe+ 2fgh — af? — bg? —ch?. 
1+ 27+ y%422, 6. ay. ve (Y, 8. dabe. Chi Us 
3. 11. 3abc—a*-b?-c?=0. 13. (1) z=a,orb; (2) 2=4. 
b?+¢c? = ab ac |. 22.» 03 (A? 4474-52 +07)8, 
bac? +a? be 
ca = cbs a? + 
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26. 


27. 


et Ges eB (ee 


10. 
11. 
13. 
14. 


28. 


30. 


5. 


HIGHER ALGEBRA, 

The determinant is equalto|a? a 1\xj|1 -22 az? 

bv? ob 1 |1 -2y y? | 

eC el | 1? oe, 274 
wu we v' | eh), 28 | ww ofl) ew ow Ce Ce 
wv w| wo ye ee | wiv wu ob 
vo ow ow! vy uo ow v wiwie 
| a & ~e 9 

XXXTIL b. Pacus 427, 428. 

il. 2. 0; add first and second rows, third and fourth rows. 


(a+3) (a—1)°. 4. a®+b?+c?— 2be — 2ca—2ab. 
6; from the first column subtract three times the third, from the second 
subtract twice the third, and from the fourth subtract four times 
the third, 

Ma 1 
b cn 


aved (147 + : 
a 
—(a@+y +2) (yte—2) (2+"-y) (e+y-Z2). 


1 
+--+ 
¢ 


_(k-») (k-e) | 


(ax — by +¢z)?. 905 as 12. eNia—0) lace)” &e. 
_k(k=d)(k-0). _ (k=) (kK-c) (k-@). 
7a (a—b) (a—c)’ fea aa ~ (a—b) (a=c) (a—d)’ ne 
XXXIV. a. Paces 439, 440. 
— 102. 2. 3a+b=27. 
w—-22?+e2+1; —-1ld¢+11. 45 asa 


x44 5xe-54 180-84 540-7; 1472-4 — 8562 + 902-8 +. 432277, 

(b-c) (e—a) (a—b) (at+d+e). 

—(b-c) (¢-a) (a-b) (b+) (¢ +a) (a+b). 

24abe. 9. (b+¢) (c¢+a) (a+b). 

(6-¢) (¢c—a) (a-6) (a2 +0 +c?+be+ca+ ad). 

3abe (b+¢) (¢+a) (a+). 12. 12abe (a+b+0e). 

80abe (a? +b? +c), 

3 (b—c) (¢—a) (a—b) (w@—a) (wb) (xc). 

a 

(w— a) (wb) (w~e)" 
(p - 2) (q-2) 

(a+2) (b+2)(c+2)° 


29. 2. 


31.-1,. 32. a+b+c+d. 


XXXIV. b. Pacus 442, 443, 


0. 
(a? + be) (b? + ca) (c? +b). 


7. Asax+by+ay, B=bxr-ay. 


oe e 


11. 


13. 


15. 
aT. 
20. 


22. 


23. 


eT ear 


18. 
20. 


ANSWERS. 549 


XXXIV. c. Paces 449, 450. 


+ay?+ay?=0. 2. £xt+ta=0. 3. a+y=a%, 
y?=a (x —3a). 5. a®—a=1, 6. 2? +y?=2a*, 
b4e4 + chat + a4b4 = a?b7e7d?, 8. y?— 4aa=k? (x +). 
a4 —4ac? + 304=0. 10. a4—2a7b? —b4+4+2c4=0, 
eet eet rig t gah i atdh=ber 
ab=1+c. 14. a? +b? +c?+ abe=0. 
(a +0)8— (a—6)3=4e3, 16. a2+824¢242abe=1. 
abe = (4-a—b-—c)?. 18. a?—4abce + ac? + 46° — 6’c?=0. 
ce? (a+b-1)?=c (a+b-1) (a?-2ab+b?-a-—b)+ab=0. 
1 1 i 
(a-b) er+(a—c) bq * (b-—c)ap+ (@—ajer* (¢ —a) bg+ (¢ — 6) ap 
a 
~ begr + carp +abpq" 

ab’ —a'b ac’—a'¢ ad' —a’d| =0. 

ac'-—a'e ad’—a'd+be'—b'c bd’ —b'd 

ad’—a'd bd’ —b'd cd’ —c'd | 


XXXV. a. Paaus 456, 457. 


6x4 — 1323 — 122? + 392 -18=0. 2. 284205 — 1124-12273 + 3627=0, 
26 — 5x5 — 824+ 4023 + 16x? — 802 =0, 


at — 2 (a?-+b%) 224 (a? — dy, Sibson: 

# 4 ba 7. a *, By ase 
Re tas ai tas et 8 
EE igs 5 rene! ees e. 
a) SF, ey Pt. ae (ay - 65 2) 8. 


—2q, -8r. 21. 297. 


XXXV. b. Pacus 460, 461. 


= 1/2) -12\/=1, 4. O21 Seas 
~1, +,/3, 1£2,/-1. 6. «t—2a2+25=0, 
az — 82° +36=0, 8 24+16=0, 


HIGHER ALGEBRA. 


a4 ~102?+1=0. 10. «4-102? — 197+ 4802 —1392=0. 
— 6x3 + 182? — 2624+ 21=0. 12. «§— 1626+ 88244192224 144=0. 

One positive, one negative, two imaginary. (Compare Art. 564.) 

One positive, one negative, at least four imaginary. [Compare Art. 554.] 


Six. 17. (1) pq=r; (2) p'r=¢'. 20. g?—2pr. 
pq-?. 22. fa -3. 23. pq-—3r. 
pr —4s. 25. pi—4p2q+2q?+4pr —4s. 


XXXV. c. Pacszs 470, 471. 


— 623+ 152?-122+41. 2. 24—37x2-123¢—-110, 
224 + 825 — a? — 84-20. 4. x4—24e%-1. 
Gash (a® + Toth? + T22h4 + 19) + 2dh (524+ 10a2h? + ht) + Qh. 
PORe a 8, he Let 8 a. §£2.3.35,% 
a 1+£,/-3 1+,/-3 14 Rite Baal _9 

; a ae 2 2°34 -% 
1, 3, lp Hd, 2. 1626/3; oe de, / =1. 

ave = 
a, a, —a, b. 18. = 2 i 8 1a /=28 | 
2 4 
3 5 3 

0, a i SAL -9? 0, uf — 9 a 20. NO7*—2— Apt (n- =, 
tress 2) ont. a7. 5. 28. 99, 795. 


XXXV. d. Pacus 478, 479. 


— 24y?+-9y —24=0. 2. yt—5y? + 3y?-9y+27=0. 
1,1, -2, 4, 3242,/2, 2+,/3. 
i, Eat § — 6. 2, 2, i a es) 
4, Ba! 8... 6, 8, 2 10. - ck =F a 


y8 — 2y +1=0. 12. y*—4y?+1=0. 13. y°— Ty +12y?—Ty=0. 
— 60y4 — 320y° — 717y? — 773y — 42=0. 


3 15 
y?— = tyne! -F=0. 16. y>+11y4+42y3+57y?— 13y —60=0. 
eae 18. y#+3y3+4y?+3y+1=0, 
y? + 38y? +12y+8=0. 20. ryb+kgy?+h=0. 
y? — gy? — 2gr?y — 74=0. 22. ry>—qy?-1=0. 


ry +q (L—-r)y? + (1—r)?=0. 24. y®—2Qqy? + q°y+7=0. 
y? + Bry? + (2+ 3r?) y+ 7=0. 
y8 + 31y2 + (3r2-+ g3) ry +7 (7? + 29°) =0. 28. +1, +2, 5. 


Then 


1. 


19. 
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XXXV.e. Paces 488, 489, 


52/33 as : 

5, a 2. 10,-527,/-3. 38 4, =26,/—3, 
saad 2+,/-3 

—6,344,/-3., 5. ie ne) 6. 11,11, -7. 

11s =s 
mr asa ey ea ~5 (84-81 31). 
Ae 3 ed — 1 by a Sp hee ae 12: $1,982" 2 85 
14, /2, -1af- 1 14. 1, =3,2%,/5, 

Mee: 3+,/5 

2, 2,55 5- 162" 1, 42/18) = = ; 
4A Ae ASS 18. g 248220; 5, — 
—2+,/6, +,/2,2+,/2. 23. s'y4+qs(1—s)?y?+r(1-s)}y+(1—s)4=0. 
2+,/3, pees 


— 82° + 212? - 202+5=(x?-52+5) (22-3241); on putting s=4-y, 
the expressions a*-52+5 and z?-32+1 become y?—3y+1 and 
y? — 5y + 5 respectively, so that we merely reproduce the original equation. 


MISCELLANEOUS EXAMPLES. Pacers 490—524. 


6, 8. 3. Hight. 
(1) 1£,/5; 14£2,/5. 
(2) e2=1, y=3, z= —5; or = —1, y='-3; 2=5. 


(ee as val . (2) 3,3,1. 7%. First term 1; common difference - 
p-4; —p(p?—3q); (p?- 9)(p?— 34). 

5 (ab +257), 10. Ny 13. A, 7 minutes; B, 8 minutes, 
ee Cee 

e=y"= eaeet Oana =k; 


where Ja (a? +b? +c? - be —ca—ab)=d. 
One mile per hour. 


(1) @+e)(e+a)(a+d). (2) x/ aaa Se ear + 2268. 
21+,/105 
tgs 


y ie ab 
2) c= ab ree = wg ay =* 4/ ee 


22.» let5; nine. 23. B(L+ 248+ abn)? (194284344... $0") 


552 HIGHER ALGEBRA. 


24. Wages 15s.; loaf 6d. 25. 6,10, 14, 18. 
c(a—b) ab(c+d) - ~ed(a+b) eita Sau ouient 
26. (1) 1, a(b —c) g (2 ) ‘ab— _cd 83 


29. 2=3h, y=4k, 2=5k; where =1, so that k=1, w, or w”. 30. 480. 
31. Either 33 half-crowns, 19 shillings, 8 fourpenny pieces; 
or 87 half-crowns, 6 shillings, 17 fourpenny pieces. 


S20 a= 0, Oe 33. 40 minutes. 
1 1 13 * 
35. 1+a+5 2° =p et a. 


37. LN ae or el [e4-—@-5(2?+24+1)=0.] 


38) a—8; - 5 40. The first term. 
wr 
1+ 4b%c? + 9c%a? + a7? 
Se er 
43, (1) 3, - =leN ee [Add x?+4 to each side.] 
1 
(2) x=1, 9? 1) 0, 0; 
1 
y= 1, -3 OF les 
ans = O O8d4, a7. 5780. 
48, 150 persons changed their mind. 
50. 936 men. 
=iy ad — be 
0) ee Oy 


[Put (a-c)(6— encid oye aye nS Moser then square. ] 
161 _ 2bJa _2an/d_ 
53. 6, oa Tih 55. wT Jax Jb? n= Jato’ . 
58. (1) 1. (2) +4,/2 [putting 2?-16=y4, we find 94-16 - 4y (y?- 4)=0.] 


— = 2 2 
60. ez? males; ea? females. 68. 0, a+b, wee , 
b-c b-c a+b 
64. Common difference of the A. P. is i ; common difference of the A.P. 
which is the reciprocal of the H.P. is aril . [The r** term is 
ab (n-1) 
a(n—1r)+b(r-1). i : ab (n—-1) 
Sa H the (n r+1) term 8 ar) +b(r=1) 
68. 19. 69. £78. 
70. 0, L&r/=8 oa 2 ee ; 


[(a +d)? - a3 $%=3ab (a+b), and (a—b)?- a? 4+08= — ab (a—b).] 


72. 
73. 


79. 


&& 8 


95. 


100. 


107, 
109. 


111. 


117. 


120. 


137. 


138. 
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_ , log3 ‘ _ , 2(1—2log2) 
(1) wines 3 feel 614. (2) Fae gga at 139. 
¥, 2. 74. 8 hours, 
ivy OR hap ee arore pee ae 

(1) =, aes sa 2) 2=y=2= 
a=3,b=1. 81, [Putz-a=uwandy-b=v.] 82 «=3. 84. 126. 
Sums invested were £7700 and £4200: the fortune of each was £1400. 
503 in scale seven. 91. 25 miles from London. 

‘s Betd ei 3 25+10,/-1 5 
2=5, ee 2 y=3 . 5? i. =* 96. re - 98 +: 

1+42 | _2(1- 2%") =1-(- ia 

Generating function is ——— joa l= = aa a 

n*® term = {2%+(—1)"} 2-1, 

a*+b-c?-d, 108. 12 persons, £14. 18s. 


(1) t=a, y=b, 2=c. (2) c= +3, or +1; y=+1, or +3. 


1+ Taedes nto nba ied! x=185, y=96. 113. £12. 15s. 


(1) w=a, y=b; z=a, y=20; x=2b, y=Db. 
(2) z=3 or 1, y=2, z=1 or 3; 
HL N29), Beth 1/29 
Re Ses ema ye 
1 
(1) 1 ee 


2) = 1. + agp lett batt (4 1/2224 Cn? +90 — 1) 218 


ais SEL £3 5 
122. (1) earl pres hy (2) v=y=2=0; 


e=2, y=+1, 2= F383; e=-2, y= 41, 2=43. 
132 - 23 10z-1 r+4 


3(a?—3a-1) 3(@?+a41)’ QFA° 
1=1; scale of relation is 1 — x - 277; general term is {2"-3 + (—1)”"1} 2®—, 


1 1 


(1) me (2) aut 129. 12, 16; or 48, 4. 


(1) c= +7. 

(2) Tanta 4”, where 49 = 20%? + 2e%a? + 20%? — at — dtc, 
abe 2abe 

11, r-1. 134. 3848q. yds. 136. a=+2, b=3, c= 42. 


7 9 1 18 
() e=44,, y=. @ #753 NAGS 
£3, 2s, at the first sale and £2. 12s. at the gecond sale, 


141. 


142. 


143. 


145. 
146. 


147. 


150. 


151. 


153. 


156. 


157. 


162. 


163. 


164. 


HIGHER ALGEBRA. 


(1) am (n+1)(2n+1). (2) & 35m (n+ 1) (n+ 2) (8n?+6n+1). 


(3) ann +1) (4n-1). 

i 15) 
(1) 2=2 or Sy y= 3 OF 7 
(2) x,y, 2 may have the permutations of the values 3, 5, 7. 


y+ ay? — q’y — 9g? - 8r=0. 
a ye x(x" —- 1) n (2) 384+14¢- 1572? 
(1) (z-1) ec =1- 1+52— 502? - 823° 


(3) ie le 144, 2 (b3- a3) =3 (b?—c?) (b-a). 


19 Gas 
? ? - 
A walks in successive days 1, 3, 5, 7, 9, | 11,13, 15, 17, 19, 21, 23, | miles, 
B walks ......... Rohde 12, 13, | 14, 15, 16, 17, 18, 19, 20, 
so that B overtakes A in 2 days and passes him on the third day; A 


subsequently gains on B and overtakes him on B’s 9* day. 


ee 148. —(a+b+c), —(at+wb+%), —(a+wb+we). 
nh term is ee bs RD ants Saas 
a-b a-b 


a(1—na"x”) J atg (1-—a**a*) 
l-azx (1- az)? 
sponding function of 3, 


where A= » and B denotes a corre- 


qy® — 2p*y° — 5pqy — 2p* - q?=0. 
+3,/-3 
(1) a AE | (2) £1, +3, 4. 154. 3 days. 
Lt Bit, / 39 
a) aig! ag 
Q2in) Yaad 
(pte 18." | ab oe Fiercul 


22 years nearly. 161. 44 hours. 


[(12e — 1) (12 - 2) (12a — 8) (12x - 4) =120.] 


(1) ways ——] — 3 esl, £2; y= s2, ¥1;¢=-y=+,/3 


(2) w=k(b* +.c4— ab? —a°c?), &e., where 2k? (a5 + b§ + c8 — 3a2b%c2) =1, 
[It is easy to shew that ax+b?y+c?z=0, and 

@y + 02+er=a + y> +23 — Bayz =az + bet c2y.] 
2(a+b+e)x=(be+ca+ab) + ./(be+ca+ ab)? — dabe (a+b+c). 
[Equation reduces to (a+b+¢) 2®-(be+ca+ab) 2+abe=0.] 


(1) 352 (m+) (n+2)(8n+13). (2) 2e- 


166. 


167. 


170. 


172. 


174. 
177. 


178. 


182. 


186. 


187. 


212. 


213. 
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51+30,/2 17a 


(1) c= & y=: [Eliminate z.] 
(2) x,y, z are the permutations of the quantities 2, : TNs : A a oe 
(a+y+z)?=3k. 168. 2. 169. 23+ 93+ 23 — 3ayz. 


He walks 33 miles, drives 74 miles, rides 10 miles per hour, 
AB=374, BC=30, CA=15 miles. 


(1) x=13 or 10, y=10-or 13. 
_d(a-b). c(a-b) _b(d-c), a (d-c) 
ae toda eh US git SET gag tpg abae 
£3200. 176. ry? + 3ry? + (3r—p*) y+r=0. 


p=(ac+bd) (eg + fh) + (bc = ad) (fg ¥eh); 
q = (be =ad) (eg + fh) — (ac + bd) (fg ¥ eh). 


5, Bt/-47 -14+/-74, 


xz=6, - 


2 f 2 
-134,/-47 144,./-74 ih 
y=5, —6; IB. 82h tad! a = 
[Put «-y=u and ry =, then u?+2v=61, u(61+v)=91.] 
8987. 188, «| y?= by®=acy—- S02 ad) = -. — 
(1) x, y,¢ are the permutations of the quantities 1, ee 3 eis: 
a (b? +c?) 

(Zina eas an &e. 


Conservatives; English 286, Scotch 19, Irish 35, Welsh 11, 
Liberals ; English 173, Scotch 41, Irish 68, Welsh 19. 


(1) 7, 9, -8. (2) 24./-3, -24,/-1. 


a-b (m+n — 2 
= ine b- ° 1,  ———_, 
Mays att} Dy=atd— FR 200 jm=1 ni" 
fee n cpa A hee 1)ntt 
54, - 26. 14+840,/-1. 204. nti? ati-(— er 


3 20 — 3 
: aa 207. 8lyearsnearly. 208, (-1)"/3 n/|5 nx. 


7 Poles, 14 Turks, 15 Greeks, 24 Germans, 20 Italians. 
: an log (1 +2) es 
1 4432+ 2? 
(1) ZGn(nm+1)(n+2)(n+3); (2) G+ayt 3 (3) 23. 
11 2 2 
se DS ta weap e ey a 217. 420, 


ata 


556 


223. 


225. 
226. 


230, 


231, 


233, 
235, 


236. 
237, 
244, 


247, 


249, 


250. 


253. 


HIGHER ALGEBRA, 


(1) nay=z (#15 /=8), a= 5 (#15#2 /-3); 
or s=4,-6, -4, -6; 

y =6, 4, - 6, —4; 

z=5, 5, -5, -5. 

(2) f-a@  yr-b  2z-¢ 
a(b-c) b(c-a) c(a-b) 
where (b —c) (¢ — a) (a— b)X\=a? +b? +c? — be —ca—ab. 

e=y—y?+2y8 —5y* +13y%.... 

12 calves, 15 pigs, 20sheep. 229, Lim{n = )} =3; convergent. 

n+l 

Seale of relation is 1-12%+322?; nth term =5 {47-1 4 8"-}} ; 

gan-1 93m-1 5 


=, 


a al wicesiouals 
a 232, 2a=+Na?—-b? +c?+NV a? +6? —c2, &e. 
a’ +68 +.c8 =a?(b +c) +b®(c +a) +¢?(a +5). 
(1) (L-—a)#S=1 +4a +a? — (nm +1)82” + (3823 + 6n? — 4)ar+1 

— (3n3 +3n? —3n + 1)a™? + nia, 
ty eines Koad 
8 (n+1)2(n+2)3° 

1 + 8x8 + adx8 + a8q13 + a 2g 4 q129:20 4 qldy2d + gl77-28 4 17732 + q207:36, 


3 hours 51 min, 240. seewies 3 242, —140. 
6, 5, 4, 8 or 6, 5, 3, 4. 246, a%(c3 — 3d)? =(ab? + 2d®) (ab? — d?)?. 
6 
2, 6, 1, 3. 248. 3° 
(1) 2"+1-2 — n(n +1) (2+ 1). 
gntt 2 

?) Gerl(m+s) 3° 

l-a™ 2(1-2"2") : _ Lea 2-2") 
(3) =e ee oor when 7 is even on Ym Teer 
when n is odd. 
(1) e=y=z=0 or 5° If however «?+y?+2?+yz+20+zy=0, then 

“2+y+z= -—a, and the solution is indeterminate. 

z y z 


Qe (-a+b+e) b(a-b+c) c(a+b-c) 


l 
ip * ,/(-a+b+e) (a—b+0) (a+b—c) 
— (Av+ By+ Cz) (- Ax + By + Cz) (Ax - By + Cz) (4a+ By -Cz) where 
A= ./a(b—-c), &. 


256. 


257. 
262. 
266. 


268. 


269. 


270. 


274. 


275. 


300. 
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(1) x=1, ®, 5 
y=1, w, wv; 
z=—-(a+b), —(awt+bw?), —(aw?+ bw). 
(2) #=3, or 4 2=6, or x) 
64° 


y=T7, or 3 u=4, or — 
To at least 3r —2 places, 258. Tea, 2s. 6d.; Coffee, 1s. 8d. 
2q? — 6pr + 24s. 263. 11 turkeys, 9 geese, 3 ducks. 


(1) 2, y, 2 have the permutations of the values 
a, 5a(b-1+ »/0? = 26 — 3), : a(b-1-,/t?—26-8). 


; &e. 267. 0. 


Qiz—y—2—15 a= 


16 Clergymen of average age 45 years ; 
24 Doctors of average age 35 years; 
20 Lawyers of average age 30 years. 
(gq — 4”) (4g4 — 2g?) = (4445 — 25”)? ; 
OF ApAot, + 20,4543 — Ap4g” — a,2a,—-a,2=0. 
a be 
— = + —________ ; =e $, 
+ Jat » & u are » &. 273. e 


. 1 labia 
(1) (3-5) ee int) aa arena ra 


8 3 
(1) t—3? 5? 2; 


t= 


4 

y= —-l, aS? =; 
3 3 
jen a 7 


(2) c=+4, y= 45, u=+2, v= 41. 


2 2 2 2 
=+5,/¢, y=+6,/2, u= Sy etES Ss 
a= Fb [p yoy y wml om Fay 


a? +6? +0? +d*+A, 277. —p,°+3p,p.—-3p3.- 
A, 6 birds; B,4 birds. 281. 2. 
(b, — @,) (6, — @q)...(by — Gy) 

-5a, —5a. 289. eh ot aN a Li hed We 8 
thay “= ~ (b, =.) (B, — 89) ---(0, — Oy) 
A worked 45 days; B, 24 days; C, 10 days. 
(6? +c? — a*) (a? — b? +c?) (a? +b? -c?). 
Walked 3 miles, worked 4 hours a day ; 


or walked 4 miles, worked 3 hours a day. 
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Books on Mathematics 


JUNIOR SCHOOL MATHEMATICS. By L. Crostanp, M.C., 
B.Sc. With or without Answers. 


MIDDLE SCHOOL MATHEMATICS for Second, Third 
and Fourth Year Students in Secondary Schools. By 
L. CrosLanpD, M.C., B.Sc., and M. Hetmeg, B.Sc. With 
or without Answers. 


REVISION MATHEMATICS. Being Examples and 
Exercises from School Certificate Papers. By L. 
CROSLAND, M.C., B.Sc. With or without Answers. 


HIGHER SCHOOL REVISION MATHEMATICS. By L. 
CROSLAND, B.Sc. With or without Answers. 


INTERMEDIATE MATHEMATICS  (ANAtysIs). By 
T. S. UsHERWooD, B.Sc., and C. J. A. TRIMBLE, M.A. 


MATHEMATICS FOR TECHNICAL STUDENTS. By 
F. G. W. Brown, M.Sc. Crown 8vo. Part I (First 
Year Course). With or without Answers. Part II 
(Second Year Course). With or without Answers. 


ELEMENTARY MATHEMATICS FOR WORKSHOP 
STUDENTS. By F. G. W. Brown, M.Sc. 


HIGHER MATHEMATICS FOR STUDENTS OF 
ENGINEERING AND SCIENCE. By F. G. W. Brown, 
M.Sc. Second Edition. 


MACMILLAN AND CO., LTD. 


Books on Mathematics 


THE ESSENTIALS OF SCHOOL ALGEBRA. By A. B. 
Mayne, M.A. Part I. With or without Answers. 
Part II. With or without Answers. Part III. With or 
without Answers. Parts I and II. With or without 
Answers. PartsIIandIII. Complete. With or without 
Answers. 


A NEW ALGEBRA. By S. Barnarp, M.A., and J. M. 
CuHILD, B.A. Vol. II. Parts I[V-VI. With Answers. 


THE ESSENTIALS OF SCHOOL GEOMETRY. By A. B. 
Mayne, M.A. With or without Answers. Parts I. and II. 
Parts I-III. Parts III-V. Parts IV-V. Complete. 


ELEMENTS OF GEOMETRY. By S. BARNARD, M.A, and 
J. M. Cuitp, B.A. Parts I-VI. 


HIGHER SCHOOL GEOMETRY. By L. Crosianp, B.Sc. 
With Answers. 


PLANE TRIGONOMETRY. By Prof. H. S. Carsiaw, Sc.D. 
Third Edition, completely revised. Complete. Also 
Key. 


THE ELEMENTS OF ANALYTICAL GEOMETRY. By 
J. T. Brown, M.A., B.Sc., and C. W. M. Manson, M.A. 
PartI. The Straight Line. Part II. TheCircle. Part III. 
Conic Sections (by J. T. mett Complete. Also Parts 
I. and II. 


MACMILLAN & CO., LTD., LONDON 
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